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RHIR, FRRACHETTRE, A RAEAFXRBERABEMITE.

§1.1 BEAkHER

§1.1.1 HERKEH

RNERSHESUHAETELBUIEEHHME. REE—
FERERNEFEMEES, NEEUREX, RBERU—FfE. PrF
#BE, WYREF —BHERMMRALE, RITENARERHEIS
F A B XY FRRES. BEPTHMNEHRIZLEFHTR, &
¥ ANSRAE T/ o,b, 7,y FRABETHTR. XTG4,
WRME z BREG AWLEK, Mtz BT A, idfFac A; MR
s FEBEE AWTE, WKz RETF A, idfF 2€A. FEEMITTRE
BEHREL, DD HE—PTK o« WEEILE {a} , HZHE
TR EWYEULTHFERER —SREANKE. fim, Fi
N,Z,Q,R,C %4 5IF/R HREE., BEHE, AEYE. TRHENEH
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BHRAMESRREERA: -7, i 10 LIN#E
BRI REE {2,4,6,8,10} , EHEFES {} WRHHITE ——F%#H
¥, HOR#RYE:, A& Eniikide, flimAZhER
IR o MITRSWARE, 18X A= {a|aBFHERp}, HF p
AR —BCE, WMATUERENERXTF. flm

N={k|lkeZHk>0},
EREBTRER N = {k € Z|k > 0}. KM [a,00) = {z € R|z >
a}, (@o—6,z0+d8) ={reR||z—20| <3}, HH o €R, §>0. ‘

Bi% A, B ZHANEE, MR A PHITRER B PHITE, WK
AR BWTHEA, tfE ACBEICIE B A, Hi&EEAE « A BT
F B, FHEEE “BEE A, FlIMTEEN o.b e R, X[E
[a,b] C R. =548 0 RAT(TREHTFH, EAREHEHAGHTH.
#HEAE ADBH B> A, W A5 BH%, itfk A=B. &
ACB, ¥HBE be B, WE bEA, N AR BHHETHE, ik

AG B.

#l1 RA={a},B={2,-2},C={z€R|2>-4=0}, WA
EWAFE HWA50;, B=CHAWNANFE BB, 0, {2} 5
{-2}.

EHETE— S, FEFRERNEERREIERES
X HFE, WEH X 228 YACXH, FA X FART AW
TEMSEHRGEBEN A HHBHRE, HEH AC FR A =
{z|z € X, z€A}. BRE XC=0,0°=X. Y4£4% X CHE, F—E
BT, TRTRIEH A = {z|2€A}. AIMELHE R F,

[a,00)¢ = {z € R|2z€E[a,0)} = {z €R |z <a} = (~00,0a).
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EX 1.1.1 % A, B ZFIMES, WES (zlecAHze B} X
A5 BHHE, N AUB, HES (z|zrcAHzeBY hAEDB
HAc4E, W ANB, HANB=0, K AY5 B ERHER, KES
{z|lze A z€B} A5 BWE, idh A\B.

AUB RH A5 BB TRHENES, AnBRHBASB
ATTEMREES, T A\ B RHELS A FRAESRS B+
TR R RS,

[nyn+D)UR+1,n+2)=[nn+2),
[nyn+2)Nn+1,n+3)=[n+1n+2),
[nyn+2)\[n+1,n+3)=[nn+1).

Bl 1.1 44 AN B &3, K GEBEHEMREHREE, BHEH
WS E A RS
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RTEAMEH. KEEAAKGEH, A THEZUR.

FE1.1.2 RELGABSC, UF
(1) 3%c#. AUB=BUA, ANB=BnA;
(2) e
AU(BUC)=(AUB)UC, AN(BNC)=(ANB)NC;
(3) 4 HoAR:
AN(BUC)=(ANB)U(ANC),
Au(BNnC)=(AUB)N(AUC(C);
(4) H{B/: (AUB)°= A°NB¢, (ANB)° = A°U B¢
(5) A\B=ANB;
(6) & A DB, NIA° C B°.
iEBA LA (1) BN, HbEXNMIERRRLN. Feoe
(AUB), W €AUB , TR 2€A H 2€B, X&Wz e A Hze B,
bk z € A°N B¢, I (AUB)X Cc A°NB°. RZ, # x € A°NB°,
WaeeA HzeBS, TR1EAH€B, BRA 2€AUB, EXRY
z € (AUB), it A°nB°C (AUB)°, #%
(AUB)® = A°N B°.

Ko, TEXEMEEHHRELE BHEEK (A B
BT RS, MEHHFRSXRNT:

U Ax={z|3re L, z€ A}; (1.1.1)
el

[} Ar={z|VAel, z € A} (1.1.2)
el

TR EESBRIMERTE NN EEMREXREH. HEES
xHER, B
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(1) 53 BoAR:
AN ( UBA) = U(AﬂB,\),

xel Ael

AU ( nB,\) = [J(AUB.);

xel Nl

(2) XH{BA (MEAEEMR (De Morgan) ¥:M):
( n A,\) = U A
el

rel
( U A,\> =) 45.
Y34 Ael

—fh, H ARSH n MERYAMEE, W AAH 2" TR
XERHMTHIES: FARE X, BN TFRILBHBRHNAE, &
H X R, EfE 2%

GEME X, BIREHTRE 2T, BOVE X MR TR
BOK. BN XTHEX 1L FAHNEENIFER. KEH.
WEE, UREZHHRHAN. REMHF. X HETEEANSE
e 2X g RBEN. HAREHSH—BERNRE, RUTE
B BEAHTT.

B2 #flz) BREMETEREE, A={cecR|f(z) >0}, 4, =
{zeR|f(z)>1/n},neN A, RRBE A B

f(z‘)>0(::>3n€N:f(x)>;ll-,

#

zreA<=>3IneN:z e 4,

KEH A= Q A,



13 FXEER, b 2 B8
{z € R| f(z) <0} =A°=<UA,1> =) 4
n=1 n=1

[ o]

ﬂ{zeRif(w)S%}-

WIR—ETE EXEGIAc], BET —1EE A, MK
{ANIA e I} A—TREHR. HREHE {Ann e N} HEGFH], BEW
ICHE {An}. A CAC---CA,C--- (A DA DDA, D
), WFRREF A BFF] (BEES). FHHIFRESE R4 B

B4 & f(z), fn(z) (n e N) & R LELMERE, 4
A={zeR| nlgrolofn(x) = f(z)},

An = {2 € R| |fala) - f@) < = }.
R Amn (m,n € N) FERR A FRFRE X
falz) — f(=z)
S VmeNIneNVE>n | filz) - flz) 1< 1/m
S VmeN,IneNVE>n 2 € Ak
B X5 3FHE LB

A= U () Ame. (1.1.3)

o o o0

Jim 4, = N U Ay (1.1.4)
e

lim A, = |J [ 4k (1.1.5)

n-—oo n=1 k=n

ENIASIHHRAT (4.} 0 LRBE TR HEITHE, WHZ
HBET] {An} BIBER, EE lim A, BRFRIET] {An} B
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MEX 113 v HEEN, « BTLHER 'll_iiAn OB
B HFEERKMn, Hre A, ;z BTTRR li'_m A, WRLE

ZGR: M n RAOKE, ze . WO, F {4} BAF, WELIK
ﬁﬁ. lim A, = U An; % {An} %ﬁw, BIIJ lim A, = n Ap. ﬂ%
n—00 net n—oo n=1

sas) U acRusl, S690 [ AR5 Bt LHRRS TR
ATE AL

o0

Jim A, = lim U Ax; (1.1.6)
k=n
o0

nh:m;o A= lim kﬂ Ag. (1.1.7)
=n

FRBA TR, RITRTLNG 2 BERER A= lim A,
Bl S ERER A = lim A RIS, GATHH) 4 RS R

(e <]

A= (] lm Amp

m=1 n—o0

EX 1.1.4(HR) BEEE X1, Xe, - Xn. FEBEFEEFT
oz = (1,20, ,z)H Pz € Xi,i =1,2,--) WEHESR,
HWEBEEHR X1, X, -, Xn ER, BKRAEF/REMH, EE I:[l X 2%,
X xXox--xXp. HXi=X,i=1,2,--,n, ke ﬁXﬂﬁSZX" s

i=1
R X B n IKFE.

BRI ZEH, o EEREKZEE R® = {(z1,22,-,20) |2
ER,1<i<n}RREn KK, Z"={(z1,22, ,2n)2 €Z,1<
i <n} & R PREESH2E. T (ob,[cdcR, N

[0,8) x [e,d] = { (@,9) la <z < b, c Sz < d)

£ R f—5%. EEEER Ax BERMERL A, B HHBEE.



8 KX KoLK

§1.1.2 MRS TRR

HAEIE—EABH LRSS THRANOEE. BB —4KKZMH
R H—MRE E. EFE LR ERMNT Ve e B, H = < h, W
# h ZEE EH—1TLF.

BN 115 BHECR EH AL
()h B EdJ—H LR
(2) WMELN R EH—TLER, MLF LK,
B L REBESEWNLEHA ,icfFh=supE & h=supz.

z€E

ERARB/NER. FHETUEXEEGHTRAULTHR .

TN 1.1.6 HECR meR ZEVseE, HHE z>m W m#K
HEW—ATHR HmEE

(1) m & E¥—1T5H

(2) R m' B EH—ATHR, MLEm <m,
B m ERE ENTHR, EREXTH, fm=ifEdm=

inf z.
z€E

7E §1.3 PHITHERR IR Z MM S BER, HP §1.34 MR RARH
EEHEIL. TENESEERS - NEENERE TRARTFEE
M.

*H 1.1.7 R F—A3EEH, AL (T) AHEE, VFLE (T
WA,
BREFH . BWEFA LR, W lim 2, = SUp Zn; Eif=F=

Al oo BETHATR, W lim o, = infz, F4EREE E 6
ERARTRATER E FHE, WTRTFR B HHE. W
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—-E = {-zjz € E}, M5 W sup(—E) = —inf E; inf(—E) = —supE.
THEEESH L (T) BFAH—TFH#R.

FE 118 RECRN

(1) h=sup E WFEERMR

(i) hREE#—1 LR,

(ii)Ve >0,32' € E, {#8z' > h—¢;

(2 m=infE YRBERMHE :

()ymBEH—A TR

(ii)Ve>0,3z' € E, Bz <m+e.

EBR  JUEHIMES—E0 X T LRF N RERG.

. AIRIEE. B/ (i) AL, W 36 >0, B Ve E, 1
Her<h—co h—eo B AEPILR. X5 hRLEBRFE.

Fob . WARIEYE. B h AR EMLERBR, B3 EER, B
Bh>K. Be=h—-h >0 HZH (i), cE, #F8 2 >h—c=h,
X5 KW Z&EMNERTE.

F1 AHFERER, EEXER, MidsupE = +o0; H#F EXLT
5, Mg inf E = —o0.

XtF R PR R {20}, FEX

h, = supzy; m, = inf ;.
k>n k>n

EX 1.1.9 47E {z.} CR, EXHEF {z.} B9 ELHBRA

" lim z, = lim hy; (1.1.8)
n—o0 n—o00
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R {zn} B TARFRA

lim z, = lim m,.
n—00 n—oo

(1.1.9)

E2 MPLEFRS], lm o, M lim o, TURER, ©ATUER

n—o0
too. MHEBARE
lim z, = inf sup Tg;
n—o00 n>1 k>n
lim z, = sup inf zx;
n—00 n>1 2n
lim z, < lim z,.
n—00 n—0oo
RS TRIRAIC S AR IC R
hm Zp, = limsup zp;
n—00

lim z, = liminf z,.
n—oo n-—o0

3 BRI TARFRE — AR
(1) RF {zn) FEAERIR Y RERMFR

lim z, = hm Tn.

n—oo
(2) lim (—z,) = — lim z,; lim (-z,)=— lim z,.
n—00 n—0o n—oo n—00

(3) & zn < yn, W hm z, < lmoloyn, lim z, < lim y,.

n—>00 n—oo

. — 1 1
(4) " z, >0, M Lim — = — )
n—oo In lim z,

n—oo

(5) 1‘& {zn;,} %l&ﬁl?rﬁﬂ [ﬁyg M, < Tn, < hnk: Fﬁu

lim z, < hm ZTn, < lim z,.
n—oo —00 n—oo

THEs%H ERBREH R, HeE THRREFHHE.

FIE 1.1.10 # {z,} CR, Ma= nErronn (o0 <a<o0) 7
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TR -

(1) 3 73 {zn.}, ER lim 2., =aq,

(2) XFERA BB FI (o}, F lim 2, =’ <a.

S i fiE3(5) 8 (2)- HEE () AL B a= lim z,,
Ha= lim hn. B5ZFSHEN.

(i) a HR. BEH hp = a, 30, E5

a—1<h, =supz, <a+l,
n>l

FREI >0, B a-1<z, <a+ 1l 3H hy, = a,3l > ny, {H1%

1 1
a—-<h,=suwpz,<a+ g,
2 n>ls 2

FR 3ng > by, 18 a - 1/2 < Tn, <a+1/2. KT, BE—FF
) {2}, R a—1/k<zp, <a+1/k. % k— oo, Bif (1) :

lim z,, =a.
k—oo

(i) a = oo . HH hy = +o0, 3y, {EH

hy, = sup zp, > 1,
nZl;

:}:% Iny > ll, 1%1% Tn, > 1. 1}333 hn = +00, 3l > ny, {i’f%

hi, = sup =, > 2,
nZlQ

F& Ing > o, #18 zn, > 2. KK TE, BE—FFH {z..}, WL

Tp, > k. & k- oo, BIf% (1): lim z,, =+co=a.
k—o0

(iii) @ = —o0, BARAL.
5. iR o HREEEPEZM 1) (2). BE3(G),

a< lim z,.

n—o0

MRESARRAL, H

lim z, =d >a.
n—o0
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HLBEWEIEATTUEY, FETS 2., 5

2 i
lim z,, =ad >a,
k—o00

REHM (2) FE. BBl Tm o, = o R REME

B’ fo(z) BEXTE D C R® LHREUFH, ML X EARFR %K
hm fr, MTFHRBEE lim fn, BENHEXERE D. XF Vo € D,

e
Jm_ fn(@o) = Bm (fa(0)), Lm fu(zo) = lim (fu(0)).
T EMEE A HATLUE EH
xa(z) = {1’ xEA’ (1.1.10)
0, z€A.

ERBET {0,1) R, HABE A WIFERE. HERES] (4.},
HBERR im A, STRR lim A, RERY, EINITURARE

An mﬁﬁﬁﬁﬂéi@m 2 5 ERH
lim x4,(%) =X 1im 4.(2); (1.1.11)
n@o x4, () = X En—,wAﬂ(x). (1.1.12)

B> 0, BE f(z) # (a— N a+ )\ {o} EEX. THENRHK
iy LR 5 TARER.

BN 1.1.11 R f(z) B EHRRES TR 5 8-

hm f(z)= llm sup f(z) = mf sup f(z); (1.1.13)
0<|z —af<d 0<]z—a|<6

= li = i z 1.1.14

zh_lfzf(m) fim i a|<6f($) Sl;poqm RACIE ( )

S 1.1.12 liﬂ}, flz) =L, (ERRRTR) HARBEERMZ
(1) 3{za} C(@a—ra+ ) \{a},zn = a, B f(za) = L
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(2) ¥FEE (a—Xa+)\{a} FBET a &5 {27}, & f(z}) -
L', M L' <L.

3 &

1. RESE A,B,C,D, ¥%& AUB=CUD, iEH#¥:

(1)4 A;=ANC, A, = AND, A= A, U Ay;

()% ANC=0,BND=0,WA=D,B=C.

2. % A,B,Dc X, KiE:

B=(DNA)‘N(D°UA) <> B°=D.

3. ## A,B REE&, EX AAB=(A\B)U(B\A)#KH A5 B
MR FRE. IERIMARE RA U TR
AANB=BAA, AAANB°=AAB; AA(BAC)=(AAB)AC.
FERMTRENES AL B, FERE—NEE E, 5

ENA=B.
4. ®# {A} 5 {Bn} BFAF, iEH:

(520 ( 5 )= oauom
5.1 {4.} B—8A7F, &

i-1
B, = A1, B;= Ai\UAj (i>1),
j=1

SEW {Ba) EAAZ, HWERH n, & iL:Jl A = iL:Jl B;.
6. % {fu(z)} & R HB9REF,
A={z| Tm fa(@) >0}, Amn = (2| fa(2) 2 1/m}, m,n €N,
RH Ann B A
7.2 {falz)} REE (a,b) LBIREMELREF, ERMTEE



4 % BoL5EN

AW o, HERX {2] lim fa2) > a} = U {z] fule) > a).
n=1
8. % flz) B R LEEK, o BUHK, E-
Wzl @) > a} = | {o] f@) 20+ 2 )
n=1

() {a] f@) 2 a} = {z]s@>a- 2}

9. 38 Ap = (-1 1;,11+ 1/n), K lim A,.

10 8 (fa(@)) R R LHEOL, BE FCR EH
Jim fn(2) = x&,

L Bn = {2] falz) 2 1/2}, BKKE lim E,.

11. # A, ={m/n|meZ},n=1,2,---, JEBA:
lim A4, =7Z; lim 4,=Q.
n—oo n—oo

122 0<an <1<bp,n=12,---, BH {a.} 5 {bn} BATF
B, H lim a, =0, lim b, =1, iEB: lim [a,,bs] = (0, 1].
n—o00 n—oo n—oo
13 3E8: lim x4, (2) = X ym 4.(2); Tm x4,(2) = X 7 4,(@)-

n—00 n-—oo

§1.2 B

§1.2.1 By

ERFHES, ROELBEBET RS MEEENLERL
BAEEE X — RPE S R e 2 — e, B RE 2 RaBRAt

EX 1.2.1 & XY RANEZHNRE. Bt re X, FFE
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W8y €Y G2, RFRXDITABE . FHH F TR —B
G, W5 o ANHTTRIEE f(z), TRy=/=), RFRAXH Y
BB, ILEf XY, XY, 20 f2).y=fz) KAz
TS f TR, = %Ay —PREK.

T E B S  — 2 B AR )T

() R® LR f(x1,22, ,20) = V22 + 22+ +22 RN R"
B R A — G, BD

f:R* >R, (z1,22,--,Tn) > \/zf +z3+ -+ 2.

(2) R _LFIBERE f(2) = (cost,sint), RM R FIFE LA fr
A S By — 1 mgf, B f: R — S! C R%, ¢t — (cost,sint).

3) SEABF {z,} TEREASEN LHER—H, 518
B {A) WABERKI—BE £ B F N o 2X n o A, Heb
X =UAn.

(4) 8 DR 2X WAETE By X BTHE), NS /-
Do R¥HH D LHBEL.

(5) B X &, W X FFRIIHEE AUB THRN— M,
Bl f:2X x2X 52X (A,B)~ AUB.

LA ARG —RE, B—FhdEd R A S, ERTHEES
A¥, ARIERFAS S RARR S, #0572 K, R B
W% BEX—EHEEAT Y N R CEE. g Tam
RN EBORTEART. % T REE VS AEA IR g7
R F RS Blin, 255 T X EBUAET ¥ Aagsst £, 0 X
PR SUS; EBUR Y T8 {f(0)|z € X} 22 £(X), o 891% f() B
W f 1E o MHEEE; BE X xY BFEG.(f) = { (5, f@2) |z € X}
PR £ B
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EXN 122 FY = f(X), BE fHRARWEBRS, & o # 22
W, EF f(z1) # f(z2) , [ HAR——BRH (BES). HfRX
B Y B——WERETEY, SRRFE X 5 Y ZMFE——FMN, F f &
X B Y #E R TENy e Y —HMY—i e X, [#iE
fl@) =y, XY Bl X fBLEY f #ieRg , ok f-1, BF
1Y s X, f(z) >z

EN1.23 Rf: XY, 9:Y > ZBHIRE, Fhze X,
4 h(z) =g(f(x)), WBBI—MBH L X2, BRAhgLH fHESR
Mg, dfEgof.

e Ix 2 X 3 A SHiESumE, Iy 2Y 3 HS0ESRS, W
flof=Ix, foft=Iy. % f: X 5> Y B——B4tet, fRE X
FX) BB, FRFESEBS /1 f(X) > X.

SR 1.2.4 W f Mg WMEYS, DRSS gof AR M
go f WAWMBY, H

(gof) ' =flog™h. (1.2.1)

W R f:X oY, g:Y o Zff g BE——WERS. D
y=f),z=9@), Wz=F"),y=9"(2) BHgofBR——W
BT, B (go /)TN HFHE, H(gof) ' G flog ' R Z - X MR
. VvVzeZ, BT

z=g(f(z)) = go f(z),
9o f) M) =z=f")=f"9g'(2) =fog ' (2),

B (go )™t =f"og™ ML

BEZ MBRHRNEA SRR EREN, TERFRELEEMS
R —FER LA
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MFXPFRA, BB A LHBERHE
{1, T€EA,
xa(z) = _ (1.2.2)
, T € A.
FROEREOR 2° %) (0,1} LA — B, TTRLES FHER B HF 5K
TRESES. Him
AC B <= xalz) < xB(z), ANB=0<+= xa(z)xs(z) =0.
BRATHIREAHEL:
xauB(z) = xa(z) + x8(z) — xanB(7);
xang(z) = xa(z) - xB(2);

(1.2.3)
xa\s(z) = xa()(1 - x5(2));
Ixa(@) — xB(®)| = xa\8(2) + xB\4(T)-
SHFBS f: XY, BMRACX,BCY,id
f(A) = {f(z) |z € A}; (1.2.4)
f7UB) = {z € X | f(z) € BY}. (1.2.5)

B F(A) WG ATEBST [ THIRK, [ (B) WA B XTHA f
RS, B TR
f( U AA) = (4

AET Xel

f(nm)c@ﬂmx

xel

(U A) = U (1.26)

rel xel

fl( n Ax):=rh€,f~%AAx

Aerl
#B; C Bo, Wf~'(B)) C f~'(Ba);

F7UBY) = (F7UB))°.
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§1.2.2 #

BE—NBE X UERRNE X FTRMROMEp, S A={z ¢
X | p(x)3L}), B = A°. =P ABXWHEBR: p % X ERLE5R
BOLH TR ER Y B RBE A5 B ra &I B HHE.
MTHRRE, ITFBHBRRREN, ABELBESES A5 B ¥
FRRMEERAT. MTEFR, MH—AREFEREL. R, &
R THHE, ENEAHABHENN. LNERBESTEHEBRA
. BRE, EBUARALBRYEHE. MABERREEHETE
HZ LU ? ERLERNEFEITTRISIR? X THNERE
GREAMANTENE, RBEERBENITREZERL—FH—
—XRRE. XML BTG R

X125 @ A BREME, MAFE— N AZ B
WML, PR A 5 B M (TH A 5 B 2 A ——XRXER) ,
JifE A~ B.

BRI AW T HI R

(1) HRHE: A~ 4

(2) XFR¥E: H A~ B, N B~ 4

(3) i % A~B,B~C, M A~C.
IR B R, MRREMER N TR RFAEN KR, TRRE
BRI EXRER—FEMN KR

Bl1 N~Z fEXMFEXRIMT:
k, n = 2k,
f(n):{—(k-—l), n=2k-1,
k=1,2,---. M f: N> Z B——FBRs4t.
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Fl 2 HEXMNFLR z o tan(nz/2) T, H(-1,1)~R.

EX 1.26 ®RABEWITREG, WRA~B, ¥ A5 BH
RS (KRR iL | A| MBS AWER. HFE-TNAZ B
H——BR4 HAETHETHRSTH) , MAE | A< B| mR
|AISIBI#£I A, WAE |AI<|BI|GEE AN B]).

HEXH, MACB, WMiA|<|B|; MFERRY f: A- B,
MIBISIAL HEARG n MTENERE, ML |Al=n ¥TX
FR&EA BEBA-NFBRFRW L | A), BERMB “AEF o
AR Y 1AIK|B|K, ALK “BEAK AFEZNTRE”. 7
— T, BEUEVER RS MBAREX, MWTLEERH
REORF X R N TFROKDXR, MARK—H, AWTHE
BER.

T 1.2.7 MTEEHIH o, 8, XFEKa<pfa=8<a
A BAH —3 L.

EHEITFHEE-ENESIEAHE. EHF—FKeg HiEs.
#Hit 1.28 FHa<p, f<a, Ma=4

HRFSREE RN, —FMEAAREHE, 1C8 Ro(EMFTF
# (Aleph) &) , Bl | N |= Ro. H—MREHE R B9, idill ¢, B
IR |=c JLES E AKX SHER N THIERTHE, SRS R
FHER AR EEY

Frl— 1 8a A ATSI4, RIESAREENSE, E Xt
¥R f NoAnwa,, FRA={x,z0, - ,Tn,---}, Bl AT
W HER — . R E—AEE AT UHR—FS, EFERTIE.
THBHHERE No. i FHEEAH, (HERBB/IILFTEE, B
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AT R R B BRI TR,

EE 1.2.9 EAXFREHEET—TAFITE.

B WARKFEE AWM TR € A, M A{z } ARER
FHERE. BER— IR 22 € A\{n1}, BR ) # 2. RIEAFEW
o ATEE {z1,20, -2}, WA 21, 22, 20} IRE—ATEHHR
&, NTAATB—45 1,20, o0 IAHFE R TTE 2o HIEHAE,
AN A B EARMRE TR AR — LI FI { 21,72, Tny o }-
BIRFH {1,232, ,Tn, -} 2 A WTFIFH.

EH 1.2.10 FFIEEGH T TRINETIIH.

R Rk A BWFITH, A RANEF TR BEHE 129,
A FHTIFHE A, TRA~A, HAHCACA, HIAIL
|ALISTAL H A |=1A], B A [=]A]=Ro.

T3 1.2.11 & A RWHI%E, B RAMRERTIIE, W AuB
RTAI.

Bl W A= {z1,22, ,Zn, - }. B BNA=0,% B={y1,ys,

Ly ym) B,
AUB = {y1,y2, " ,Ym:T1, %2, " Ty b
M AUB ZF[FIE. %4 B={y,y2, ¥Yn, -} B, H
AUB = {21,41,%2,¥2," " »Tn,Yn, " 1

BH AUB B8 £ BAA£0, M AUB = AU(B\ 4), B
AUB 54754

T 1.2.12 AEANARELTTHIRM IR TFIE.

iEER {Bi% Ay, Ay, L A, BR—FIBERELAFIE K A+
TR An = {Tn1,Tn2,  Tnmy -} (IR A, RARE, WH
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ﬁ'JﬁE An = {-'E'nlal'n%"' ,-'L'nm})~ A= Do An q’ﬁ"]fﬁ%ﬂﬂﬁﬁgﬁ’;ﬁ
n=1
[/ A HESU R — AN F 5, B

A= {&11,T21,T12, %31, T22, 13, Ta1, ", Tif, " |
HINE 20 HEE 07, Y i+7> 208, =z HAES n i
itj—2
n=j+ Y k.
k=1

FIB 1.2.13 HRANFHIEHERIIAAFIE.

WEBA i A, B BR[FIE, SHER A x B BR[5IEE (R5 A9
AEHERAERNAFIRNERN AL 8 red, 20 =
{(z,)]lye B}, M C, ~ B, B C; BF[5I%. BRAxB= | C;,

MR R 1.2.12 BI18 A x B B[54, z€A
TR ERIUA & B AT HR A T 5 A e iE A
Mot o =Nes 3o = o
n+ Ro = Ro; - (1.2.7)

n

Rg X R = No; HNO:NO.

i=1

MEELIFEE A, Ro<[|A|
B3 HEREQRTIIE.
a0 b, meRa
FINXNSQ (g L
HAIQIKINxN|=R, XNCQR <|Q}, Bfh | Q= Ro.

B4 AR B REO B AR 2R R R A TS
&
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HE b, WXTREAN A,

oo
A= {(n1,ng, - ,nk)|ni eNi=1,2,--- ,k, ke N} = U N,
k=1

ﬁq] Nk — {(”1’.”2’... ,nk)\ni c N’ 3 = 1,2’.‘. ’k} Eh'ﬁf_ﬂ 1.2.13 %ﬂ
| N |= R, HIEHE 1.2.12 41 A JZ0] 514

Bl 5 HEAFLIAZLERTIIE.
$X L, GIHEARETR p@) = 3 e’ Hn+ 1 PEERK

=0

araz, - an W UE, TRABRUSTAZ 2465 AR HHE
HARNH FRE R OREREX S, BER U 0, 554 —H,
BRI |

BOBINBH— S FHE, ETERINEE B3 EE R
B, FER/N HOEE T I

EN 1.2.14 BEH o EREFAEB, HE|A|=
| B|=g i, RERBAxBHHEK o 5 TR o 8. 12 n I
% a RMHI a-a- - -a=a" 24 AF BHBRSHARHES
WOAE BA, # | BA | R 68 W9 o K, 1EHE 8. MRER ANB=0,
MFH AUB %K o 5 6 B o+ p.

gl 6 R AHPEEEAHRHIFXEKREERBIFTHIE.

g7 R_EE—RBRBFHAESE S HAREITIIE.

LIRS f(z) B oo & f(z) MARELER, WA

flzo—0)= lim f(z) < lim = f(zo+0).

E i zo XTREH —PIFK I (f (20 —0), f(20+0)). B, MU TFH AR
WIARELE A o1 K& 22, K] (f(21-0), f(z:+0)) 5 (f(z2-0), f(z2+0))
HEAME. MAEEE R FEREKHIFXEE. H6) 6 MERFR
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B[S,

B8 BESAWHERAa, W |24 |=2>
$ag b, 20 BRES (0,1} B9 T {0,114 BAAEXFE A £
— UM E R BT R RS, TN T A PEB—1FHRE, B—H
Xt —AMEIERR S xg; RZ IR, X BET 24 ~ {0,1}4.
XEGFRY, BdREHBESTRERGHHEREE.
FHE 1.2.15 K ARKRE, |Al=a F B EITHE, N
| AUB | = a.
Bl ARGk AnB =0. 32 B = {y1,¥2,-+}, T A BEIR
£, WA ={z,z0, -} H AWTEERFE. 1€ 4= A\ A4, N
A=A UA. YEME f:AUB—>5 AT
f(zn) =220, flyn) =22n-1, n=1,2,---,
f(z) ==z, T € As.
W f R——WBt. | AUB|=a.

T 1.2.16 £H ARTRENASLERFR: A SHASH
— P HFHRME

B EAAMRESHEFEAME, Fril £o# ML

ZHIEH L2 M A REMRE, ER—EEZHARTE B, Uik
EH 1215, A~ A\ B.

B 2 ¥ | (-1,1) |=| R |= ¢, BE——BH fx) = = 7
H, (-1,1) ~(0,1). BHEFFRELEL ¢, REITRKME (0,1) HHB
af.

EIP 1.2.17 X[H (0,1) = {z|0<z <1} REFFIE.

B AEFBXE (0,1 #F | (0,1] |= Ro, WAFE——TBRST
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fiN=(0,1). 84 f(n) ATME—HRAR B AL NEL
fn)=0.an,6n, --Qn,---, n=12---.
LEXTRENFEALIF 2R 9, HARFNEMLIFHEEHR 0. & an, =1,
Bb, =2, % an, Z1L,BMb,=1(n=1,2,---). i 2 =0byby---byp---,
Mz € (0,1], TRFIEn €N, 1§ z = f(n). Bf
0.b1by by =0.0n,Gny - Any - -

B by = an,, BHFE. FHILXE (0,1] REAF4.

I 1.2.18 2V~ R B 2% =c.
WEEA X TEEM ¢ € {0,1}7, fEBSt

frcpHZWé:),

fRM {0, 13N 2 (0,1] B9 —A——BRET, 81§ 2% <c H—Jrm, Xt
B—A 2 € (0,1), FZ#MHl /M ERR (LFR BT 215N 1)

Qap
x:ZQ_n, anE{O,l}.
n=1

EXME g2 pe {0,1}Y, o(n) =an, n=1,2,---. W g BN (0,1]
2] {0, 1N g — A ——Bgt, WG e < 2% RIBEH 1.2.7,F c = 2%,

FIP 1.2.19 (ERAEKEE) # A ZEZES WEEG AL
HRRAE 24 X4

iEBR fBE A ~ 24, MIfFfE——WRBRST £ A - 24 MEES
B={zecA|z€f(z)}, FRAEycA £ flyy =B FEy 5 BHX
. HyeB Nl BHENTH, yefly)=B;FyeB=fy), N
H B XA, yeB. FFBFEREA AL 24 ZEHFAFE——
WL, WTEE A SEMNFE 24 FuE.

AW L HRIL/R (Cantor) T 1878 FF{BHIMNTHE: Ak
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— M EE A THHEWER R <] A|<c FRIE =R FERAHER
A ELGBERE, HNEEERIL. CO—RRRE HAMEE
U Rppy = 2%, FRAFESRE A, THEBEE R <] A< Reyr, k=
0,1,2,-- . IWIESHBK, THESME, HBIGFEHES 0T
0<1<2< - <n< - <Ne<Ny=ec< <R < Vg1 <0y
Hrp Ry = 2% = 2% = (2R = (Reyy ). 1900 48 8 B, F/RIATE
(Hilbert) 75 A EFRBE R AL VM N (BT ) B 54 B
LT 20 AR BREGRY, FEMRYeH 23 AEKAE. HFE
—AREESSEE. HWEHES 1963 4, 4 HBE (Kom) UKE
T B /R (Godel) SEFMAM. BITEN T HE LGB AERSE
o, BERAEIE HE S A IR, WAREEYE AR, B, o
SRR ARRAL, BT LANAE S S RAATRE.

3 &

1iME f: X oY, AC X,ECY,iRE TFHSERMILE?
(W fFHYN\NE) = fTHY)\ fHE);

(2) fF(X\ 4) = f(X)\ f(4).

9. BELEL A B,C, iEH: (1) % A\B~B\ A, Il A~ B;
(2)# AcB,A~AUC, | B~BUC.

o (i ) = i A (lim )= T
4. JEFFFIERBOH E X R (1.2.3).

5. iE8H: (1) lim A < lim XA, P

() A= lim A, <= x4 = lim xa,.-

6. % Aoy 1 = A, App =B, n=1,2,---, K limAd, 5 lim4,.
7. 8. f:A— B ZWiSt < VECB, f(fH(E)=E.



% %% £452%

8. MEH: f:X oY BR——XWHAESBERMEN F(X)=Y, H
XHEf] A, B C X, B f(ANB) = f(A) N f(B).

9. JIFH A B o B X ) e R A R R R 4R

10. JEB] R PAEEERHEZH TR EREFRELTIIE.

11 EHH R AR B IR TR AR T SIE.

*12. 8 X BREFHRE, | X|=a,BR—WHRE [ X > X
£k, K |B|.

13. iEH R FELH PN EAASEHHS.

‘141 E R R R EE, FEPEERAMERTEAEY,
JERA E T[54,

15. 44 R\ Q B R Z [Af ——XT £Y.

16. i E C R BA[FI%E. EHFELE 20 e R, F/ EH E+ao A
M3, HFRF E+zo={z+z0| z € F}.

17. AEABE AN LT EHFREE, RNRAEEH LEHFFR
N EASBBEESHEA R, MHBEBEE c

18. R L&tk F4ich T,iEH | T |=c

19. # E=AUB,|E|=c¢, M| A 5§ B HPEL—-MREHHE c

20. @ X RIREE, AEYSH [ X - X, f FRERBRS, iE
WAEFE X PRIEEHTFHE E, 1§ f(E)CE.

21. W A REMBS, WHEEBS f: A A {#18 f2) # 7,
B f(f(z)) ==z, Vz € A

2 WECR,|E|=c4 A= {z= (21,22, )|zi € E, i =
1,2,---}, IRIERA | A |=c

23 WA= ) Ap. | A|=c, RIEHLH —A no, 178

n=1
| Ang |=c.
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*24. % X RGBESHEG, T f:2¥ - 2X. & f 25iAw, B
VA,B C X, HE AcC B, %% f(A) C f(B). IEHIF# E € 2%, {#15
f(E) =

25. i IX[A] [0, 1] EAELRELER C[0,1], WIEH | C0,1]|=c

26. it R E—YIscEmEas el v RiEH ¢ 5 R Rxt%, H
| @ |=2¢.

§1.3 n ZERKEKZSH R”

§1.3.1 n HERECE(E R”

S R™ FEENE, ERFR R LA IE KRR
R* =RxRx---xREZn P RMEEHR. EREFELHA
= (71,22, ,an) WK, Bz Bz WE MR R EEGE
BT T 2= (21,22, ,2n), ¥y = (Y1,¥2, " ,Yn), AER,
(L) z+y=(z1+ 1,22+ Y2, ,Tn +Yn);
(2) B3: Iz = (Mzy, Azo,---, Azq).
FELRFMEET R* WR—ARBEZEE SEHRAREZNE). MT
i=12---,n,i0

(1.3.1)

ei=(0,---,0,1,0,---,0), (1.3.2)
KRR« MIRN 1 SNERBIRENT. Ber e, en AMEN
R* f—HEK, TR<= Zzze, R RELEE LR n EEET
|, = #H R EF’B’JF]%’JZE

£ 1.3.1 ®z= (21,72, ,Tn) €ER", EX
|z |l = (22 + 2% + - +22)%, (1.3.3)
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x|l ARz KB
Yn=38, |z|HRORzWKE. FUMBKEERES
RS, B (1.3.3) REXWBRBFUTHR: VYe,ye R, AR,
(1) IEREHE: Fllzll > 0, A ||z]| = 0= 2 = (0,0,---,0);
(2) FFLE: [IAz|| = [Alllz]l;
(3) ZAARFERX: Iz + yll < ll=ll + llyll-
(1),(2) 2B, (3) WETHIGIEHR.

5|3 1.3.2 (Cauchy-Schwarz %) % z,y € R?, &
(T11 + Toya + -+ + Tuyn)?

S(a:%+x§+‘..+x%)(y%+y§+~-+y:‘;). (1.3.4)
n

B EXAERER ) = ) (o + M) Bz = (o, 3,

i=1

In)’y = (yhy?:"' >yn)’ B]\IJ f(’\) = AA2 +B/\+C, KEP A =” Y “27B

=2 zw,C=llz . #1F f(A) >0, ZKHR f(A) BHHIK
i=1
A =B?-4AC <0,
HIEIBAER (1.3.7). X

Ho+yllP =S (@+9)? =l I +23 zit Iy |

i=1 =1
<lz P +2llzlllyll+ 1y P= Azl + 1y )
¥ EXBary, BB=EAFREX
EN 1.3.3 W= (21,72, ,Zn)¥ = ¥1,¥2," ,¥n) € R*, i0
d(@,y) = (31 —y1)? + (@2 — )’ + - + (@a —yn)D)/?, (1.35)
dz,y) AR Rz 5y ZHEMER.
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RIBREX, dey) = [z - yll, EHERT AR TREM
BYPERR A SIBE T R F MR Va,y,2 € R™,
(1) EFEE: d(z,y) >0, MHdz,y) =0z =y,
(2) M HHE: do,y) = d(y,);
(3) ZAARER: d(z,z) < d(z,y) +d(y, 2).

EN 1.3.4 FreRh,r>0 HKES B(z,r) = {y e R*|d(z,y) <
r} HULz R, e RBHER, WERE « BBRREL, AR
fE B, (z). XIR ACR®, % 3R >0, 18 AC Br(0), ,f 4 BER X
£,

FRy € B(z) = |lo—yll <r. BEERMBAATABRZIE. A
B (z) = {y € R™|lz - yll <7}

BEACRY, 20 € R, Ml 20 5 A HEFTRERI KRR

(1)3e>0, {f Be(zo)NA=10;

(2) 3e > 0, {# B.(z0) C 4;

(3) Ve > 0, {#f Be(zo) N A # 0,3 H Be(zo) N A # 0.
MULEEEBEZEMMLEXRR, THEMTEX.

EM 1.3.5 % ACR", z¢ € R,

(1) % 3e >0, f#f Be(z0) C A, #F 20 & AWK ICH ABIN
MR B AR A%

(2) & Ve >0, f#183 Be(zo) NA#0, B(zo) NAS#0, B 20 2 A
MR, ioh A RR SEHRM AER 04,

(3) # Ve > 0, Be(zo) N (A\ {z0}) #0, B zo B A HRH (FMH
BRA). etk A R AICHE A, Ky A R4,

(4 HA=AUA N AWAR; T A\ A FREHA A BIRL



30 F-F REHEHF

A
(5) % A=E, BFRE ATEHE E FHE.

BAR A C A 0A= A\ A% (A°)° =R\ A (HHHEHRY AW
ShR); # A C B, A' C B'; 3 HRYEIEH
(AUB) =A'UB',z€ A\A' < 3r >0, B.(z) N A = {z}.

Bl ®A=[-1,00U{l/n|neN}CR, Il A°=(-1,0), A" =
[-1,0], A = [-1,0]u{l/n|n € N}, 04 = {-1,0}u{l/n| ne N},AH
HELRBR {I/n|ne N} EEAELEQ N

Q°=0, Q'=Q=R>Q, Q=R

Y zo B A RGN, THREEFER, EEE— 2o BT
Be(zo) PERIIFEAN A HHHE.

EMX 1.3.6 i {zx} C R*. FHFE r € R, {F15§ kl'l’rgod(wn,x)
=0, a5 {zv} REHEF], = B {2} BHRFR, FRiEHE
Hm z;, =z (1.3.6)

k—00

(8% zx — z (k — 00)).

BAR, Jim zp =z <= Jim | z — z ||= 0. F KK 2 E] L &5
A% PR 1, W R BER 22 i
%iﬁ T = (Ik,hzk,z,'" ,Ik,n), T = (931,132,'“ ,$n), m'“ﬂ*%iﬁ

n
pax | 2k, — i [<|| 2 — 2 I< z; | Tk, — i | (1.3.7)
i—
A, lim zp =z <= lim z4; = 25,4 =1,2,--- ,n. XEHKE R" F
k—o0 k—o0

¥ S B MBS T Y 5 AL A AR AT OB

T 137 HACR, ze R, Ul z € A' HRAVERHEE,
BIEEF) {z} C A\ {z}, WF z.
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B HzeA. B =1,0Hx ecA\{z},BH|z1—-z|<1. &
g =min(l| z1 —z |,1/2), ?Jl z2 € A\ {2}, H || z2 —z |[< &2 < 1/2.
HEX R, BT {zr} C A\ {z}, HR |l zx —z |I< 1/k. XUt
HH klin;ozk =1z

Rz, FERKS {zx} C A\ {z}, WKEF| z. W Ve > 0, Tko, K
k>ko B, ||z —z||<e, Bf zx € Be(z), 8 B:(z) N A\ {z} # 0.

§1.3.2 HI&E. FF&HEF0 Borel £

EXN 138 W FCR,#FHFDF,NKFERE HE=E8RA
£

Bl R 2% MR {ye R ||y—=z (< r} BHAK WK
[a1,b1] % [az,b2] X -+ X [an, by] RHIER.

HEXFH, FRAKYENY F=F.
TR AR TER.

FIHE 1.3.9 HARETHRMFERAL EESTHRMXE
ERAE.

Bl ZBHAKL AR BT F/ CF,i=12H%

(RUR) =FUF,CFiUF,.

R FLUF, IS, HIBETBEEERNAEMNFERE AL
N {Fala€l} B RF—AHEE L F =NacrFo, NER F I
2. StVa€l,FCFy HFCFqo=Fa NI F CNacrFa=F. 2
FCF 8 F=F, X F Z2H%.

F EFEIMEHHFR—ERAE FEERT

1 1
F’C_[mak_:l7 k_1527”'7
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R U e = 01) st OF # UFs. A T AR AR
Udac U4 NAac ()4 (1.3.8)
acl a€el acel a€el

EX 1.3.10 # G CR" & G RMAE, WK G RITE.

HENXTATH, R A5 RZEE ) HEFE FENRERAK, R”
HERABE, B (z) BFFHE; R™ FHRERK (a1,b1) x (az,b2) X -~ x (an, bn)
BRI

MTFEESE A HWT R AR

R™ = A°UJAU (A%)°, (1.3.9)
M H 0A = 8(A°). F BRABHFTRERMHREAR RH0MH:
F = F°UJF.
B (1.3.9) KFH FU F° = F°UJF U (F)°, Frlh
F = (Fo)°.
LG =F, N GRFAENRFVERNE G =G

HTEBRRKRLSZH T HEHERKLEZH, REHEMER, T
SRS, HETRAE fEH 1.3.8 EFEMHER.

FIP 1.3.11 HRENTENXERFSE, EESIMFENHE -
RIFE.

FEEAEE R PREANESRE. AR PEAEZHR
B ARAENREFSE. T B R SR IE R & E IR
Borel & 4.

EX 1.3.12 (F,(E) %, G, &) #FACR RTHAMEHN

M RARFGE) S FACR BUENFENEZE, AR
Gs(Bl) 4B.
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.‘i% Fa‘ %B{J%%% G5 %; G(5 %B@%%% Fo %
B 0,1)= U0, &yl 71 Q ¥ F, Btk

k=1
EX 1.3.13 4 F BHBS X P—EFEITHENESH. W
SRR
(1)Pe F;
QFHAeF, MA e F;
(3)%‘4"6‘7:’77‘:172)”' 7DIIJ G Anef
n=1
WLFE F B X B5—1 o REL
X H o RE U EFEED. Mlin2X B—1 o ¥, EREXH.
XMmAAEB MBSO TEE (0, X}, 1R X —1 o %, ER&E/D
iy, 2X F1 {0, X} BRHATHL o REL.
%f%Xﬁ{]aﬁﬁﬂ‘j’, ﬁXEf;R%AnEf,n=1,2,”'y
il -
(\An € F, limA,eF, lm4,€F;
n=1

FH FRTERFEHEEA.

EXN 1.3.14 BT BRHEE X F—ETFEHRHESE, &
BESHoRBFEEAcT, RA AcF). LB T WED R
¥h F(T), Bk F(T) &6 T EME o 30

SN 1.3.15 1 R dh— TR R R TF SRR BT AE R o AREORR
% R"™ @ Borel o %, 2% B". B" FHITTEFN Borel £.

B, . FFE. F, 85 G; £ER R 18 Borel £, £—
Borel 2851 Borel . Borel £&8KMFFIH. A7, LER
5TRBHRAES R Borel £.
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§1.3.3 FEMLEN, EEM

T 1.3.16 R PME—EZEFE G BEANERMHEZHIFXE
Z3#.

AES AE#z € G, B o R G HME, U (1,2) C G, 5 € (1,2),
é’\

a=inf{y € R| (y,z] CG}, b=sup{z€R| [z,2) C G},

M —co<a<z<b< +oo. & I =(a,b), H L G FHIE z B
ZEE. R c€ (a,z), B a FIEXNH, B y € (a,0), f# (y,2] CG, A
M (c,z] € G, TR (a,7) C G; [ [2,b) CG, 8 I, CG. Fae G, &
a BRHKE, BEy<a ff (y,0] CG, A (y,2] C G, X5 a HEF
& HEMe€EG REIEG. BR G =U,cq =

# I, = (a,b), I, = (c,d) 2 G WFHE M AREMH X E. Ak
b<d, #Eb>c,Wbel, CG XAFRE, W b<c AN

LI =0

EEMIEXEPIHRE—-FEE, MARSETE, G AAETH
AN AE R A X ]

#it 1.3.17 FH FGREMAL, W F RN R PR AL
FREEFEBZE & F EERAE U F 2N —HAXEZETH
ANEAFAS R FF X 6] )5 BT S Z &8,

Bl HBEE—&®. B FRARNE Sa=infF, b=supF,
W FCla,b). B F &%, obeF, M G=[b\F=(@bnF i
. mEHE 1.3.16 BIBESR.

B Cantor £ . EEFAK[E [0,1), ME 1.2 PR # 0,1 =%
4, HBEFRIBANFXIE (1/3,2/3) , iLBEFHS N A, B
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B R P XE

1 2
5] = 3]
ZF0, HBEPRBAZ0Z—0FKE (5,3 & (£,%), BiK R
FEFHES R F, B

R e ST S O R o G S I
0 1 2 1 2 7 8 1
9 9 3 3 9 9
B 12

—fi, BITRRARESN Fa Fo B 2" MRHA 5= EAMK
A XERIFR. BEIMHXE =%, BEPR=402Z—FXH,
HICHEFERAN For, MEHSE, BEKSS {F.). ERR

C =) Fa (1.3.10)
#r C & Cantor £5. )

Cantor 8H TREAHR:

(1) Cantor £ C RIFZHFHE.

BAEA F, REZHFAS, &K C RAEFAR, W K FE4
AR S BRAEBE, BIR C FRR, & C HEER.

(2)C=C' (E=EHHNTER).

@zeC WVn,zeF, BIXEN n,c BTKEN 1/3" R
WREH. V6>0,3n, HRE 1/3" <6, R/ F, PEE s WHRKES
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F (z -0,z +0). WARAKHIHAE C PR, HEFE—1TAE
z, XAz B CHBRA, BB C'>C. () MC =C.

(3)C EHR.

®G=0,1\C, AHBEH, G=1[0,1, AT C°=0.

(4) | C |= 2%.

Hax b, % (0,1] PEFIR=FHLH MBI, N Cantor By
Ko GEHGNIHTER o = i_‘é T, ai € {0,2) ——XfRL IS C
HEERR.

—HABHNEREHE 1.3.16 RN LEXTLERET. HE, F
BRBETE, EHHEL ASWEXEFRBRRERN. B,
B’ Q= {ra|n e N} BREKFEY. 4

> 1
G=U (= porat )
n G E—FE, HEMHRKERTEELAE X TR—EFEMN
RETREEIE Z2HEE.
HAEFRERENE R RITHE RS H TEMSE LTI EIEYN.

I 1.3.18 R" PEBIEZHE G TRATHNELARMIKH n
B TR Z I CEFFERRETR (a1, b1) x [a2,b2) x -+ X [an, bn),
B b — o HEEBK. HHOKMA%E, NFEATE.)

TEEREEERE R PEERARLYEZERIUSEEE
Yoy P RR A X 5 X i b AR S R PO

TN 1.3.19 # FRENE R LHEERE, ce R HXMNT
& e>0, BHELES >0, B z € Bs(a), H |f(z) — fla)| <&, MFF
FHEK o L, o REY f OSSR £ FER LEESE, UK
f T R* L%k
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HESEAER AT SRR R 2 E . i3 f 7ER o RLIELER FRE &
R, T R PEMEHT o BIRF {22}, A lim f(zx) = f(a).

EIB 1.3.20 % f R R" LLERE, MU TRETHSN:

(1) fHER" LS,

(2) VAER, {z| f(z) < A} & {z] f(z) > \} BFFH;

(3) VAER, {z| f(z) < N} 5 {z| f(z) > \} R

B BRE 2 < B). RJIE Q) <= (2). & fE R* b#
%, AeR.{EH z e R, f(z) < A HIEEHE, FEe>0 FH/Y
y € Be(z), A Fly) <A # {z] f(z) <2} HB—REBAK, NMER
FF4E. REFE {z|f(z) > 2} HRFE.

HK, BV eR {z|flz) <A} M {z|f(z) > \} BIFE.
a € R*, AiE f(z) & o RAEL. 2 fla) = B.Ve > 0, H {z|f(z)
<B+e)n{z|f(x)>B—-¢c}=CRFH, BRaeec G HFI>0,
& Bs(a) C G. XPEWY y € Bsa) Bf B-¢ < fly) < B+e¢, HP
1) - f(a)| <e. AT, f 7E a SRALFELE.

1320 RRAASRTEAEREERNE - EEEHE. 5§
BB RSN EEL, KERITEERRE LRBAERE, XA
DANPEH TR E B 1.3.20. B %, BB ABXRITEM AR
F. Bl

{(z,9) € R* |y <2?}
5
freR*|{lz—yll<r Vy€ A}
B4, W < 3Oy < WU EHESHENS. M, H-KR A
H—AXFEERRHASRNENL, WLEARFE <> 5> 1
BIF4E, UEARSE « < 5> i RAK. Fm R LEZRY S
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B THER": {(z,9) € R |y < f(2)} RIS H—HTH, KEHE
TR FAHRE G, FI, & R = UF, R F, (1 <i < k) R4,
fiRT S R.EVACR, Vi, A Fn{f() >} § Fn{f@) < \)
RIS, W f RESRL

EX 1.3.21 WECR,f:E-RacE EXEEBN >0 2
BT 6> 0, 8% = € ENBy(a),  |f(e) - fla)] <, BFK f & a
ROESE, o R f HIESS. WE S EE LAbESE, BW FEE L
. &tk E LESRBEEITY CE).

EX 1.3.22 i ACECR MEHFEFE B H%E) B c R,
18 A= EnB, N#H A X TF E BFE (K.

Bl £ R LE, A=1[0,1) HXT [0,00) BFFE (4 = [0,00) N
(-1,1)) , TAEXTF [-1,1) BH&L (A = [0,1]n[-L1), {H A 7
R FBREFEEHAE T8, FEALXFEFE, W ACEMMT
E BB VLERMGR, AXFEITEL.

E LREHESHHUTTHAERITERZAE. TRERESHE
1.3.20 B3RS

feC(E)
< VAeR,E(f < NHE(f > )\ HMTF ERIFE
= VAER,E(f < NHE(f > M) MHXF E AL
HWAERENLS E(f < A) = {z € E|f(z) < A} &5 E(f > N,
E(f <A),E(f 2 )) WEXSHKK.

§1.3.4 n BRRESEENELRTEE

MR, MRS FREERKET R WL, ZEESENE
AUTILARESEE: PRAKRSFEE ARESEE. REEEH,
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PL R i R -3 R BT AL (Bolzano-Weierstrass) HRFR A E . 1F
R P EEXEERE, FREEMNER EREEHSFMNH.

EIE 1.3.23 (AEKAEE) T {z:} C R* WEW FEERM

&
k,lliinoo N zx — 2 ||=0. (1.3.11)
W 3 2 2z (k—>oo), MA=ZAREFX
ok —z ISl zx -zl + ]z —= ||
FHAMG (1311) WE. Rz, H&MF (1.3.11) WE, U
|zk,i — zil <||ze — 2 || 0 (k,I = 00,1 <7< n).

B —4EAE S TIPSR, B ok oz € R(k = 00,1<i<n). &
z = (21,22, ,Tn), N

n
ok =z IS |2ri—2i |20 (k= o),
=1 )

"W lim z4 = z.
k—o00

B ACR,FRR WTEE. # ACUperB, R F RHB A
W —AEE%, M FRFEKN, FFREANFER 4 FRAER
MRS, PR F RE AWARER. 7 HERRWTHEK F C7F,
L P R4 AMEEN, PR FHNTHES.

T 1.3.24(FRERTH) #F 7 RAAAE F 09rE=, N
AN F ARHARTES.

B ERARIEE. RAEEARTESR. BRI Co =
[llas b} . 8 F C Co. ¥ Co 51 2" KR n BTTA,

ﬁ*%\ﬁ*"!‘, BIEC, R FNC A F PERITEHEE.
B C) B4R 20 MKRER n BTk, HPuAE—A, ik G,



0 %-F K455

WREFNC, A F PERANEEE. WHMTZ B —FR5n g
TR S {C}, BR8N FNC A% F RERMETERZ. XHE
BHE A L diamA = sup, s 12—y ||, KA A WER. TR
diamCy — 0 (k — 00). fEB 74 € FNCy (k= 1,2,---), W24 > k BF
| z&x — 21 ||< diamCy,

T EF (=} WRKM (13.11). mEE 1323 X F BHA, &
., 2 EF WM Ue F,HzeU; BMr>0 1 B(z) CcU KHH
zy € Cy,diamCy, — 0, #(H4 k - KEf, H

FNnCycCyCB(z)CU,
X FNCy A F PERNREEMATE. BTN F FRHHAE
RFE®.

FIE 1.3.25 (FARXEEEHE) & {F) £ R FEZHRALES,
WEFAODFRDY --DF D M NX, Fr#0.

B A RGEEE. # NF =0, W UFE =R, T {F5} BEFHA
%R AR, e 1324, W s > 16 {FSlj=1,2,,s)
BE . TR . .

F, C ]LJIF (Dl )

X5 F DF FE. B NF #0.

IR 1.3.26 GR/MERS - MITASEIBRAEE) R PEEE
REREEAZVE-ITRA, A #(0

SEE B A MERAFIFE {2}, 2 Fe = {10 2 kLk =
1,2, F, D FRD>---. & A =0, 0 F, =0, \Ti Frh 2BF
s, REME 1.3.25 8, NF #0. XBRATEE. EHik A" £0.

EH 1.3.26 AT SMMARN: R PHRERFIILFRAT
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7.

AL HAEHE 1.3.23 BIE 3 1.3.26 (IEH. &’ R™ FEF {zx}
RA[FSH. Ve>0,3IN >0, k,l > N BHEH

| zx — 21 [|< €.
S5 {z} AR, TREEHE 1.3.26 5, H—WHTFF {z+,}, 24; = 2
(joo00), HjFESKE, &
|k — xx; l< €.

A jooBllor—zl<e, XERH zx = z(k — 00).

ML R, S8 1.3.23,1.3.24,1.3.25 5 1.3.26 REMEESMN, &
I#RAIE T n 42206 R™ §EEE.

EX 1.3.27 Z R FEEF EHEE—IMAERHLEERFE

T 1328 WECR. # EWE—-FHEEXRTERTHE
%=, WEREFRHAL.

W8 &z e ES, WX FH/—4zcE, FE S >0,/

B(z,8;) N B(z,0;) = 0.
B, {B(z,6,):z€E} B EMWN—IFEE HERR FEAR
FrEz, 'R
B(z1,0z,), -+, B(Tm,0s,,)-
mLEM E BRAERSE. BED
6o = min{d,,- - 10z, } -

M B(z,60) NE =0, Bl z€FE". iXi}i8i E' C E,E RA%.

oyl ].3.24 FIER 1.3.28 A[BTHIHER.



2 %-¥F RLh5=f

it 1.3.29 R* P8R E REABN T LERGR, ERAR
il

3 &

iEBH: (AuB) =A'UB'.
CIEM]: ACR" EJF# < VBCR*, HAnBC ANB.
TR A EW A, A, 0A BRI
CEHEE ACR HAWALA, EH A REBRAMELASIE.
% G1,Gy R R FEARMAKITE, BB GiNG =0
CEHBE ACR T[H, RIEPEE 2 € R, B/
An(A+z) =0,
He A+z={y+zly € A}
7. BEE ACR. HEXTHEEN 2 € R, FEr > 0, BRES
AN B, (z) WEFIE, RIEHEE A BTFIE.
8. % A,BCR,EH] (Ax B)' = (Ax B)u (A x B).
9. ¥ f(z) B R LA EFoRE, EHAE F = {z|Ve > 0,F
flz +e)— f(z—¢) >0} & R FHIHE.
10. % f € C'a,b], &
E = {z € [a,}]|f(z) = 0} N {z € [a,b]| f'(x) > O},
W E hig— KR E HILA.
11 iR R FIFER F, 8, FASBE G &
12. 4 fr e C(R"), k=1,2,--- , A€ R, {EHES
{z|lim fi(z) < A}
& F, 8 8% {o|limfi(z) > \} B Gs £

S Gt e W N
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13. JEH] R EAEfTERE f WA ZHRE G R

14. IEMAREG ACR® FBtH F, 85 G BWTERMHR: FE
5 {fi} CCR™), & fi = xa.

15. | {Gx} & R* PHEHAS, FRAARF B LkJGk H T4,
B F & FEAD Gy F.

16. & {F} 2 R® FHRAEHTHRY. &E G RB—IMHER
Jid DFk C G CR* EH G WEEEA Fi.

"17. RIREE F C R BO[FIHEZHAEL, B F LEF LA

18. | {Fo} #& R® —RARHAE. HEBREPHERAD Fo,, Fo,
oo F,, WEH

ﬁFa.‘¢®’

i=1

WERR N Fo £ 0.

19. 8 A C R™, TEWII A H0E—FFR 3 o AT TS TR

20. % A, B C R BRIEZFHEH ABRR, iEHFEEcc A5 be B,
[ || a— b ||= d(A, B), ¥ d(4,B) = inf{||z -yl |z € Ay € B)
Foufe A G40 B 2 FiER.

21, I R ehBy— 1T SH R S A R 4

2. % E C R, EXHEE o € R, Gy € B, 58 doy) =
d(z, E), RIEWES E RIS,

23§ B, Fy C R" REAHAHNE, R LA
Gi1,Gy 8 Fy C G1,F> C Gy .

2. W F C R RIS, RHEESEES (i), #8

lim fi(z) = xr(z), z€R™
k—00

25. MRS f B R* LEERBN RS VERMERE, XTE—



4 F-F RE5E4

HFHE G, FBRE (G B R FIE.

*26. % F C R" REAWE, ER FH—1ERFE, RIEY
ENF#£0. k2, ZFCR*BEX FHEELRFEER ENF #10,
iEEH F RARHE.

27. ¥ G, C [0,00) BFFHF]. FHEH Gn 1 [0,00) W, iEH
QGn tHAE [0,00) LFHH.



Fg_—E Lebesgue IE

19 e T, RAOSIERFT—RIT RREMEARBEEH
BR, BRI ERS. 1898 47, ME /R (Borel) B3 T —4E Borel
BBRME. EEPCERG I (Lebesgue) 7 20 LY M R ER
SETHER, FROHMBLEFOFRSELR. BERET 1902 FHR
(4. KESER ) AN AN E MRS ERA B E.
1915 4, EB¥ R HBFE R (M. Frechet) I E—MK o ¥ LB
B, FEAmSmEER. 1918 F EAFEBRER FNERALE
(Caratheodory) 3% T4 ERIBFFE, XTI i B HIE 47 AR
TXBER. ABERNMFETFHRES BIMIEEIR LAY Lebesgue
) PR

R | S8 Lebesgue MFERAT SBH—FER, CRRE.
SRR A —FHELEETT H RS TR Lebesgue RO EIRHIES.
Lebesgue B4 REBHSMHE", THRASMEARETTHEHKY
TR FEA— KR TR, AR F T R EA K AT
BR B 1] b RS

82.1 Lebesgue #Nl B 5 A 4

§2.1.1 SRR
%8 R PR FFHERE

I={(z1,22,- - ,Zn)| a; < z; < bj, 1i=1,2,---},
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A BN .
1| = H(bi —a;). (2.1.1)
i=1

MR EC R B—H—MAR, mfiEXEHEBIE? RERERS
MABRSED, A—B/IMRITAEZSEE, REAXBERTEN
HRZIEURE E R, Bed—MMERAR, EREATF.
BTk, 31T TR,

EX 211 |/ ER R MEE F (LR, & E+—FIFE
tk, HR E&—B#%, WEBET 1 FEREHR
u= || (LR + o0),
k=1
it

m*(E) = inf {ulu = Z [Tk |, U I, DE, Ik%ﬂiﬁﬁﬁi}, (2.1.2)
k=1 k=1

% m*(E) W4 E # Lebesgue SMUBE, PRI,
I 2.1.2 R™ RSN BLRA LT HER:

(1) FEMHE: m*(B) 20, m* () =0;
(2) Bt F E C B, W m*(E) <m*(Ea);

@ warmte, w(J61) < Ym (5
k=1 k=1
(4) FBAZEH: m*(E+ {z}) =m*(E),Vz e R*, P
E+ {z}={y+zlyec E}.
i8R (1) AEXEEBE.

M B CE R, E §E—FFEFESHLR B H—PEE. B
SR B B B ARBENEIR (2).
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ZiE (3). R 5% m*(Ey) < +o0. X Ve > 0, k € N, #7E Ex
B — A FEESE S (1), Ex C El I, B g | < m*(Bx) + &
58 AR
B c U [k, Z |1,”|<Zm (Ex) + €.

k=1 k,j=1 k,j=1
{1k, }505=1 R U E {)— 1 EE, B m (kL—JlEk) < g m*(Eg) + ¢.
< BOIERYE, MU OISR ) )
BIGIE (4). BAERETE TERBEAZE, 8t FEENER LA
|+ {z}| = |I|. FRXMT E WEEE®E (L}, 2T8BE {I + {«}} &
E+ {z} M—185, WM

m*(E +{z}) < Yk +{=z}l = Y |Ll-
k=1 k=1
o1 YK AT B,

8

m*(E + {z}) < m*(E).

RZ, HENIRE B+ (o} 78 —, THIAR B WA
m*(E) < m*(E + {a}).

BI1 R B ERASIIERE, B Vo e RYm () =0. &
B R AR, H m'(E) = 0.

Bl2 %k n-1 RETEER

E={z=(&,8, &1t &)la; <& < b g # i},
g m*(E) = 0. XX TEBHIFER I, 88 m 1) =m*(I) = |1].

B13 [0,1) s Cantor 4 C MIMUERE. FH C = ) Fu 3t

F, & 20 MRER 3T A XEIRIFE. Bl m*(C) < m*(Fn) <
273" & n — oo, m*(C) =0.
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S BER E XA R MR LW —F RS, . A& LN
ES5H E@BEME. B EEREESHHET. HEEE A7
TR R . KB, ERARERA A, EESMIEAR
BAREMME. #EEmaamdE, MEMIREEAR e ik, BIXT
EEEAHEEE B, Er B

m*(jL:Jl Ej) = ¥ m(5)
FREMTFEE S EAHEEH AR E, - En,-, A
m* (].L:Jl Ej) > m"‘( U Ej) = ]; m*(Ej)' .
4 m — +oo, fEH

GO ER 2.1.2 PR (3), B3
m* (joL:jl Ej> = ]i m*(E;j).
XULEA, HREANUERA RN, — A A . R T
RIFIFI AR, S EE R B X AR
B4 JFAEFENze((0,1), 1L
L, ={{€(0,1)[{ -z €Q}.
WHkzelL, L, #0, 5k
LNL,#0<=L, =L, <= z—-yeQ.
XEE (0,1) SR — S HALH L 23 &N L, AHER—
BB —T8E S BB SC(01).
B {r}2, N (-1,1) HHEEHLE. 2 S = {z+nlz € S}
Sy B S B r FBIMNES. BRS, c(-1,2), MHAK k#J
B, SenS; = 0. FEARR, FEEL € SinS;, WIFE o,y € S,
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t+ry=¢=y+r;. TRz-y=r;-r.€Q {HE S WIWE, 4
r#y B, L.NL,=0z—y FNREREHEH. BEHREEFz=y A
re =75 FBOFE, M Sv 5 S; —EAXK.

% ,g Sy T (0,1) € nf':jl S.. ®ELE, Yoe (0,1),4 ce L.
B SHME, iLSNL,={y}, TRz-yeQ Hz-ye(-1,1). A
BAFERA n, i ra =2 -y, 0=y +rm €Se, B ODC U S %
LB (0,1) C f_j S, C (~1,2). "~

S R TR,

1= m*(0,1) <m"( U s,,) - § m*(Sn) < m*(~1,2) = 3.

{H m*(Sa) = m*(S), BF Z *(Sn) WL, A m*(S) = 0. XHFHK
1<0<3. JX/\%JEQ?.%&NEJ}ET%ETDH'&.

§2.1.2 Lebesgue T}

E—aE 4 PR AN EN R EE. XRERR, RE—
FREES, BAEHE 212 MR (1) ~ (4) URFTE, BATE S
WERE ERFE. BEETTR, MTF/AUEX—HESERTS, &
s HAMUEREG T R S HERR TS, R
AR, BTHEAHFATTNE TRESKTMARKL, 5t
MEEY—FESERBAETHITME, ATEERNKE. AHEHE
W

R AL B FFAERR T V4B T MAEK. FHE EwWRTFITHE
%, MMETIME (WTRE21), ¥EAMEK T NE

m*([) = m*(IN E) + m*(I N E°), (2.1.3)
X—SXTMEN E BTSN E L. A, ke BRI,
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INES E
INE

X FE— R AR T, 4
m*(T) =m*(TNE)+m*(TNE°).
B, MT Ve > 0, TS (1), 468 0 LOT B

rwnggmmmWHam%

o0 oo
(U1n>mE3TﬁE, (Uln)ﬁEc:)TﬂEc,
n=1 n=1

HmA
m*(TNE)+m*(TNE")

we[(O)ne] e [(O)or]

m* [gl(ln N E)] +m* [Q;; N E“)}

<Y [m*(InN E) + m* (I, N E°)]

n=1

= Z m*(I,) = Z \L,| < m*(T) +e.
n=1 n=1

4 e—0, B3

IN

]

m*(TNE)+m*(TnE®) <m*(T).



§2.1 Lebesgue #ARES5TH&E 51

TR
m*(T N E) +m*(T N E°) = m*(T).

EX 2.1.3(A[M4&E) #ECR.EZEVTCR, F
m*(T) = m*(T N E) + m*(T N E°), (2.1.4)
PR E /& Lebesgue T[4, fRIFFATIHIE. TR 244CE M, KA
R™ fyRIARE. iR BRI AR A 4E%L, TR M., .

M EeMmEf, m'(E) KA EWME, WIiDE mE). (1R
(2.1.4) #H Caratheodory Zfd:.  2R" \ 0t iy ST EFR A A T4,
BB BO R T, ZfF (2.14) SFFIAMSH. MF VEC
R®, A
m*(T) > m*(T N E) + m*(T N E°). (2.1.5)

EIE 2.1.4 FHm(E)=0, U Ecm
WBA BEHX m*E) =0, W F VT c R, ETNE C E.
m*(TNE)=0,TF&
m*(TNE) +m*(T NE®) =m*(T N E®) <m"(T).
HILAR E € M.

EI 2.1.5 R FHFEE Tem H m(I) =1.
WA HEBREXT FEHERER J, B
m*(J) =m*(J O I) +m*(JNI°).
JNIPEFEE, HAm(InD=[JnI.TJNIE=J\(JNI),E
R E AR, B mr (NI = J| - |[Jn1| (XHIEH
m*(I) = |I| Kf). B
m*(J) =|J| = [JnI|+|J] = |INI|=m*(JNI)+m*(JNI),
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FrLL I e om.

R 2.1.6 FWRLLE:

(1) 0 € M, m(@) = 0;

(2) # E € MM E° € M;

BVEE,FeMMEUF, ENF,E\FeM;

(1) SR : #E; €M, j = 1,2, U U E; € o 5
E;NE; =0(i#5), i

m( Dl Ej) = im(Ej). (2.1.6)
iz =

WA (1),(2) BAMIL. ZIE (3). MBERERNUK E\F =
ENFe, AFIEHSE EUF £ MERAR T, RELKSHHR
(WA 2.2) FAMMBE KA IYE, A

m*(T) <m*(TO(EUF)) +m*(TN(EUF))
=m*" (TN (EUF)) +m*(TNE°NF)
<m*((TNE)NF)+m*((TNE)NF°)
+m*((TNE°)NF) +m*((T NE°)NF*).

‘ ®a 1. TNENFC
ML 2. TNENF
‘ ME3: TNESNF

B 22
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MRS E F Mt EXHwm2
m*(TNE)+m*(TNE) =m*(T).

[

m*(T) =m*(TN(EUF)) +m*(TN(EUF)°).
Xt EUF e M.

Z5IE (4). B, BREF E, Ea, -+ By, , B—FIEAHZH T

. g E WTiE, MTFEESET A
m* (TN (E1UEy)) =m* (TN (EUE,)NE;) +m* (TN (E, UE,)NES).
BT ENE =01

m* (T N (E1 U Ey)) = m*(T N Ey) + m*(T N Ey).
HIag:, W1§

w (7 (L:Jl 5)) - gm*(fmzj). (2.1.7)

00 k
{‘?’\S:UIEJ»Sk:UIEJak:132aD—wﬂa (3)%[]’ Skem?:%
)= J=

i Caratheodory &% (2.1.5) &, H

m*(T) =m*(T N Sk) + m* (T NSE)
k
=Y m*(TNE;)+ m*(TNSf).

Jj=1
BMF S C S, TNSED>TNSC, T4
k
m*(T) > > m*(TNE;) + m* (T NS°).
j=1
Ak — oo,
m*(T) > > m*(TNE;) + m*(T N5
j=1

> m*(T'NS) +m*(T N S°).
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B S e m FELBRAEXPLUTNS RET, T4
m*(T'NnS)= Zm*(TﬁEj).

1

BR T =R, BSSR (216).
H®R, MF—mogs {E}, 4

k—1

F =E,, F; =Ek\(UEi>, k=23,

i=1
W (Fi) AR M. 0 F U Bo= O B89 U Boem
= =1 i=
E.
Wif 217 HE eMG=12) 0 [ Eem
j=1

MERAUES], ATSERLET S8 THERX TR,
AMpEHE R, FEXTREWTI. FIKEH BRI
. BEiAEk mEEE R H—1 o I

RIBER 2,15, FAM— A FEETRT O BT m(I\]) =0,4
T e M. HFRFFFAER J = if]l[ai,bi)y mTI= lﬁl(aubi) cJcl,
55 J e M, m(J) = |J|. BrLh R® FEERFERTTE, A
#14: i #y Borelo % B ¢ 9, BEifE£{o] Borel £ Lebesgue o]l
4.

FIE 2.1.8 EHBMTMMES F, CEC - CE, C--, MU
hrn E,.em, H

k—00

m( lim Ek) = lim m(Ey). (2.1.8)
B lim B = U Er €M iC Eo =0, BRE

U Ep = U (Ex \ Ex-1),
B Ey—-Ex, %ET*EKCE‘JTYM%W
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HF Ex—1 5 Ec\ Ex—1 A, H

m(Ek_l) + m(Ek \ Ek—l) = m(Ek_l U (Ek \Ek—l)) = m(Ek),

B m(Eg \ Ex—1) = m(Ex) — m(Ex—). BBBERFIAIHE, 3
m(lim Ey) = (U Ek\Ekl)

=Y m(Ex \ Ex1)
k=1

= Z m(Ey) — m(Ex-1))
k=1

= lim m(Ey).

k—o0

Wit 219 FHF ELDE, D ---D Ey D - ZBEINELY, H

m(E;) < oo, W

h(lerr;o Ey) = lim m(Ey). (2.1.9)

EI 2.1.10 HE EeM N VreR?, E+ {z} €M M.
B (B + {2})° = E° + {z}, ¥ THEEKRE T CR",
TN(E+{z})=(T - {z})NE + {=},
RO E R T B AERE
m* (T N (E + {z})) + m*(T N (E + {z})°)
=m* (TN (E+ {z})) + m*(T N (E° + {z}))
=m* (T - {«}) N E + {z}) + m*((T - {z}) N E* + {z})
= m* (T~ {s}) N E) +m" (T~ {2)) N E°)
=m*(T— {z}) =m™(T).
BTUL E + {z} ZFTHISR.

PTERE Lebesgue A48 5 Borel AIHIEENH LK.
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EIE 2.1.11 % E RZu&, NELEBorel B G, F,§ FCEC
G, H m(F) = m(G) = m(E).

EBA E‘f‘aﬁ m(E) < oo, MXt&EE—1 n € N, FEHEKF
{fYG=12-),B%EH

S| =~ <m(E) < 211 5"
j:l :
W8 Gu= U 1M, G BRI FRECG A
=1

m(Gr)

:lr—'

i ™| - <m(E) < m(Gy).

8
m(Gn \ E) = m(Gr) ~ m(E) < +.
A G = ﬂGn,G%Ggﬁ Borel 8, H E Cc G, 1 m(G\ E) <
(G \ B) < 1/n . L5 m(G\ E) = 0. EisH m(G) = m(E).

ME ERERY, HERABEKIDOE,IES=J\E. TEm(S) =
[J|~m(E). B L EBIER %, 51 Gs T G D S, ¥ 2 m(G) = m(S).
A F=JNG,FRF, % Borel &, Il FC E. m(F) < m(E). {H&

m(F) =m(J\ G) > |J| - m(G) = |J| - m(S) = m(E),
FrAH m(F) = m(E).
Y ERERE, SFEBEFERY (L.}, #5

= G I, D E.
n=1

% E, = EUL, W {E,} BRBEAFTWS. TR

E:EﬂGIn:DEn.
n=1

n=1
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tF VE,, 7 Borel 88 G,,, F,, {#
Fo C Ep C Gy, m(F,) =m(Ey) = m(Ga).

B F= ) Fn,G= ) Gn, Wl G, F £ Borel £, TiH
n=1 n=1

FCECG.
M - N
G\Ec |J(Gn\E,), E\FcC|J(E\Fn),

n=1 n=1

UE m(Gn \ En) = m(Ep \ F) = 0, 3L1%

o0

m(G\E) <) m(Gn \ En) =0.

I m(E\F) = 0. fih m(F) = m(E) =m(G). HH, Xt
WM FRF &% GEG BE

§2.1.3 MEZ(E)

EFE 2.1.6 FTIAHER (1),(4) BRIAEKEAM LR, HHEHX
T Lebesgue M FEM—RFNER. X# B K RITEF X EHEFTENES
BT ARIE, WEHBA — K515 Lebesgue MBI HE
FR, TR0 BE v i A T L

X 2.1.12 # X B—ESHE, Fc2X B X1 oARHE
(X, F) I—ATizse, S0 8E Ae F A F g, SRKF
HETHIGE. EHERY p: F - [0,00] BRUTFHE:

(1) p®) =0;

(2) # A, € F,n=1,2,---, HRHEEK, A

u(LnJAn) = ;u(An), | (2.1.10)
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Mgk p R (X, F) ER—NREE, FF=7c4 (X, F,p) HMEZEE. #
B (2) BRAMIEERY oWl e, FHIEBE W E p R &G

HBCAeF, u(A)=0, WIB € F, (2.1.11)
WIFR p RSEHWE, (X,F,p) B524&M0EEM.

B(X, 7, p) RMEREE. F u(X) < oo, Bf p AHFRMEE. &
p(X) =1, WHR p AERNE, (X, F,p) WAEBEMEZE. NT58
G AcF EHEA € F,on=12-, 818 A=A, u(4,) < oo,
Tk A BAT o BRI, # X KBRA o ARWME, WH o % o
R 000 3.

AT — S B R T

Bl 5 Lebesgue MBE m & (R™,9M) LA —1 o HIRWE.

Bl 6 1 (R*9m) ESIANMTWE: T vAem &

_ 1 o S Y
p(A) = (271_)% Ae dzidzy - - dz,,
50 p R (R, ) L—HESRMEE.

Bl 7 #XBE-ANESE EE R F =2 WTEESF
M A e F, A pd) = A X TEELRE A C X, 2 u4) = x.
Mo W E S 2,012 REEG (1),02), o X EMHBIE. B
WA =0 A=0, T p B X LHZENE. B p 2o RN
B HEMNY X BA54E.

B8 X R—AMESSE EERETE ze X, M TREELS
AC X, BX v(A) = xalz). NEBRIE, v & X EH—128ME
MBE, HRENIT z AR Dirac B, 04 o;.

gl.'g -&ﬂn}EE(Xaf) J:%?Mg, anE[O,oo),nZI,Q,XﬂL{F
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FEHE A F, 4 pA) =Y anpun(4), WHR p R (X, F) LH—
AMEE, IEE = antin.

B, DL 6, 38 N L n 4b# Dirac U, W p=3 6. B R
N B "

F110 & (X, Fp) B—REERE, f: X >V B—P——H
. A G = {f(A)|A e F}. XHFEA Be g, X v(B) =u(f~1(B)),
N BR=TEH (Y,G,v) R— MW BE=E .

Bitm, Bl X =[0,27), p & X LAY Lebesgue M m, &Y ={z €
C)lz) = 1}, W
f:X oY, am e

R——WBg. FRY LAEME v(B) =m((f7(B), EREA Y L
IR BE R HET
T e A S IEY.

T 2.1.13 # (X, F,u) B—AWEEE, WME BAEUT
PR
(1) Bt 3 A C Ag, W p(Ar) < p(A2);

) wertnte: (U A) < 5 o)
k=1 k=1
(3) LGt #F (4.} C F R—A51, N
u(ngl An) = lim p(An);
(4) Tt # {4.) C F 2—H%1, H u(A1) < oo, M

(i 40) = fm i)
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S - |

—

. ACRYm*(A) =0,iFEH: ¥FVYBCR"H
m*(AU B) = m*(B).

ERA R® FREEHEFE E HSMNIERR.
. #® A, B C R*,m*(A),m*(B) < oo, iXIEH
Im*(A4) — m*(B)| < m*(A\ B) + m*(B\ 4).
B E={(EnIEnz—REER]} C R, K m*(E).
.BHIECR,m*(E)>a>0,EAFEFRACE, fEm*(4) =

[JUR \V)

(2B

6. ZLEH M HEMNBEHINIERT T

7. Bl AC BC R, AR, Hm(A)=m*(B)=0,iEH B
TR

8. MTEEBE CR, IEHHFAELE EMGs B H, FBm(H) =
m*(E). WEFFHENEE H FARE ERFUL.

9. # {Ex} & R LA B RS, HAIEY

Jim () = (i B

10. i A A BCR", AUB REMRAHIE. #F m(AUB)=m*(A) +
m*(B), iE# A, B ‘%X T A

11. i T: R* —» R* B——Bst, BEFEEHIMIERE,
IFEASTF Ee M, H T(E)€ M.

“12. RIEFE—AHEMTRE E PEEATHE.

13. & f : [a,8] = R EXT [a,0] FERTWER E, f(E) &K R
FE AT, B Y Z & [o,b] FERRE, LFH m(f(2)) =0

14. &5 [0,1] FAEWES {E;},j=1,2--- . F Ve >0 BHFEX
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B By, {18 m(Ey) >1-¢, UEHA:
m(;j1 E,-) =1.

15. 7E [a,b] LRETAF—MER b — o EXARET [a,b] HIHE?

16. % E & [0,1] 9FME, HAGE RFHETRE?

17. 8 E B R* FATAE, ARR PFRUE, iEH ENnA° R
REJHRIER.

18. IEMAXT FAEE TR A, B, {HA

m(AU B) + m(AN B) = m(A) + m(B).

19. % A,B & [0,1] FREATTWE, H m(A)+m(B)>1, &
JERR m(AN B) > 0.

20. it A,B,C & [0,1] FH=A"RE, H

m(A) + m(B) + m(C) > 2,

RIEH m(ANBNC) > 0.

21. iFBRATEFFE G C R, i m(G) > m(G).

22. IEMAAL T OX W LiLf4 E, £ OXY FH LRWME, B
HUERE.

23. IEFAH B BAER R TEAIA, BRBER 0.

24. % ECR, Am(E) > 0, iRiEAFEE 21,02 € E, F 1 — 22 B
HEH

25. iRl E C R* BTHIBH TS VERGR: MHTEMe >0,
HFIEHE G 5 G, G1 D E, G, D ES, 818

m(G1 NGs) <e.

2. % E BT, m(E)>0. AL ¢ € E, #ENTAEE
6> 0,8 m(EnB(z,§)) > 0.

27. % {E:)} & R Al REEF], iEH:
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(1) m(lim Ei) < lim m(E);

k— o0 k— o0

(2) EHHE ko, 8 m( U Be) < oo, W

k=ko
m(IE—I—;o Ek) 2 k@m(Ek)'
28. ® ECR"HDE,HREFWAE #H\EPEETUFES
HEME, AR m(H) =m*(E) 5?
29 RECR", IEFAFEGs BIR H H HD E, (X TFHEE—
ANTIE ACRY, H m*(ENA) =m(HNA).
30. ¥ {Ex} & (0,1] AR, m(Er)=1,k=1,2,---,iEH
m(kr:]l Ek) = 1.
31. % {Ex} & [0,1) FRJ IS, B k@m(&z) =1, iEH:
MFVO0<a<l, FFE {En}, HB
m(kfgl Enk) > a.
*32. 1% E C [a,b) BATHI, I C [o,b] (k=1,2,---) BFXI[EIF,
P ’
m(I N E) > §|Ik|, k=1,2,
TIEBA:

() nE) b 1)
33. 8 By, By & [0,1] FETIHM, BH g:lm(Ej) > k-1,
HEHR:
.
m(jrz]1 E]-) > 0.
34. 3£ 1 = [0,1] x [0,1], E = {(z,y) € I|cos(z + y)RTLEH,
|sinz| < 1/2}, 3k m(E).
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*35. IEB: R~ i Borel £ B HHELS R
36. % EC R BRI, o>0.id
aF = {az|z € E},
W aF € M, H m(aE) = a"m(E).

§2.2 Lebesgue af il p& 5

AT RTEMIER R™ L # Lebesgue T i 6 304 fo # 7T M b6 33K
TEUEETNHRIKABL. ETRE=ERETHREEELIIA
Lebesgue f4y. SHESERPIAHE, T RBSERRZH T REH
B XEEERTEMRNERERETER.

HT IR FIEME—, 55 LHEIH LR, Wi XERE
ENEUE T R = RU {£oo} (7SR ) MEE. AFREIRE {+oo)
HHEZA, EWTTHESIE SRS, GEOFEE. HEmT
8

—00 < +00; BHrze€R M -0 <z < F00;

+00 + (+oo) = oo = Foo — (Foo);

too+z=2400=1—(Fo0), XTFVzeR;

t+oo-z =200, ¥ 0Lz < +o0;

to0-z=Foo, ¥ —oc0<Lz<0;

400 0=0=z,/ %00, VzeR;

| & oo] = 4005

(£00) - (F00) = +00, (£o0) - (Foo) = —00.

AR, 4oo MIEH oo, HEE too — (£00), (£00) + (Foo) FRIE X
#y.
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§2.2.1 Lebesgue TJHE%

EX 221 ®ECRBAME, f&E MR, mEXTF
TR, B8

E(f>t) L (zeRz€E, fz) >t} (2.2.1)

WAL, NHREE f B E LH Lebesgue AT KL HiFFHy E L
MR R . WRTLARR f £ E LRI

215 UL M(E) it E L#Y Lebesgue FJH ¥ 2.

WERX LE, € X 2.2.1 REAERE. HEHFEERERR Lebesgue
BB ERERMAESH, IENRAEZLRIT. FEAH
A 5 TR B 4 T S R B 91

Bl1 & fz)=c, Vo E, ANE

E, Xt<e,
E(f>t):{0’ “ise
W f e ME).
#l2 WACE, f=xa W
E, t<Q0,
E(f>t)=<¢ A, 0<t<1,
g, t>1.

HILETR, feME) YEMN A RTRE.

P BRI T BARAERR, HEMNAFTREEX. TEHHEH (B
2.2.5 MEH 2.2.10), MARW f=c Rk f=xa (A C EAH) XEEH
Ry, EIE, BRSWMREH, WHHEBANHEHRE M(E).

T S T R R S R E
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EIE 2.2.2 X fRERASE E L—EEE, N TiEREEH
S
(1) feME);
(2) VteR, E(f > t) ZFM;
(3) VteR, E(f <t) &AM,
(4) VteR, E(f < t) BA[HI4.
W8 A
E(f>t) = ﬁ E(f>t-1/k);
k=1
E(f<t)=E\E(f 2 t);
E(f<0= N E(f<t+1/k),
=1
B1)=>2)=0)=4=(.
A, 4 f R E _LuTigEeEt, h
B(f = +00) = ) E(f >n);

EU=—®V=§EU<—M

H, E(f=+oo) fl B(f = —oo) HETWE. FEH
E(f > —0), E(f < +0), E(f=1t), VteR
vl R

EX 2.2.3 & ECR® B[, E\E, - ,E. 2 EMER
HRYAMTSE, H UEj =E, o1,02,- ,an ¥, FE LEY
j=1

¥(z) = Y 0ixEi (x) (2.2.2)
i=1

HRBER. A, M L RERE, 5y BHERE
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I 2.2.4 XME%T?E'J% E,E LWL RER TN,
B iR ¢(z) = Zale@ (). RE—BHE, Ra<a < - <

an(F ai = qj, , ”"I‘%’E UE; BEFEDN E), BH

E> ﬁt<alv
n
E@>t) = 'U Ej, Hoa; <t<ai,
j=i+1
9, Bt > an,

FFLL ¢ € M(E).
WA T RS f(z) > 0, WFK f(z) HAEHREL.

FIE 2.2.5 ¥ ECRZAME N f(z) & E LIERTTI RS
WS LERMRE, HE E LMERRRRES {vi(2)}, 5
0<th(x) <Pi(z) <o <hpl(z) <oy
lerI;o Yr(z) = f(z), Vz €EE.
B B f 2 F LiEmwiR, MERESK r & j =
0,1,--- ,k2F ~1, &

By =B(% < £ <122), Bow = BU 2B,

ok =
M (B} R EAAEHTHIE, B E= U By HEREEN
Y
k2* .
d)k(z) = Z Q%XEI:,J' (‘/L')’
=0
BREA PYr(z) < Yrsa(z) < fl2).

F T ERH klirlgo Yr(z) = f(z), Ve € E.
¥ x0 € E, f f(zo) = 00, W| 20 € Eg por , FTLA Yr(z0) = k, T

& lim ¢y(z0) = +o0.
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# f(z0) < +oo, MAFAEERM ko > f(z0), TR k > ky Bt
£ (@) = uz0)| = £(ao) ~ va(z0) < 55 >0 (k = o0).
A kllrr;otﬁk(xo) = f(=zg).
RZ, @ (i) REGREERTF], B lim gi(z) = f(z). T
SHER IR ¢, By > 1) AT, T
E(f>1) = El E(wy > 1),
W OE(f>t) R4 Ei f & E ETiEEK

TEAGH R PHQEIFEMETRE. B IIHEAAFLH AR
Bl5X — g, HRSE— AR B2 B R B R IR R
(Volterra) #y3EHY. BH E—MRALFRFEF, F2BEIARTTNE.
TR ARG, DARTE LAY SR, XX A
BEFRHINA. §2.1 (Af) 4 i T —MAMNUBER RE TS,
FE I ER—ATNE. FARENITE TUMEFFZ 2R
ATAR. SR AR AT W] 4R 5 R AT AR R B AT .
AT RIEE 0. FILAARFE K ER T ER LR ATMERS A
AR, —FOR R, R R, AR A BT
B “E—HE R “BoHNE (SFHRN). HRRE-MHRA
K&, W “KEH BRAEEIMIEHSSBEATME. (K Int. J.
Math. Educ. Sci. Technol. 1988, Vol.19, No.2, 315~ 318.)

§2.2.2 T[RRI RVEAR MR

A /N1 Lebesgue B I 5K EA — So B A IR

T 2.26 & f(2),9(z) & E LHIEL, W cf(@)(c €
R), f(z)g(z) & E LHATTHELE: f(2) +g() 5 f(z)/9(x) BHE
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E X AE LA TR 3.

B Fc=0,cf(z) =0, BE4RE E LTTW. & c> 0, MXHE
Bt Ecf>t)=E(f>*t) RAWEA Fc<0,E(cf>t)=E(f< %)
RS, B cf(z) 2 E LTIER. &K f(2) +9(2) ERE

A= [E(f = 00) N E(g = —00)] U [E(f = —00) N E(g = )]
ExXEX, T ARTHE, & f+9E—DTRSR (B End ) £F
EX. FIE f/g Ik, FEMIEARTTHENRGHRRENE E L4
WeEE . MMEBELH ¢, i

E(f+g>1) =rgQE(f >T)NE(g>t—r)

H, f+9f E LvTHl.
KR f(z)-g(x) £ E LTIW, HEEHMEE f e ME), A
fAz) e ME). XREITFEELE L, H
t <0,
E(f?>t) = A
{E(f > V) UE(f < —vt), t>0.
HK, BN f(z)-9(z) = H{(f(2)+9(2))* - (f(2) —9(x))?), T f(2)+g()
UK f(z) — g(z) BB E LATWEE, BrLd f(2)-g(x) &£ E LATH.
BJE, #
E(g>0)\E(g=0o), t=0,
E(l > t) =S E(g<1/t)yNnE(g>0), t>0,

g
E(g<1/t)UE(g>0), t<0,

% 1/g(z) £ E _LATIWERE, AT £()/g(x) £ E LA, .
GEOER 226 5EM 132003, A
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it 2.2.7 W ECR" BRI, N E LR T sR
¥, B C(E) C M(E).

EIE 2.2.8 ¥ {fu(z)} BEME ECR® LAWK ES], WT
) o6 B

(1) sup{fe(z)};

k>1

(2) ;rzlfl{fk(m)};

(3) k@fk(x);

(4) kli_nl fi(@)
#H2 E LH s

A BEHxVteR H

E(ig}?{fk(m)} > t) = U E(fr > t);

k=1

inf { fi(z)} = — :‘;Il){_fk(z)}Q

3
T fulo) = int (swp(@) )
lim (o) = — i (~ (o).
TR (felx)} R B ETMELS = (1) = 2) > (3) = (1)
b 220 # (1)) RATWEY E LHTHERS], BA
Jim fi(x) = 1(@),
M (o) 82 B EATTTRIREL
TR, T4 50T 6 ST DA S R

SGEE. M TR TR, TLGEY BRI RERTIRE A8
Pl
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E LRI (=) FTRASH B0 T IEFRA S 30

f*(z) = max{f(2),0},  f~(z) =min{f(z),0}. (22.3)
BR

f@)=f"@) - f (=), |f@|=F*@=)+f () (2.2.9)
HER 228 Hl, f*(z),f (z) ARERTUEEK. TRAERFER
FREBI {or(0)} {2}, B vr(z) = fT(2), ¥r(z) = f(2), BrLh
er(z) — Yu(z) - f(z) . BTHREREBZMIRRERE, X
fz) R RES {or — v} HIRR. BILIRA ZE 2T a1,

EIE 2.2.10 # ECR" B4, W E LLERE fo) B
MEFEF DBEZRMAERE, (), f(x) HE E LBTHER. 4 f(z)
£ E EAet, |f(o)| EHEE E LRI

BUETHR T R 3 2 R T R IR, X T EAERE f - E —
R i, R E(f >1t)=f71(t 00), FEXNEHMEE [71(t 00) B
¥ RTXNE (¢, 00) RBRSE. i 1.3.16 AEEH, f7E E £
M TS LBERMAR, X T R PWEE MR G, HIERE f71(G)
. ETES, f E E BRSNS LERMR, T RH
MAEE—NIFE G, HIFGRE f71(G) & E PHT4E.

I 2.2.11 # f(2) B R EEERH, g(o) B R FANEE
L TTMR R, WIS R
h(z) = f(g(z))
& E e
i XMF—HEGCR, h'(G) =g ' (f71(G). BH (G
2R B, FE g AR, o' (f71(G) RTINS, Xik
HIE G RE h(x) B E _LHATHIREL.
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I 2.2.12 % E C R® B2A[W&, f(2),9(c) & E LFAT &R
¥ MR f(z) 5 g(z) & B LU, BIFEE—NBE B CE,
WE m(Bo) =0, HBEEK f 5 g HEE E\ Eo LAAMEE, MHH
i —ANFE E LAIMES, 55— E EdA.

B BRI f(z) ATH, MIAHER SR ¢, B8 E(f > t) BRAHE.
mT E(f #9) C Ec BZWE, H

E(g>t)=[E(f >t)NE(f = 9)]U[E(f # 9) N E(g > 1)},
g E(g > t) AN E(f > ) NE(f = g) 5—PMFMEHIFR.
B M RT.

mILEREATLUES], RS AT IR LR BRETX.
R, iR T A A EUCRRE. B, T

Dirichlet F%X
0, €Q,
D(z) = =€Q
1, z€Q,

BT m(Q) =0, ATLIFE Q LEHE X D Ml SHMEMRH 1, AW
B G EY D(z) = 1. B D(c) 5 Dirichlet K D(z) JLFAL
%, Fil D(z) 5 D(z) GATRIYEMR. R D(o) B—PHEETE
SH R, BT 5 EER D) —HR T EH.

EY 2213 WHA5EEE C R FHA  AXHAE
S(z). EXMFRT E F— I FWMEUSHEN o, 78 S(2) BH,
BRI S(z) 7 E EJUERERAL (BULFRAREE), FRICH
S(z),a.cD[E]. 24 E=R" &, WEIZH S(z),ae. .

@ ae. RFEIX almost everywhere HELE. HHH EER p-p X R4 3C presqur
partout MBEE.
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B, f=g, aelE} R~ f 591 E EJLFLALHR; f>0ae.
RN [V |f] < oo, ae. BN fILELLHR.

HEH 2.2.6 MIEHE 2212, F f(2),9(z) & E LRTHIRE, 4
f+9,f-9,f/9 7 E LIV EXE, ENFE E _LATH.

§2.2.3 EESSE) L&Y ORIk AR

FEWHR T Lebesgue Al MBS HEA TG, WL Bk
HRHESBIMEZR L. BTHER (X, F,p) B—MREZR. 4iEE
X LR TR CEREL

X 2214 W fREX EHEERE HFVEeR, £4 X(f> 1)
B F A, WK FoA X LR F TiiEs, AR R

WL M(X, F) iE (X, F) _EH 7 TR SR 20, RHEN M(X).
RHHEW, Tk X EaTiRe f WRIE, © RS 222 M.

EIE2.2.15 B fRAME X E—PEEE, WU FRES

(1) f € M(X);

(Ve R, X(f > t) RAWE,

(VteR, X(f <) R,

(9 VteR, X(f <) RATHE;

(5) MFERFFE G CR: 1G5 X(f = 0o) R,

(6) M FAEMIAE FCR: f~1(F) 5 X(f = 00) R,

(7) £+ (@), f~ (2} BB RX LB THIRE.

HSREEEFHEE—F, TUEX X LR
P(z) =Y aixa, (@),
i=1
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Ho on,a0,-- 00 BEE, A1, A2, An B F PEAHZHEH
# TR X LWRHEREIRTTH &S, HH X LedE R
ME LB FMAR, ER-FIFERMRRPOBRMR. TR
M(X, F) HLTHR.

EH 2.2.16 F f(z),9(z) & X LHTTIEE, W cf(z)(c €
R), f(z)g(z) & X LAWHIRE, f(z)+9(z) 5 f(z)/9(x) BRELER
& HI A T R R

T 2.2.17 ¥ {fi(z)} & X EHTWEEF, U EHK-
(1) sup{fx(z)};
k>1
(2) ;rzlfl{fk(w)};
(3) k@o fr(z);

(4) lim fi(z)

k—o00

R X LA TR E. &
kllt120 fk(x) = f(IE),
W fz) R X LA PTRIRE.

—fR R LR AR, ENRAEEREHES. HEMR
X B—AEihaEE, 3FH o RE F RELBFRERY, HaRE
BREICZE M —HEF LAE X X LSS RS

EX 2218 % (X,F,p) B—AWWEZFE, Fe X REHE
W, 3HE o R F RABIMERM. B fREE X EHTRI,
ae X HEMFEE >0, BHFERET c WAL G EBLz€G A
|f(z) — fla)l <&, MIBR f 7EH o EEE, o BEH f HELL. BAHE
P, fIEHRaEE, REVe>0, f(Bfa) BRFR. FfEX
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LERESE, M fE X BES, 2 X EREEREGEE C(X).

FELEM T Y HFSIR R E. B8 f B o NEEHTESR
B, T X FEMRSET o B85 {2}, B lim f(zx) = f(a). HhT
ESRBEETRE, Bl C(X) c m(X).

EM 2.2.19 ®=ETH (X, F,p) B—MUEERE, S 2—4
520 X R o AR EXTRT X 4 u FWEUS
Az, 8 S(z) WE, WHME S@) £ (X, F,p) FIVEAL R
SE(BULTFA AR ER), FFICH S(z) ae. ; MBERWNE 1B,
Bt S(z) 1 ae..

Bln, f=g, pae Fif5 g X LILFLALMEE; 20, p
ae. i fILFLIER; |f] < oo, p ae. TR [ ILFLALER;
fn— f, poae TR {fn} LA OUSRE] f.

J &

1 f BT B TS, EW. Ve, BE E(f=0) 2
AT,

2. i fREIWME B e ERR, I f 7E B LRSS H
(43 —THEH r, E(f > r) AT

3. f R E ERTMES. EW. MIEEITE G C R,
FUG) BT, SHER R FHSEF, fOU(F) RTHE

43 feC®R™). EW:  f7E R" WAL AIIS B LACATH

5.4 f B R FAATMIER, iEPMT Va e R, faz) P52 R _L#
T

6. 1% / REWIL E LEWER, i [f(©)° B E L&
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R
7.8 f & R EARE, B f(2?), f(1/2)(H © = 0 BHHLE
f(1/0) = 0) &2 R Ly ATl sk 1.
8. ¥ f R [a,b) LERE. # f AEEHAXME [a,fl(a<a< B <)
w7, ERA f 7E [a,b] L.
9. % f(z) & E LR MR, E(f>0) 204, EH f(z)
& E _LHyRT k3.
*10. % f 1E [a,b] LW[4%, EEA f'(x) BT,
4 B= U, (B) REFEGTHTR. 4 £ LR
¥ f(x), iUEH fJ € M(E) IR VERMR f e ME;), j=1,2,---.
12. % f(z) RO E, B E, EeydERmnmE%, £ f
E) U Ey bW E SR R AR
13. % f RAMRATEE, o R — R B, EHESRE 9(f(2))
A
4. BEANE E LRARTIMEE f1, f2 , # g € C(R?), iEH]
9(fi(z), f2(x)) T PR EL.
15. B _JCRE f(z,y) RTF = 7, RT y &L, EH o) =
Juax f(z,y) LR/
16. i ECR® BRE®H, FCC(E),iEH ¢(z) = ?lelgf(z) Ay

17. # m(E) < 0o, f £ E _E#LFA A BRI 3 AT B 4.
VERR: A THERE ¢ > 0, HAEWE F C E, (78 m(E\F) <e , TfE F
k. fe) HR.
18, % f REWE B LLFAMERGTHMELS, m(E) < .
EH. TR ¢ >0, HE B EWAERTIER o(z) , 573
m(E(If - 9| > 0)) <e.
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19. #% f(z) 5 g(z) & (0,1) LMWK, BXNEEWteRAF
m({z € (0,1)|f(z) > t}) = m({z € (0,1)| g(x) > ¢})
(BPE AT RE). & f(z) 5 g9(z) MELE TR B AESEN R,
MERA
f@)y=g(z) (0O<z<1).
20. & m(E) < o0, f € M(E), B XEH
w(t) =m(E(f > 1))
EH: o) BBBAELERY, BILFAAESE.
2. AEHFELGCR, ® fRG LR EH: fEGLE
HELHMN YT Ve R, KB G(f>1),G(f <t) BMRAK
*22. ¥ f BEWIRE, B CR' O, iERA f-1(B) R
23. IE B ] o $ B R A R BOR 0 PT.

§2.3 Lebesgue Al of F 5] iy i S

A1 Lebesgue T s $5 Hy B SURE. K551 R 35 H9 — 3
Wk, JUFA WS, AR BE S =R, I H it iR =Flk
FHER AR, X =FATI RS HRSERRFZ 4.t AT R 5
B — B S B X R BIUL T A8, A TR Lo AT
o 5 B L AL A S RE RS X R BF I IR U W8, AT IR, HT
W 68 Y05 g — BOBC SR =3 T B SR A WCSvE, T AR B S HE Y
=ZRRBHRNE. AR BHHRE R (Egorov) EEM Riesz
FERATZNANTE, EIH RS NRSEs L ER RS
BREX, AHWHRSMEZAXER HXE, TFRPCERTH
TR PR HREF, AN RHERESH =P HE.
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§2.3.1 TRRE IR L F—Bul & 5L FababldatE

ZEX 2.3.1 B f(2), fi(2), f2(2), - ful®), - REXERR E
FHyERE. EMTFERE >0, FEKeN FEBRMNTER > K,

EEzecE H
|fe(2) — f(z)| <e,

WFF {fe(2)} 78 B E—BolSE f, 8k i = F i — F GEF v
#%—2 (uniform)).

B ERFHIE. #HV6>0, 3E; CE, f1§ m(E\Es) <4, F E;
L fr = £, WFR {fi(2)} 7 E EJLF—BBHF £, ifE fr = f (B
 a.u. FRILFE—F (almostly uniform)).

BR, & fi = £, W {fe(z)} EEEKT f(z). &F {fr(=)} BT
Wi E LaymTmisEs, M f(z) R AE.

X 232 & f(x), fr(x), f2(2), -~ s fr(@), - BEXNERL
ECR Loy " XEEEH. HHREEFRBZ, Am2)=0, X
MENTR o€ E\Z, K lim fu(@) = f(2), WHK {fu(x)} 4 E EJL
FAb AT f(2), FHEIEH fr - f, aelE] B fi == f.

BR, E {fi(o)) BRTHE E _LHTTWNESES), MRREHK f(2)
WRTMES. HIY fi 2 f BHH fi - f, aelB].

T 2.3.3(HRBPREE) & f(2), f1(2), fol2), - filz), - R
e E FJLRRAAERMTRERE, FHmE) <o & fon—
f, aelB], M {fi(x)} ILE—BKHF f(z).

0L IS 1
Jim fi(z) = f(z) &= VkeN,3J € N, %j > J,#|f;(z) - f(2)| < 1,
REAXHER, |
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z € {z € B| lim fi(z) = f(z)}

=seN U N {zeE|lfik) - f@)] < 1/k),

k=1J=1j=J+1

By
{eBlfe— fy= () lim B, - £l < 1/k).

k=1 j—00

{z € Bl fu» fy =B\ N lim E(f, - f] < 1/k)

k=1 j—0

= U Jm 65~ f12 1)
M2 B(fe = f) = {z € Bl fu > £}, B(fe » ) = E\ Efi = ).
HHA m(E(fi » ) =0, 8 Vk, R 2.1.9, PLFE m(E) < o0, H
Jim m( 0 Bass =112 ) =m( Fr B0s - 112 ) =0
5 6> 0, ATRIKIRM /i < J2 < fETR

m( Ej E(lfj—flzl/k)> <2£k (k € N).

J=Jk

4 EBs= () ) B(f; -~ fI<1/k), W

k=1 j=J}

ENEs=U U E(f; - fl21/b),

k=1 j=Jx
)
m(E \ Es) < Zz—k <.
k=1
B Es WEX, FTUEY, YzekEs,j> bt

i)~ F@I <17k, k=12
RAE Bs b, fu = f B (i} LF—BOHE S

E MRFREEPHEMS m(E) < oo RREXME. HlMFEEATR
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&ﬁiﬂ fk(m) = X(O,k)(z)7 -’L'E(O,+OO), k= 1:2)"' s ’E’E (01 +OO) J:,ﬁ
BT R f(z) = 1. {HEE (0, +o00) PHEBFRME R REL
HAR-BEHT f(z) =1

Blin%EREXFE E = [0,1) EHEEF fu(z) = 1/(1 + kz), N
fi(z) 7E B L5 S SE) iR 3
fla) = {1’ 20
0, 0<z<1.
B {fie} 7 0,1] ER—BUWAE f, EXMTFAERE 6 >0, {fi} & [6,1]
E—BsE f.

§2.3.2 0T iR ¥ F1 A% R B B

AT 68 e, AT JLF — BB SR L b A e Sk SR 2
HEHRRREAEE. BEaT RIS

B 7EX[H [0,1) LR {f(z)} MTF: XMTF ke N, FE

ME—R RS R g, B k=24, HP o< <20, 4
felz) = X[fr,%l)(z)’ k=1,2,---,z €0,1).

EBAE 20 € 0,1), ¥ TFHE—ABRY , HRLE A, 1% o0 €
[, &2). BB {fulzo)) PEXFZHN L, HRF LA 0. dtkd
R, EHI (ful2))} 76 [0,1) EAARH. B, (CEERAKHK, ¥
BREUEMALE S, RTTFRERES {fi(20)}, BREFATFEAN 1
B, HEE 9B EXT, 0HEARHI. X—FLTUARL
MEESKAE RELEBA MTEFEO<e<1, A

{z € [0,1)]Ifx(@) — 0] 2 €} = {z € [0,1)| fule) = 1} = [, 557)
RIMIBEAER . HEL b

m({z € [0,1)| [fe(z) —0| > €}) = 1/2¢
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EEXHEL 6 > 0, SMATHRE] ko, WRRRBE io, (HBY k> ko B, &
m({z € [0,1)]|fk(z) 0| <e}) > 136,

Hep 270 < . RAFEXGH, T KE h, I 0 # SR

Bl 1. BOTHIEXFE—F RN BES {fe(c)} Z£XMH [0,1) LK

WERSEITRY, HFHEHER THEX.

BN 234 B f(2), 1(2), @), fulz), - BTG E LI
FALHRY TR, B0 TFERBEN e >0,

lim m(E(fi ~ f > ) =0,
NI {fe(a)} 16 B EHRMBHSEIRY f(2), B4 fi ™ f.

TR 2.3.5 HEES {fr(z)}  E LIKPERA TR f(z) 5
g(z) , W f(z) 5 g(z) JLFLLLAEE.

WA EH

|f(2) — g9(z)| < [f(z) = fu(2)] + |fu(2) — 9(2)], a.e[E],
FrAM FiER e >0,
E(If —gl >¢€) CE(f — fil >€/2)VE(lg — fk| > €/2), aelE].
HY k- oo Bt, ERAARHAEWHESLTE, NTHE
m(E(|f - g| > ¢€)) = 0.

B e AR, WH f(2) =g(z), aelE]

EAEEEE, ERPULFLLREFHELT, KU ERSHIHR
PR 2 ME— .

MK B B KT AR, HESETRE {z € Bl 1fi(z) -
f(z) > e} MMERE THR F BTRFMATFE, MERRKAE
A OL BARZS I, FERENLF LA SO B R BB 2 s S (R
EpE—AEFUE), BRENRRAHEARSESE. TEhemsE
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BB,

FIE2.3.6 WEEF {fi(zx)) BFME E LHJLFLLAREE
M eEHFH m(E) < oo. & {fu(x)} T E LJLF LW, W {f(z)}
1 E A B e 8T IR] — 1 PR ek 4
i TS E b, {fi()} LTFLLKE, X m(E) < oco. Hi
MHEFREEH, {fi(z)} & E LJLF—BH. CHBFREEA f(2).
T HE B L — B S A R B R . X TR 6 > 0,
T Es CE,m(E\Es) <6, % E; £, fo = f. TRMTESH
e>0,3KeN, ¥ k>K, &
|fe(z) — f(z)| <e, V€ Es.
& E(|fx — fl >¢€) C E\ Es, m(E(|fx — f| > €)) <&, ATfi
o< TmmE(f-f12) <8
o 6 MIEEHE, 4260, 18
Jim m(E(|fx - f] 2 €)) = 0.

I 2.3.7(Riesz BIB) B f(z), {fr(z)} BRATME E LILFAE
AR TR, & {fe(o)} £ E ERAERST f(z), WHFE
FH {fr.(2)}, R

lim fi,(z) = f(z), a.el[E].

T EW {(folo) & E LRMERET f, a0 RS, T
BE k;, 71824 7 > ki B,
m(E(|f; - f1 > 1/29) < /2.
it E; = {z € E||fx.(z) — f(x)| > 1/2°}, W
m(E;) < 1/2%.
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8

oo}

2 S=N UE, B m(S)=0. % z € E, {H €5, WHFE j, FH

j=li=j -
T € E\UEi.
i=j

T i > 5 B, H | f (2) = f2)] <1/27. B {fe.} ERE E\S L
AR

RUF (R) WP SEAFIR SRR, 3T MR SE| A
RS EER.

EX 2.3.8 & {fi(z)} BFME E _EJLFA L0 BR 7T 6%
5. SHELR e>0,F
k,biL“oom(E('f’c - fil>¢) =0,
M {fe(z)} B E _LRGHM B EAF.

FH 2.3.9 W {fi(x)} BEME E EJUT 4B RR & W R
5, W {fx(z)} BARM BRI TS VERMAR, BERRMERA
5.

W '’ {fe(2)} £ F ERAKDIEWSE. BT _
E(lfe — fil 2 €) CE(fs — fl 2 /2)UE(|fi — f] > [€/2),
m(E(|fx — fil 2 ¢€)) <m(E(Ifx — fl > €/2)) + m(E(lfi — fl > £/2)),

A k,l — oo, BI18
(i E(lf — fil>e)=0.

Rz, & {fi} £ E LREMBEEAS]. &8 R% i, 7B ki, &
WU Lk>k B, &
m(E(|fx — fil 2 1/2'/)) < 1/2%.
AW ki < kg, &
E; = E(lfk; = [t 21/2), i=1,2,---,
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BIIJ m(E,) < 2-1, /&\
1— 00 j:l z:}
BH m(S)=0. F e E\S, WEEj, #BcecE\ U E, Wi

i=j

025 B A (f (o)~ fu (@) <27 TR, K125 0 A
Eynﬂ num_yx

X B
mm+2m“ - fr.(@)]

=1
TE E\ S L4t sy, iCHEEH f(x), W f(z) & E LU
HIRW M EE. EH {fr.(2)} £ E LILFLWSE f(z). Hoh,
S {fi.(2)} 784 E\ U E; ERE—HKHT fo) 0. BT

i=j

~(Ur) <5t

B {fr.(2)} £ E L, JLF—BKET f(z), T {fu.(2)} & E LK
MEEWST f(2).
&iE, BAERX
m(E(|fe = f| > €)) < m(E(|fx — fr:| > €/2))+m(E(|fv. — f| 2 €/2)),
BE
Jm m(E(fy — fl 2¢€)) =0.

§2.3.3 TR SELERE

AR S R B BRI R, KR RIER T AT s &K
MIFE, AT AT ek B A AR B
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EIE 2.3.10(B@EFE) & f(o) BANE E LAJLFLLAREY
AR EL, WIXELS 6 > 0, F#7E E FHI— PR F,E m(E\F) <9,
13 f(z) B F LHOELRE

W AgRE f(o) RALHRY, XZERN

m(E(|f| = +00)) = 0.
HIE, HIE f(o) R~ HEHHHEE: :
!
f(z) = ZCiXE,v(I)s Vz € E = U E;.
=1

= =1
e, XHES 6 >0, UR&D E, FEAK F CE, #17
m(E; \ F;) < §/1.
X f(z) TE®GA F; LRWERE, 802 F, LREER. WA, R
HAMEK, Bt f(z) EFE
F =

TC~

F;
1

o~ =

FRESEE, THmE\F) =S m(E;\F) <.

i=1

HK, HE f(o) B—RTREEEHER. & TR

f(x)
1+|f(z)]’

Rk f(o) REFTHEE, TREETMHEGERET! {(pc@@)} EE
E—BST fe)(RAEFTIERE 18). WES > 0 K ¢i(z)
Hiik E FAE Fy, #18 m(E\ F) < §/2F, B {pk(2)} 7E Fe LE2E
N F= kﬁl Fi C E,

g(z) =

W m(E\F) < 3° m(E\ Fy) < 6. BREA {oe(0)} T F LARES
k=1
B, B, S f(o) B F LS
b 2.3.01 F f(2) BTIE E C R® _EILFAA R TR
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R, MFFE R LHESERES] {9 (2)}, & {gx(2)} £ £ LILF4L
L SHE] f ().
B mBLEHEM, MMER >0, FEWAE FCE #HE
m(E\ F) < ¢,
%18 f(z) 76 F LiEgE. R4E FR5IE 2.3.12, 4 R® LHELERE
9(z), E/IE F LH f(z) =g(z). TERMTEEERYE L FER £
LR R gi(2), 15
m(E(f # gx)) <27%.
/Tl’\
S = ,E{go E(f # gx),
SH m(S)=0. T E\S= lim E(f = g), HfESESE E\ S LAKMR

k—o0

lerr;ogk(x) = f(z). B, gx > f, ae[E] BOL.

313 2.3.12 & F CR® B— MK, B f(2) 2 F LAk
SRH, WA R LEESER o(2), BER3 glr = £, B sup |g(a)] =
sup |f(z)}.

zEF

%5 B EH B Tietze ¥R EEMBFFREE, FIEW TS HH

MR, EH 225 ULRERHMERRATTIREELEREET
PR, MagesBNER, E—EBEXE, R LHTHEE
LR LR FIESE R HERLRE T RIER.

Hit 2.3.13 i f(z) RS E EILFAAABRERE W f(z)
AT T M ERGR, T E LELREUTS {9(2)}, R {9}
JLF b A s5E) f.
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§2.3.4 ME=E] L O] MR AR E

EX 2.3.14 & (X, F,p) B—AWEZE, & f,fn(n=12,-)
2 X b op JUEL A R BT RS,

(1) BEAcF,&ZEVe>0,IN> 1L, {#HBVn>N Ve A F
|falz) — flx)] < e, WIBREREF] {fn} £ A E—BORET f, iCHETE A
=

(2) HV6>0,3X; C X, f#18 u(X§) <6 Xs L fu=f, W
BT {fa) 76 X LILF—BUHET £, 300F fu o fop 2w

(3) HVe>0, %4 n— oo B, H u(X(|fa— f]>e)) =0, NFHEK
B {fo} 1€ X LAKRUE o BT RB S, T £ 22 1.

e A R SRR R BORME— . BAR—BUSR &
SRAY, B SN JLF AWK, LARIKINEE o M. Lebesgue
A R BOE WO R T LA AT AR TR (X, L ). WERTE EE,
F LB WYRT JLTFbabskn, BREE X HHRN
BER, 1 AR E A AP A AR R A

EIE 2.3.15 & (X, F,p) 2—MUEZE, ®ffa(n=12,-)
& X b p JLF4h 407G R A AT B 4K

(1) & fo = fopaw, W fn > fipae; RZ, #F p(X) < oo,
fa = fipae, W fr = fpaun(EEIMRE REH);

(2) # fo— fipau, U fo 2 f; RZ, & fo — f, MBS
{fo} B—FIULE—BRAT f U5EED Riesz EH);

(3) # fn -5 f, WEEF {fn} B -ATFHULELLEET £
BP Riesz EH); 3 p(X) < 00, fn = f, pae, M fn 25 f.
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3 &

1 # f(e) R4S E AR AT RE. UEWIFE D R 1 5 eR 3
5 {pa(z)}, TR lon(z)] <|f(@)], B
Jim sup lpn(z) — f(z)| = 0.
2. W flz) BTN E _LRHIEE, IEHEETTMRES) {f.(2)},
B fole) ARTEHAME, BEE L fo= [
3. % {fal2)} & [a,b) LAMKCAHRRETIEEF]. IEBFFEIERS!
{an}, 75

nler;o anfn(z) =0, a.e.(a,b]).

4. {fe(2)) RITWE E ETRERT], m(E) < co. iEHIKHE
5 {fi(z)} 7 E LILFALAKE] 0 RS RERMR, Ve>0,
tim BE( sup [fu(a) >e¢) =0.

im0 j<k<+o0

5. 8 f(2), f(2), fa(2), - , fula), - REVTHISE E LAy EL,
H {fe(2)} 7 E EILFE—B0REF] £, B {fi(2)} £ E LILFLLLE
WessE| f.

6. i f(), Ue()) B [ob] LLFRAERATHENRSE, BF
fr = f, a.e[E), iEBHFFALE En Ca,b), n=1,2,--, #58

m([a,b]\ nL:Jl En) =0,
MESNI B E, LA fi= [

7. #8458 [0,1] LATWIREH {fri(z)}. EXMEGE— ke N, BHFI
{fei(@)}2, £ [0,1] LU T B RS {fe(2)}, X {fr(2)} T
[0,1] EJLFAM ST R f(). IEERATERED {fri(2)} e a] i
FI {fr; 3, ()12, FE [0,1] LILFRLUESEE] f(2)-
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8. & fu(x) RVIMIEE E C R* EJLFAMHRATIEES]. EWY
TSR A C B A m(UAr) = m(B), ERARE A LEYS)
{fa} —BHF.

9. & f(z), {fi(2)} & E LILFLALHRATRREE, m(E) < oo.
B (@)} BEE—NTFH {f(2)} FHFELFLLEEAT f(2)
BT {fi, (@)}, BIEWI R B {fi(2)} 2 E LIRBBERST f(o).

10. BAMRES {fi(2)}, {on(z)} TEVTIER E _LARWBE 2 Ak
HF f(2), 9(x), W {fi + ox} £ B LAKBBEBRHT f +9; XF

m(E) < oo,
EW fi(z) - gi(2) 7 B LKMUBERET f(2) - 9(x).

11 B {fa}, {gn} BFIME E LWTMEEHS, (fu} 7 E LK
MBEWHE) £, {9n) & E LIRDIBEHEE] 9. &

m(E) < oo,
{92(2)}, 9(2) TE E EJLFLELAH 0, IEH {fn(2)/gn(2)} F£ E _EAKI
BEWHE] f(2)/9(2).

12. ¥ {f.)} FETISE B ERMBKSCT f. BEEWE K, Vn,
A |fa(2)| <K, ae[E], iEH: |f(2)| < K, ae[E]

13. & f(z),{fe(x)} BF[WRL E EILTLLHERETHEE, iE
B {fu(2)} £ B LRPBERST f(2) TS LERMAER

Jim inf {a+m(E(lfx - f| > a))} = 0.

14. & {fi(2)}, f(z) BA[M%E E LILPLALHRE MRS, H
£ E b {fi} LF—ZKE] £, EH {fi} £ B O BRI R —
TR

15. BE {fri(z)} BATWE E C R L[RHF]. H3TEH
k=1,2, {fri(@)}2, T E_ERMBHCHEIRI fe(z) , X {fe(2)}
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£ E LRI ERKEI R f() , IERERET {fri(@)}0%=) FHTE
TFHE E LRIBEWSE f(z).

16. BTE [a,b] LETH R {fi(z)} RMEWHE] f(2), T g(z)
B R EESRYK, EHEAEHS {9(fi(2)} 1E [a,b] LA BB
F g(f(2)).

17. 7€ [0,7] EE LERH fa(z) = nsinz/(1+n? sin®z). X TAE
f#6> 0, MR F RE Es, HBE Es L fn —BolE

18. ¥ f(z) BTN E C R* E—1E%, BEXt TS >0,
FEAE E RS F, B m(E\F) <6, {§18 f(2) 7 F Li#E%. EW
f(x) £ E LA

19. % {fe(z)} RTME E LA IEETTREES], H m(E) <oo.
¥ {fi} 7£ E LARDIBEWRSE f(2), MEE o > 0,iEH {(fe(2)*}
E LAk BB s B k¥ (f(x))°.

2. ¥ f(z) & R LEREH, EWFE R LILFALEERN
R g(x), H f = g, ae[R] RSV ERMGR: FEE CR, #HF
m(R\ E) =0, f(z) {E E E&%E.

21. ¥ f ZEA[MI&E E C R* LRmBEKSE f, mE

fr < ferr,  ae[E]
TEE: {fi} JLFARAEWEBLE f.

22. % m(E) < oo, {fe(x)} 7 E LKMBEREZ f(). TN
p> 0, iEHA {|fi(x)P} 7 E LAREBEWEE] |f ()P

23. ¥ {fe(x)} BVMEE E _EILF LA R A7 & 5051,

m(E) < oo,
TEB {fa(2)) A KBRS TR T LERGR, {fil@)) AL
4 b LS5
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2. % f(c) RFTMISE E C R* FILPAARATHEY, T

BFAERFF {ge(2)} C C(R™), 78 {ox(2)} T E _EARMBKRE] f(z).
*25. 8 {fn} £ [0,1] LILFALBEREEF, & {f-} E[0,1] L

JLFRA I E) 0, IEHFLERF] (1), B i_’i ltn] = oo, 78

S ltafa@)] < 00, a0, 1))
n=1

*26. i {0 < 7 §_1|rk € Q}, v BARTHALBIER i = pr/ar. &
XE¥ fr(z) = exp{—(px — zqx)?}. FEBHFE [0,1) KW fr — 0, {H
RAE [0,1] LRI lim fi(e) AbAEARFFEE.
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Lebesgue 14322 7E Lebesgue M BE IR EEAY BRI
F AR R R BRI, X — R AT UG — b F RS T
FR RN I, T LA T LA RbFE i SCAEAR — AR A T U 48 L A R B
B4y, ACEWEIE R FLAE B AR iR B J2 Lebesgue AIFRETEEL, FF
BEREFE X TFHRSHESTE Lebesgue B BT AR EH—
¥, TVE SR8 RSN T R AT FREY B BE Lebesgue RO E X T &R
B, #in7E [0,1) 18 Dirichlet B%L

Do) - {0, z€Qno,1],
1, ze[0,1\Q

JORBE [0,1) FREREAAME, {HE [0,1] LR Lebesgue AH,
FAME S 1. FUlt Lebesgue MBS RRBRASBMEHMES. FREK
] (a,b] ERAMES, UERRETRG RS DERMER, R
B REE, TR [o,b) 17 R TH B FU 2 Lebesgue P AR
]I, Lebesgue TR BCKE LR B TTHEHAKG L. JSt Lebesgue
AR T KRS ERTEAY. EAEX. HAEZH
RER BRI

§3.1 Lebesgue A[ K E AR

% X Lebesgue FAM A S B—FONARMNTRNE E £
a RETRES f(z), M < f(z) <M, B—BBF {lLi}Lo B lo =
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—M7 ll < li+1,ln = Ma HEEX f’i € [liali+l]a ij-ieﬂ]it
Y Em(Bli < f < liy))

Y= ma'zc_l(li+1 - 1) - 0 BB R EHFLE.

0<i<

B _FIMERXT TSR E fHERRS:

E=|JE;, ENE;=0 (i#j),

j=1
b= inf (@), B, = sup f(o), RISRREBUPERIVH, fEXisL
T %4004 B9 IR i bm(E;) SRR f’: Bm(E;), Wi AR
J= J=

W TR /N LR T

2= Ry v SR P R BT R O SE . ARIE b —, XTI
& B PSR TINRE f(z) , TEE— 5| N 8 B T
#5

N(n)
{cpn(z) = Z a§")xggv->},
HPE" N ﬁm—ﬂéz#]ﬁﬁ¢w+ﬁﬁﬁﬁAﬁ$%&wwm
A 5 R E LB RS A zaw (EM). %% n - oo B, BAIR

RBRIFTE, )\'J_Imxi‘f”’f&l‘ﬁiﬁ?ﬁ_fﬁ”%ﬁ flz) RSy, BIGEA
BB — A AR AL
XM ERFMY. AR RASR=ZMITE.

§3.1.1 FER MR EVIRS
EX 3.1.1 % h(z) RAME Ec R _EagEAaTH0 R SR

T) =Za]~ xg;(z), Vrz€E. (3.1.1)
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EXEH h(z) ZEFTHER E LIRS R
/hmm_Z%mE) (3.1.2)

ij=1

XERMF SN dz & n G2 E R™ £ Lebesgue MEHIRER. (HF
E, MAEL4%E 0-00=0.)
¥ h(z) WTHE {(z,y) e R*V|z € E,0<y < h(z)} B m
ANEH o;, KER E; B9kEE. Bk (3.1.2) KPYJLFAIELE h(z) BT
7 EM AR,
HEXHR, # o BRFAKE, N
/ ah(z)dz = a / h(z)dz. (3.1.3)"
E E
% g(z) LR E LW dEmm T mgs, W
/(h(a:)+g(x))dx :/ h(z)dz+/ g(z)dz. (3.1.4)
E E E
(3.1.3) f1 (3.1.4) KR NBSHRIEER. XER (B} & E hidHe]
mrLe%, WL Jim Er = E, h(z) & E L#3E fa] il f& 5 ok 3,
|
lim h (x)dz —/ h(z)dz. (3.1.5)

k—o00

EX 3.1.2 # f(z) RATME E LMIFERTRRE, &CRH
f(z) £ E EMBSY

JRCLE
_sup{/h

XEMBS AR +oo; &
/ f(z)dz < oo,
E

h(z) %Eiﬂff’)ﬁ$7w%ﬁ } (3.1.6)
< flz



94 #HZ=#¥ Lebesgue 4

B f(z) 7€ E L4 Lebesgue TR (RRAIRM) , &R f(o) £
E FHaTRES.

H % SCSL BV AT S0 T S RS
(1) & m(E) =0, M E L&A ATTHMER f(z) HTH, FEABR

<]
/ f(z)dz = 0; (3.1.7)
E
(2) ] f(z) B E LERTTRMEH, AR E BRYTRFH, N
/ flz)dz = / f(@)xa(z)dz. (3.1.8)
A E

FLLE, MTEE A FEABETRHER, REHREEX h) =
0,Vze E\NA, ERREE FHERNEER, T&

/Af(x)dz
= su / h(z)dz h(x) 72 A L3 £ 16 8 7] 0 oK 3,
’ A h(z) < f(z)
= sup / ho)do| MORELASRETHEL,
4 h(z) < f(z)xa(z)
h(z)R2E_E 3 5 17 5 7] i ok 4K,
h(z) < f(z)xa(z)

= sup { h(z)dz
E

= /E f(2)xa(z)dz.
(3) ® f(z),9(z) B E LHYERTTRIRE. & f(z) <g(z), z € E,
my
/E f(z)dz < /E o(z)dz (3.1.9)
XREE K %A h(z) < f(z) BFE AR R TT IR BAE h(z) < 9(z).
(4) & m(E) < oo, Ml E LAY F3E 57 0] il 5 H06 2w Y.

\
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FIE 3.1.3 (Levi £3F) & {fi(c)}) BTHE E EAYIE AR
¥, WE

fi(z) < fa(z) < < filz) < -0, (3.1.10)
HE
lim fi(@) = f(2), z€E, (3.1.11)
n
Jim /E fr(z)dz = /E f(z)dz. (3.1.12)

8 E¥ f(z) & E LeyIERTHES, RS /Ef(z)dz AR
X. d%&MF (3.1.10), ATH

/fk(x)dxg/fk+1(:t)dx, k=1,2,--
E E

BFEL Jim /E fe(z)de HEEX. BT fil) < f(2), T ;
11m fk(-'r Ydz </ f(z)dz.
ZEERA S A AR S

jim [ )iz > [ s
RER o, WE0<a<1, & h(z) £ E LFERFHBTHERN, B
h(z) < f(z), z€ E
&= B(fe 2 ah), k=12, W {Ex} REMREF, A lim B,
= E. iy (3.1.5) 18
lim o h(r)dz = a/Eh(z)dx.

k— o0 E

FRAFER
/Efk(x)da: > /Ek fi(z)dz > /Ek ah(z)dz = a/Ek h(z)dz,
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4k — oo, 8%

kgﬁéfk(z)dz > a/Eh(x)d:c.
BSa- 1, K

kl_i:r;)é fe(z)dz > /Eh(a:)dz.
HKHR f(x) B E B8

Jim [ fu(o)dz > | s@aa.

Levi @B BB FXF S LA TTRBE RS, HARREH 5K
SrIB LR FF T LA B, AT 3 £ R0 68 0TT i b i 3 97 76 2 R
BsIeEar, R T o A B3 R S ot A R TR B T
10 B8 30 E B PE SRR AR

EIE 3.1.4(FAWRENR) | f(o),9(c) RITWE E Liyde
AT R, M FAERERRK 0.8, F

/ (af(z) + Bg(z))dz = a/ f(z)dzx +,B/ g(z)dz. (3.1.13)
E E E
B B {ex(@)}, (Ye(@) }io1 BERLEATRGRELS, BE
Jm or(z) = f(z), Jim Yy (z) = g(z), Vz€E.
W {epr () + Br (@) }ior MEIER LA TR ERLS, BE
kﬁr&(awk(w) + Byk(z)) = af(z) + Bg(z), Vze€E.
BT R MRENER 313) 5 319 R, &
[ (aon@) + bunteNdz = a [ put@az +5 [ w@e.
E E E
4 k — oo, H1 Levi EHEIE (3.1.13) R.

i 3.1.5 % f(2),9(2), & E LMIERTREE



§3.1 Lebesgue WM& K HHL 97

(1) # f(z) = g(z), ae[E], W

[ s@az = [ otwz;
(2) & Lf(z)dw < oo, M f(z) < 00, ael[E].

MEA (1) g By = E(f #9), B2 = E\E;, W m(E) =0. 53l
A"

/me=/fmumm+ummh
E E
= . f(z)d:v+/E2 f(z)dz

= /E; g(a:)da:+/E2 g(z)dz

= /Eg(a:)dm‘
(2) & B = E(f > k), W

Eo = E(f = +00) = ﬁEk.
ST kA
km(Ey) < fmws/fmm.
Ey FE

T FE lim m(Ex) =0, H m(Ex) = 0.
FIE 3.1.6 ¥ f(z) RUNS E LRERTTHRE. F

/E f(z)dz =0,

W f(z) =0, ael[E].
iEBA VkeN,id Ex = E(f > 1/k). WA

0=/Ef(x)dz2 ~/Ek f(z)dz > /E’c %daz = %m(Ek) > 0.
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Frbh m(Ey) =0, B m(E(f > 1/k)) = 0. #HWH
m(&( #0) =m( U B 2 /) =0
k=1
.
§3.1.2 —MOTRFBAVIRS

FEX —/NY AR, ORHE E— /N TR IR R T R B, S
PHERA M BEARER. AR, S8 E SRR e E
.

EX 3.1.7 & f(z) e ME). & fH(a) M f~ (o) FELPH R
AIAE, FR

/Ef(x)dz=/Ef+(m)dx—/5f-(x)dx (3.1.14)

% f() 7E E E@RS. Y4 ERXAHFMRME T AFRE, 5T f(2)
£ E L J& Lebesgue AJEIAY (ARRTIARET ), BUFK f(z) & E LHIAIRY
B 1€ E TR mE eIl L(E).

T
T = *+ - A,
AV@W Afmmmgéf@mL (3.1.15
B TR .

®H 3.1.8 ® f(z) B E LAWER, W fe L(E) HRMLE
KR, |f] € L(BE), BATIIRFA

[ s

£ ERERNSERF, & f(o) BT XEETRERAT | f(2) |

< /Elf(a:)ld.z' (3.1.16)
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B XRERHE. FlmER
Lsindl, 0<z<l,
flz) = {B *

R z=0.
AXEUERA, f(z) &2 [0,1] EAIT X ETEE, HE| f(2) | AR
XERE TR,
X 3.1.7 2 3.1.8 LRI ] 51 LA F Ay B R 3L
(1) #& f € L(E), W |f(z)| < o0, a.e.[E];
(2) & f=9, aelE], f€ L(E), N ge L(E), H

/E f(z)dz = /E g(z)dz;

(3) # f(z) & E LOTMeEE, g€ L(E), H |f(z)] < g(x), M
f € L(E), WIMEH

/E f(2)de] < /E o(z)dz;
(4) # f,0 € L(E), f(z) < g(z), I

/E f(@)dz < /E g(@)da;
(5) # m(F) < oo, M| E _EARER R 7] I 58 HUZ o FRH

EIE 319 (oA HEHmR) ' f.ge LE),ae R, W af ¢
L(E), f+g€ L(E), #H

/Eaf(z)dz = a/Ef(x)d:z:; (3.1.17)
/(f(a:)+g(:1:))da::/ f(x)dx+/ g(z)dz . (3.1.18)
E E E

A AGH f(2),9(z) SLLEHIR.
1) Ha>00, (af)yt=aff, (af)" =af”, T
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/Eaf(z)dz:/Eaf“L(a:)dx—/Eaf_(x)dz

:a</Ef+(a;)da:—/Ef‘(a:)dx)

=a/E f(z)dz.
Ha<Ot, (af)t =(-a)f7, (af)” =(-)f*, TR

af(z)dz = [ (~a)f (z)dz — [ (-a)f¥(z)dz
E E E

:(—a)( /E f(z)dz — [E f+(:c)d:c)

za/Ef(z)dz.
(2) BAR%ER |f(2) +9(2)| < [f@)] + [9(2)], FTHN f + g € L(E).
M
f+9)*—(f+9) =f+g9=f"-f"+g"-g
%
F+9t+f +g =(f+9) +f +g".
AT B AR S R R B A R YEE R, B TAISER
+ T z “(z)dx
[+or@uas+ [ 1@+ [ @0
=/E(f+g)‘(z)da:+/Ef+(z)d:1:+/Eg+(:c)dx.
LHESXAFHHEITHZERE, LBTEE
/E(f(x)+g(z))d:v=/Ef(m)dz+/Eg(z)dx.
EFBIE.
i (3.1.17) &5 (3.1.18) R4, E EWRERKEN LE) XT&
HEREE, Bt L(E) B— P&
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T R4S A T AT I R O RRE 53— R

EIE 3.1.10 % f(z) B E LERTREE |f@) < M (z €
M),m(E) < co. fE [-M, M) ByRI4}

M=oy <oy < - <ap=M, §= max (a; — aj_;).
0 1 k s lSjSk(J Jl)

iE Ej:E(aj—1$f<aj)a 3:172v$k
ﬁwxrj-:jifﬁﬁ §] € [aj—haj] ’ .7 = 1727' o ;ka &ISE
k
}%Zlgjm(Ej) (3.1.19)
i=
FEAE. BLRY .
lim Zlgjm(Ej) = L f(z)dz. (3.1.20)
]:’

'HEEE E]jgaj 156§ Sa]a&ﬁ

Z &m

k
<6 m(Ej) =6m(E).
Ji=1
Fir LA R EEE

k
= (& — ajo)m(E;))
j=1

k
;ig;;aj-lm(Ej)
j=
i, H
11m Za] 1m(E;) / f(z)dz.
HL b, Vze E;, a;_1 < fl@) < a; < aj +6 K

ajeam(E) < [ fle)dz < ajam(E;) + Sm(E))

k k
> ajim(Ey) < / f(z)dz <Y oy 1m(E)) +m(E).
=1 E =1
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H BN S 4518,
FIR 3.1.11 (o axtiEgt) &’ f(o) € L(E), MM TES
e>0, WFFETE S >0, 184 E T4 A, RE m(4) <K, HF
‘/ f(z)dz} < / ‘f(:t)|dz <E. (3.1.21)
A A

B [ f(z) € L(E), & |f(2)] € L(E). X F{E4 € > 0, FFHER
AR o(z), RV EE R

0 < p(z) < |f(2)l,

7
[ (@) - pla)de < 5.
E
Bi% 0< o(z) <M, B 6 =c/2M, W% AC E,m(A) <6 B, BE
[ 1@tz = [ (11@)1- @iz + [ oloa
< [ (@I -v@)dz+ [ o@ar

<g+M4MMSa

FI 3.1.12(BSFBARERE) # f(2) € LR, MMER y ¢
R", f(z+y) € L(R"), T H

fz+y)dz = / f(z)dz. (3.1.22)
]Rﬂ Rn
iEBA 4 f(z) RIS ATRIRREE, B
k
f(@) = aixe(z), z€R".
i=1

Jlid:ug .
flz+y)= Z @i X B {y}(7) ,
i=1
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Bk B~ (4} = {z —y € B'lo € B), EOSRENMETHES, MWH
k k
f 1+ v =D am(E:— @) = S amE) = [ @iz

X B — B IE AT R AL f(x). JBTAETEE 7 FT W {7 2R R B
{‘pk(x)}a(pk(x) S <Pk+1(-77),k = 1a27 DY E.%‘
kli}n;lo er(z) = f(z), =z €R™

BR, {ex(z+y)} NHELAT, HA
Jm gp(z+y) = flz+y), zeR™

T Levi S48
/R fe+y)de = Jim /R rla+y)ds

= lim wr(z)dr = f(z)dz
Rﬂ

k—o00 R"

HFERTREE f(2), B fH(2) 5 (2) WBTFHBAREE, HE
f(z) WEBATH: (3.1.22) . EEBEIE.
FIHE 3.1.13 i# f(z) € L(E), MXtF{ELH e >0, FER" LR
BFEXRIEERY 9(z), 5
/E If(z) - g(x)|da:_< €. (3.1.23)
iFB T f(z) € L(E), BM{EAW ¢ > 0, HHFE R LRA
BEX BT EE o(z), H15
/ /(@) ~ p(@)|dz < §
Rk lp(z) < M, RFEGEEHE (EH 2.3. 10) RE|# 2312, f£1£
R* LAHEXBEEZEY 9(z), 78 |9(z)l < M (z €RY), BH

m({z € E|le(z) - 9(z)| > 0}) < W
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NI
[le@ -s@liz= [ o) - el

<2M -m(E(lp - gl > 0)) <

Nlm

BE, A
/ |7(2) - g(z)|dz
E

< [ 11@ - pt@)lda+ [ lota) - o(a)az

<f4f-¢
2 27 7

LEREBERRE, & f e L(E), MIERH « >0, F1E f 5
.
f(z) = g(z) + [f(z) — 9(z)] = fi(z) + fo(z), z€EE,
H fi(z) 2 R" Lﬁﬁ%i%ﬁ’ﬂﬁ&&&, |f2(x)] 7E E _EHIRRG /I
Fe.
it 3.1.14 & f € L(E), W R® ERFEERIEERL
5 {g(2)}, 15
) dim [ [7(0) = gu(@dz = 0;

(2) klgrolo gk(z) = f(z), ae(E).

§3.1.3 REBIH5 Lebesgue MEHIXH

TERA LHLT Lebesgue FUMEHERM b, SEREBRESRE
AR, THATENY Lebesgue FRE SR —FHES.
HEERLAEE-EXE RS EHEXE EFRENSER,
BIAR 8 v AR A R R B R Lebesgue IR, AAMEKRNME.



§3.1 Lebesgue Rl F &K K4 105

T 3.1.15 HEAKXE I = [q,b] LHFEREH f(2). & f(2)
7 [a,b] ERBUEA, W f(z) 7E I LR Lebesgue AJFRA, H

/If(z)da: = /ab f(z)dz. (3.1.24)

/If(z)d:c

R f #E I LY Lebesgue 43, MM

/ab f(z)dz

NZR f 7 [a, 0] KB EBRT.

Bl EARE f(e) BRXE I LWAFRE, REEH f R T
LrymTRiRS, ®AE fe L)

%8 [a,b] LH—FIRI5 {An}

Apia=az{ <l

IHS&J::

<<z =b,
Ay C Dpga,s

|Aa] = max {z{” - 2"} >0,
M™ = sup{f(z)|z\™, <z <z},
mi™ = inf{f(z)|z{™), <z < 2™}

1

B TR f(c) EXHE [o,b) LRETH, HREEAREE LA

lim Z m(") (z(n) S")l

n—o0

]
\
~~
~
8
N’
(=
8
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m® g (:1,'(") 2,
‘Pn(l') — i i-11T;

fla), z=a,

(n) (n) e

wn(x) — { Mi ’ z E Ti1,%; ]
fla), z=a.

BN An C Ansr, XS/, ERARYE, FHATHK, HiU
Yi2Pa > 2> >
pr<@r<-<pn<<f

TR

Jim gu S£F > f, lm pn <,

B8 f < f<f WRPRE¥ [, f BREF TG, HENER Lebes-
gue AIARM, WIH f - f RIEAFTHEE, &

/1 (F(z) - f())dz > 0.

X
b
/If_(x)de/apn(z)dz:/ on(z)dz
_..Zmn)(z(n) )__)/ F(z)de;
/ flz)dz < / Yn(z)de = / Yn(x)dz
:ZMi(")(wﬁ") ("))%/ f(z)dz.
i=1
X

ﬂ?umxslvuMzsﬂsza
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/If(x)dzzfli(z)dz,
TEH
/1 (f(z) ~ f(z))dz = 0.

MEH 3165, f-f=0,ae[l] ATl f=f=/f,ae[l]. HHEK
¥ f(x) 7EXTE] T EWH, 3 HFR (3.1.24) BLAL.

BT, RETTREEHE R Lebesgue TR, 3 HMS
E—H. EEd TEMEFRH R Z AT,

B & Dirichlet ph¥}
D 1, :t;%[(),l]qjﬁ}_ﬂﬁ;
(z) =
0, =R&Z[0,1]hTEH
W D(z) =0,ae.{0,1], D(z)Lebesgue A[FE, H

D(z)dz = 0.
[0.1]

FRTARMERH, D(z) 7E [0,1] ERRRE TN,

§3.1.4 WE=E)_E ORISR AYF 4
EX 3.1.16 #E (X, F, ) LAIIER p FTIfE HEE 4K

h(z) =Y ajxa;(z), YzeX, (3.1.25)
j=1

KCFI @1,02," " ,Qm %jEﬁiﬁs AI;A25"' 7Am ﬁﬁxﬁﬁ%ﬂ?ﬂﬂ
B EXRE h(z) £ X EHXTRE o 98 H
/X h(z)u(dz) = a; u(Aj). (3.1.26)

=1

(FE, MEC2A4F 0-00=0. )
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STRAES AT R R AR 2 S (). R
I(h) &L / h(z)u(dz).
BB T R S*(X) LHTTIEE, A
I(hy + ha) = I(ha) + I(hs), ¥hy,hy € S*(X),
3 H I{ah) = aI(h),Va € RT.
X 3117 i fz) B X LRAES o TSR, R f(2)
X FRES

1(f) = /X f(@)u(dz)

=sup{ /X h(z)u(dz)
XBHBATUR +oo; £

/f p(dz) < oo,

WIFF f(z) £ X LR o ATRRE (AR ), SEWR f(o) B X Ll
p TR B (TR AT AR R £0).

5 50 T B B
(1) % h(z) € ST(X), B p(X(h > 0)) =0, W rh(z) BEFH, 3

HBRE
/X h(@)u(dz) = 0

(2) ® f(2),9(z) € ST(X). & f(z) < g(z), pae, W

/ f(@)u(dz) < / g(@)u(dz);
X X

(®) # (@) C S*(X) B LFEYF], BH lim fi(o) =
f(z), p ae., W FHIHRIR
lim /X fe(@)u(dz) = /X f(z)u(da)

h(z) € S*(X)HLh(z) < f(m)} . (3.127)
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L, BGED Levi 3,
(4) RO B’ f(z),9(z) € ST(X), M TFEBMIERTH
a,b, H
I(af + bg) = al(f) + bI(g);
(5) B f(z) € ST(X). F I(f) < 00, M| f(z) < o0, p a.e;
(6) & f(z) € ST(X). HI(f)=0, f(z) =0, pae. .
EX 3.1.18 B f(z) € MX, F,p) , & f+(2) M f~(2) PEL
A& TR, NFR
/ f(x)u(dx) = / fH(z)p(dz) -/ f(z)p(dz) (3.1.28)
X
A f(z) £ X LS, BaWiclE I(f). Y EXERBARMER
HEMREE, B f(z) £ X ERETFME p oTFA (RFRATRE), K
fz) B X EMTRRES. £ X LR RBEich L(X, F,p), 3
fiicH L(X). BAF
/E |£(z)|dz = /E Fre)dz + /E £~ (2)dz. (3.1.29)
EA TR e 2.

EIE 3.1.19 & f(z) & (X, F,p) L p vJHIES. N fe LX)
[ r@wtan)| < [ |1@)utaa). (3.1.30

M 3.1.18 R 3.1 19 iEﬂT%ﬂuT‘ﬁﬁmﬁﬁii
(1) # f € L(X), W |f(z)| < o0, p ace. ;
(2) H f=9g, pae ,fE€LX), M ge LX), H
| s@ntiz) = [ g@utaz);
(3) & f(z) B X Loy p FIHIRE, ge L(X), H|f(z)| <g(z),
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W f € LX), BANEH
I [ s@paa)| < [ g@na);
X X

(4) & f,9 € L(X),f(z) < g(z), W
/ f(@)u(dz) < / g(z)u(dz);
X X
(5) FH w(X) <oo, M X LAEEHF 1 vTH & ERFRHY;
(6) BRAOLHMER: ) fige L(X),a,be R, M af+bge L(X), B
I(af +bg) = al(f) +bI(g).
WAeF, & fe) B (X, F,p) EofEE, AN A BRI
SUF

[ @mtan) = [ s@xa@n(do). (3.1.31)
A X

TRATRRTRISe B E e .

EIE 3.1.20 (M AXTESEN) B’ f(z) € LX) X TS
e >0, WFFFE 6 > 0, (/X FIEE X FAlill 74 A, HE u(4) <6
i, A
u(dz)

/ |f(z)|p(dz) (3.1.32)

SR -
1. & h(z),9(z) B E LEREETMELR, o RIEBIFREE,
EH:
/ a h(z)dz = a/ h(z)dz;
E E

/E(h(x)"'!](x))dx=/Eh(a:)dm+/Eg(:1:)dz.
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2. ]ﬁ ExCE k=1,2,---, Ex C Ek+1; E'kl-l—;m E.=F. %“ }L(.’L')

B FE EREfRmT ks, e
klirr;o . h(:l:)d:cz/Eh(:c)da:.

3. BV EBUTHNSE: E=EUE, ExNE;, =0, f(z)

& E FIESATI g, WEE:
/ f(z)dz = / f(z)dz + flz)dz.
E E; Es

4. &E, {Ek} %ﬂmﬂ%ﬁj; %E Ek - E» Ek C Ek+17 k = 1’21 T

B lim E, = E. ¥ flo) B F LHydERPTI RS, EH:

/E flz)da = lim /E S

5. BTEGN # (@) B B LHERTHEES, RIE
/Eka dwa/fk(x

k=1
6. % B & E f—ARI4Y, Bl ExnE; =0 (k#4), A E = kﬁlek.
% f(z) B E o935 TR, JEH

/Ef(:z:)da: = g—/&e f(z)dx

7. & m(E) < oo, f(z) & E LAEATIIEE. D
E,=Ek< f<k+1),
WEH f € L(E) RS WBEFRMGR ;km(Ew WK
8. ¥ f(z) & E ERIERTRMELR, m(E) <o iEH f(z) B E
FHTHERRW S LELRERE, THRE
Z2k f > 2k )
1§ 8
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9. & {fu(z)} & E LAY TFRER IR TR B, BFTE ko € N, fi,
£ E LA, iEH

kl'gg()L fr(z)dz = /Ekl_x‘x)roxo fe(z)dx.
10. & f(z) & E _LHyAT IR EL,
m(E) < oo, |f(z)] <M,
ik f € L(E).
11. & {fr(z)} B E ERERTTRIESS, H m(E) < co. iEH
{fr(2)} £ E ERMERHKTE (RE) BRI LERTFR

. fi(z) _
Jm g @ =0

12, # f(z) B B _ERAERTRRS, ¥ B
0<ec< / f(z)dz.
E
ERETN T4 By C B, &

flz)dz =c.
E,

13. hET4E E LAYSE AT IIR I f(x) M g(z). RXHEEEE

a, H m(E(f > a)) = m(E(g > a)), IKXIEH]
/ flx)dz = / g(z)dz .
E E

14, IEBHA&E E R RHUL AL AR,

15. B E LB f=yg, aelE), H f € L(E). iE¥ g € L(E), 3}A
f() 5 g(z) % E EWHBMEMHS.

16. & f,g € L(E), f(z) < g(z), Vr € E, JEH

/}; f(z)dz < /E o(x)dz
17. % f(z) R E LT RIEE, geL(E), HVzeE &
[f(2)} < g(z),
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HERA f € L(E).

18. # f,9,f—g € L(E), (=) & E LT MRE, R f<p <y,
IEBH ¢ € L(E).

19. ¥ E BiE AR TTIE, iR E LT AR TR~
B

20. ¥ f € L(E), g & E LWHERTMEE, iEH f(z) 9(z) €
L(E).

21. 45E f,9 € L(E). ¥ f = g, ae[E] X BAUHXHE— AT

£ ACE, &
/Af(z)da::/Ag(z)dm.

22. % f(z) & E LRYATIIRE. EHXHERERTFHR ACE,

/ f(@)dz >0,
A
JEEH f >0, a.e.[E)
23. ¥ f € L(E). ZWEHE E LERTRHER 9(z), B

/ f(@)g(@)dz =0,
E

EH] f=0.

24. ¥ f € L(RY), £(0) =0, L f'(0) 25, i FRBSIELE:

Mdm.
R Z
5. B f(z) £ [0,1] LRMES, EBEXNFAME E C [0,1]
m(E) =t, t
/0 f(z)dz < /E £ ()dz.
%. B F LAWK f. BN TERTHTE B C B, B
/E’ f(z)dz =0,

iEHH f(z) =0, ae.[E]
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27. &
f(z) = 1/vz, ZHzRIEEY,
z?, Y AL
HH
flx)dz.

(0.1]

*28. W By, oo En B [0,1] FEIMFEE. & (0,1 AE—HELR
FTiX n NMEFH ¢ NME, IEH: B, E, FELHE—ANRHME
AINF g/n.

29. &t f,g € L(E), EH /f%(z) + ¢*(x) € L(E).

30. # f € L(E), iEH

nan;om(E(Ifl >n)) =0.

3L. & f(z) € L(R"), fi(z) € L(R™) (k = 1,2,---), HX TR
M%EECR, &

/Efk(m)dm</ for(@)dz (k=1,2,--),

klingo/ fr(z)dz = / f(z)de,
WIEW:  Jim fu(e) = f(2), ae[R"].
32. i f € L(E), iEMIX F € > 0, fF7ER[WI T4 ACE, 2
m(A4) < oo, ./AC |f(z)|dz < €.
33. I¥FE Cantor £ C L f(z) =0, 7E C KN 3" By XE L
f(z)=n, K
f(z)dzx.

[071]
*34. ¥ f € L([0,00)), f(z) —BUELE, iEH Jim f(z) = 0.
35. % f € L(E), iEHH nli_)ngonm(E(lfl >n)) =0
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§3.2  Lebesgue B R e 3

BRI {fn(z)} B—DEEUFH, HEMESOREE] —1ERE f(2).
AR E B HES T A Lebesgue BUMESRR T X B M T IS RA
ANEREL folz) WERS, MR f(o) WRSREFE? R f(2)
WRFAEH, MARY f.(z) FOWKRESTET f(o) B ? Mt
R, MR GRS BEHEEETUSIRRT. EREF BT, ¥HE
n_EARGR Y 2 A REARVERR &> SARFRZ S HY o] 3 Heft; TI7E Lebesgue
BAET, RERIFH KT BIE Lebesgue FA4r SRR #iz
W EX—F R XA S HE. AOomiEEAAERR L—
Y Levi EHEZ2W EXANEET.

§3.2.1 Lebesgue 4 5HRRIZAHITHEIRE
EiE 3.2.1 (Lebesgue BAFE) & {f.(2)) BO[ME E LMEE
fATMEESY, fx Z falz) , W

n=1

/ f(z)dz = Z/ falz)d (3.2.1)
8y 4
k
an(x)
U {Sk (=)} IR ELS, Se(z) < Ska(e), B lim Si(z) = f(=),

el Levi €

/f Ydz = hm/S;C dzr = hm Z/fn(m)dz—L/fn

n=1
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SEREFRGE, dF AT I R B R ORGSR BUE B F R AT 30

i, BP

S fu@dz =3 [ fule)de.
Ep=1 n=1"F

#it 3.2.2 & {E.} BIA E BEAAHIKH ATH T4,

E= U E,.
n=1

YEY f(2) £ E LHBOE, flo) EE—NTHR E. LEERRS

. FEAIH, X4 fe L(E) B, feL(Ey), 3#E

/E Sz =3 /E RC
W8 ICER¥ Xk, (z) N E, MIFHERE, N
/ fH(z)dz = / fH(z)xe, (z)dz .
FE, E
A _
= Z fH(=z)xe, (),

MEH321H

/ fH(z)dz = Z/ fH(@)xe, (z)dz = Z f+(x

H Al Hh AT E N
/Ef_(:c)dx = ,;/E f(z)dz .

% f(2) £ B EABSE, B
/ fr@)dz 5 / - (@)dz
E E
R, RS
/ ff(z)dz < co.
E

(3.2.2)
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TRIETHREK
+ x r = + T o0
;/Enf()d /Ef (z)dz <
WS FRANHL, T
/ fH(z)dz < oo,

BrLA f(z) 7 E, ERRY. #HWH

/f dz‘*/f+ dz—/f(:::

- 2; /L " fﬂx)dz—n:l /. (@

= 2 (/E frape- [ f‘(x)drc>
- f_oj [ )i

% fe L(E) B, B4
/ fr@)dz 5 / f(@)dz
E FE
SER, R TE n, B4
/ fHz)de 5 / f(@)de
E, E,
#HAM, 8 fe L(E,).

EI 3.2.3 (Fatou 5|3) # {fu(2)} BEAWMEAE E LARFAT I

¥, N
lim fn(z)dz < lim fn(a:)da:

E n—oo n—oo

Bl BEIERRI 9.(2) = mf{fj(93)|3 >n}, BRE
gn(z) < gn+1(iL') k=1,2,---,

[ifER%%=] lim gn(z) = lim fu(z), z€E.

n-—o00

(3.2.3)
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MITE Levi & #15
lim f,(x) da:——/ hm gn(z)dz

E n—o

= lim gn(m)dz < lim fn(z:)dx

n—0o0 n—o00

THEEFI T Fatou 5B P ARES A TREMILY.

Bi1 7E R' LR SR

1 22
fn(:l,')= e_ﬁ’ 7221,2,"',

vamn

n
fn(l‘)dw =1,

H¥z#08, lm fuo >iei f(z) = 0. BB
f(z) =0, ael[R']
T2 lim fo(z)dz=0< 1= lim / fu(z)dz.
n—00 R!

Rl 00

TR 3.2.4 (BN EIR) AETME E )] {f.(2)} C M(E)
HA
lim falz) = f(z), ae.[E].
H LR F(z) ), /M T VneNF
|fn (z)| < F(z), aelE],
W fn(z) € L(E), n=1,2,---, f(z) € L(E), &
nll)n;o Efn(:c)dz = / f(z)dz. (3.2.4)
R F(z) FRABRES {fa(z)} BIFEHIKEL.
B B f(z) B E LAE%, Hh
Ifn(2)] < F(z), ael[E]
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R f(2)] < F(z), ae[E]. Bt f € L(E). & E L&A REES
gn(2) = | ful@) = f(@)], n=1,2,---,
M 0 < gn(z) <2F(z), n=1,2,--- . B Fatou 5|15
/ lim [2F(z) — gn(z)]dz < lim / [2F(z) — gn(z)]dz
E N0 nooo JE

By

2/EF(z)d:1: - /Enlgr;ogn(z)dz < 2/EF(z)d:z—n@o/l;gn($)dz.
BT nango gn(z) =0, a.e.[E], BI{8

n@o gn(z)dz = 0.
BE, HA%X :

‘ / f(z)dz — / ful@)dz / gn(z)dz,
4 n — oo, BI1F (3.2.4) R.

Hit 3.2.5 W ERWWE, {fu(x)} C ME), BEES {fn(2)}
KM E RSB REL f(2). BHFLE F(z) € L(E), A
|fn(:r)| < F(z), ael[E],n=1,2,---,
N fo(z) € L(E), n=1,2,---, f(z) € L(E), &
lim [ fo(z)dz = / f(z)dz. (3.2.5)
NI JE E
EER BH {fo(z)} KIUEWSIE] f(z), B Riesz BIEH, FET
B fn(z) = f(2), a.e[E], ¥ f(z) € L(E).
L gn(2) = |fale) — f(2)], 0 LR E BAES —4, REEH
lim . gn(z)dz =0.

n—00

MERR, MEe>05n<ny <---, 18
/gnk(w)deE, k=1,2,--.
E
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BH {fn.} KIBERKE] f(2), RIS {fo.} BTFULFLLURKT
flx). AEESEEERL, AR fn — f aelE], B
gn, = 0, aelE]
TRi LR EEAENA
kl'i)rgo . gn,(z)dz =0.

X5 E#RAREXTE. Bk (3.2.5) AL

#ig 3.2.6 FRMAEE) &’ m(E) < oo, {falz)} € L(E), H
{fn(2)} —BCER, BNFFERE M >0, [E15
|[fa(z)] <M, n=12,--- Vz€E.
WY fo(z) = f(2), aelE], & {fa(z)} WIEWREE] f() B, HH
hngo fn z)dz = / f(z)de. (3.2.6)

Fatou glfﬁﬁ'}ﬁﬂiﬂﬁ%ﬁ*&l‘ﬁ@ﬁ%ﬂﬁﬁ, i Lebesgue FEHUL
HEBMNAHBSERBRAUXTKRRFHTESZMAG. ENR
Lebesgue I HIC P EEL R, HE/ ZHMA.

RS e B BT HREEH R Fo). AE—1E
.

2 KI= lim /Omfn(x)dz,mv

fa(z) =e % cos ml_n(—n—i-_:ﬁ .

RS SRR HKF, W
I :/ lim f,(z)dz =0.
0

n—0o0

Bt ERHEAE, BEF - EHER HAEEE, R
#(t) =t 'Int
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FEX ] [1,+00) LHIBRKER ¢(e) =e™'. T2

—z len(n+z) <e_zln(n+z)‘n+:1:
n

- n+zx n

e

Se_(z+l)(1+z)d=efF($)a Vz2>0,n=12,---.

/oo F(z)dz
WIS, #F € L([0,+00)). T F RETERIMEHRKE. Ht 1=0

1
B3 KI=lim [ i) sk

3
nzx
) = T
$zr>0n=12--- B, F
nizd 1 1 def
ful2) = <5 ZF@)

- 1+ n2z2 1;% :1;%
BT F(z) € L([0,1]), B H e B SHERIKF AT 5c#k, B
% .
= im fp(z)dz =0.
1 /0 nlgr;of (z)dz =0

EIE 3.2.7( BZHBY) B’ ERBWME, fu.(z) € L(E), VneN.

23
; /E | fu(@)|dz < 00, (3.2.7)
RS fula) 12 E_LILTRANKE EHRMESCY [(2), W (o) €
n=1
L(E), BA

nZ::l /E fo(z)dz = /E f(z)dz. (3.2.8)
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A XEH F(z) = ) |falz)], BRI & HH Y 5T
n=1
Ay EFE 3.2.1 HH
/EF(x)d:c = HZ::I/E |fn(z)|da: < 00.

TR F € L(E), NTTRH F(z) £ B LILPAAHR. XRHHH
3" fule) £ E LILPAAMEE, EEMERN f(2). hF
n=1

f@] <Y |ful@)] = Fla), aelE],
M f(z) € L(E). iT Sm(e) = Y fale), m=1,2,-, U

|Sm(@)] <D |fal@)| < Flz), m=1,2,--

n=1

P S e B W] 1R
/Ef(:c)dz = /}Srrlglloosm(x)dzz "}i_r)noo/ESm(x)dx

= Z/E_fn(a:)da:.

B b e, AeH RS B R S PR M BT
RS SR /1 TR, M. & F C R 2
WA, [(o,y) BEXTHE Exlo,b) FHERE HTFHAy € o8],
HH f(oy) € L(E). TR

wwzﬂﬂawu (3.2.9)

B T XN [a, 0] LEHFREERE, FRAXE [a,b] EHSAR

FIE 3.2.8 TR (3.2.9) RABBEL o(y), I F IR HIL:
(1) 7 F(z) € L(E), 4% |f(z,9)| < F(z), Yz € E, y € [a,8],
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&
Jim f(z,y), FEE Lae f77E,
]
ylln;ow(y) = /EyILHJO flz,y)dz. (3.2.10)
(2) BFFIE F(z) € L(E), 517 | f(z,y)| < F(z),Va € E,y € [a,b].
HXFILFHAN = € E, R¥ f(z,y) TE yo € [a,b] £b3ELE, W o(y)
TEA Yo ﬂ‘ﬁﬁ
(3) EHHEEE f(z,y) WIRIE (. y) FTE, BFFTE F(2) € L(E),
#1% |fy(z, )| < F(z), VT € E, y € [a,b], |
¢'(y) = /Ef;(:v,y)dr~ (3.2.11)
iEBA (1) HBAEMTT yo BIFF {yn} C [a,b], W Jim o(y) =
Jim o(ya). BTFFI fule) < f(z,90) FE B LILFRABE, TiH
|fn(z)| < F(z), ¥ Wale #A5
Jim o(yn) =nlgr;o/Ef(w>yn)dz = /Enlgrolof(x,yn)dz.
EHRMRER (3.2.10) FM.
(2) & (1) WEEHR.
(3) BUE y € [a,b], &

g(z,2) = f=,2) =~ f(=9) f(;l;,y)’ z € [a,b].

-y
M (3.2.11) AAHHTF
lim /Eg(z,z)da: = /E lim g(z, 2)dz.
msr P EEHE, Wi zele, b, B
l9(z,2)| = |fy(z,2)| < F(z), Vzek.
FTRACSIENHEL (1) #E LRSERREH SR EHRKFH
A AL,
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814 & fe LR, ITiRR%
py) = / f(z) arctan(zy)dz, Vye R!
Rl

HIE SR TTRYE. 2 9(0,y) H ERAMBMOBRER, W 9(z,y)
(TR y g, HETHAFER

9z )| < FIF@]: |9y v)] < [2£@)].
G e T 3.2.8 HETR (y) 2 R LAMAMIESE; % of () € L(RY) B,

ely) AT, H
oy = [ 2=
W(y)_/kl 1+($y)2dz

§3.2.2 REBUREHIE

VERE RN S E BN, TERHSHXE (o0 EMEREHE
B — RS LEXRMEF.

& f(z) BEXERXNE I = [a,b] EH—PFREBH. EX f(z) &
I R IR B R Bm T -

wy(z) = 1ir;lj(l;lp{|f(.'tl) - f(&")|| «',2" € B(z,8)N1}. (3.2.12)
GERE
H={z¢ (a,b)l wy(z) < t}
StFEA t RIFER, A ws(z) & 0,0 LRAERTTRER, EHik
wy € L(I).
X EXH [o,b] EHRISFI {An}:
Ania=z{"<z{™<... <:c£:) =b n=12,---,

- (m) _
Al = 1rgnja§)§,, |:4cj_1 z
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g

M™ =sup {f(z)| &\, <z <M},

m{™ = inf {f(z)| 2{™; <z <z{M}.
NIRFERSBER TRBBAFE, FHEXTHREH f(2) BibA
L. TR

—b
Jlim_ ZM(")(z(") z{) = f f(z)dz, (3.2.13)
Jim_ Zm§")( " — i) / f(z)dz. (3.2.14)
ij=1
5132 3.2.9 MFKXIE I = [a,b) LA REH f(z), FHHFERK
3 —b
/] wy(z)de = / f(z)dz — I: F(z)ds, (3.2.15)
bR A 55 R R R 3 Lebesgue F47.
B fERES
M® — ™ e @, 20
wn(x): J j j—1>T;
0, z & O, B,
URSBE

E = {Z € [(l,b” E%An#‘]ﬁfg, n=12,-- }
BRmE)=0, BH
lim wn(z) =LUf(£L‘), TE I\E

n—oo

iC A, BB HRY f(2) 7 [a,b) L E. THWA, BT
0<wp(z) <A-B,
Mol A RSEEB
lim [ wy(z)dz = /wf(x)dz.
I I

n—oo
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EEps]

/wn(m)dx = Z(M;") - m§."))(z§,ﬂ) (n) )

I j=1

—}:MW@W (m)Ezwm¢m 2)
—>/ f :r)d:z:——/ f(z)dz,
/wa(z)dw :/—a f(a:)dz—Z:f(:c)dx.

B 3.2.10 # f(z) BE XAEXIE [a,b) LEHEREH, W f(z)
% (ob) LRESTROAAVERAR. (o) 1 [0, LORES
REREFME.

B RIEIRIER I E XTH, f(z) EE—R 2o ALY HAX
% wy(zo) =0. TR, f(2) E [a,0] LMAEZELABREFNUE, FNT
we(z) =0, a.efa,b]. BHTF ws(z) >0, EXHFMT

/wa(z)da: =0.

BT f(z) 7 [a,b] LRE RO LEFRMFRE, EMEM L TR

SRS, B
/ f(z)dz—/ f(z)dz = 0.

FREM5IHE 3.2.9 B EHELER.

SEF 3.2.10 HUKHAR T RER W TREME. EMNME, ¥
SN RN AL TR, EmNEEFWESEE. BREE
B 3.2.10 I RANSGR, BAREREH T ERHERABY
B, $LERB)T Lebesgue Il M IS MBS, XTREFSHTT

Br A
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FERE IR 2 Lebesgue B P EBER T Z—, EBRT Lebesgue il
BHEPHMESELHNERIERAMBRS.

Bl 5 EXEERFNT: 4 BREHE, f2) =0, %z =
m/n,m5 n BREFEHREE, f(z) = 1/n; X f(0) =0. M f(z) 7
[0,1] LR S WHA.

HYE, H0<r<1Af, 0< f(z) <L £ ne N [UHFHBED
z € [0,1], {8 f(z) > 1/n. FHEHEE, f(z) =0,a.e.[0,1]. FFHETK
o ore (0,1) AbiELE, WML FAbALESE. HEH f(z) £ [0,1] 13
STRE 1

/fumzz f@)de = 0.
0 [0,1]

EE, Bl 5 FINBRERY f(o) EHRTAEN € (0,1] LMY
A REE T RHA A A NATRIERE, UETEE UM
.

§3.2.3 L(X,F,u) pHSMIRREE

LER¥TF Lebesgue F4r B EBAMMRA HHES BRI BL =
B LR E SR, B TIEAER, UTRRRRER.

38 3.2.11(Lebesgue§$ii§) i&%ﬁ?‘] {fn(z)} RMBEZ2[H]
(X, F,p) LHIERTHEHT, fo }:nw>m

| f@ntan = Z/mmm) (3:2.26)

B 3.2.12 #F {4} B X WEAERH T TE, X = U An,
MEH f(x) £ X DHBSE, fo) BER—ITE An J:%ﬁ%ﬁf
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B 55, % fe LX) M, feL(4y), 3H
/X oman =3 /A f@u(d), (3.217)

I 3.2.13 (Fatou 5[38) 3 {fu(2)} & (X, F,p) LIERTTR R
3, m

/X lim fa(z)p(dz) < llm fn(:!:)u(dx) (3.2.18)

n—o00

EIR 3.2.14 (IHK R EIE) B/ {fo(o)} CcMX,F,p), BF
Jim fa(z) = f(z), pae.
EFEERY F(z) € LX), B F VneN, |falz)] < F(z), pae.,
M fa(z) € L(X), n=1,2,--, f(z) € L(X), A
lim / fa(@)p(dz) = / f(x)p(dz) . (3.2.19)
B F(z) FRARPF {fa(2)} BIEEH R
#ig 3.2.15 | {fu(z)} CVUX, F, ), HeREI {fn(x)} B BE
n WHBIEH f(z). HFAE F(o) € L(X), R
|fn(.7:)| < F(z), pae, n=12,---,
M fn(z) € L(X), n=1,2,---, f(z) € L(X), H
i [ f@un) = [ f@uen. G220

it 3.2.16 (HRRAEID) B u(X) < oo, (fale)} € LX),
{ful2)) —BA T, EVEHERE M > 0, (878 /@) < M,n=1,2,-
Vz e X. MY fo(z) = f(z), pae, B {falz)} KHE o WEDB f(z )
At, ¥
Jm [ fa@udn) = [ f@u@). (3.2.21)
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3 &

1. % fn(x) € f)JI(E)a n=12--, g(z) € L(E) . % fn(x) > g(z),

WER]
lim f,(z)dz < im fn(x)d:c

E n—oo n—00

# fo(z) < g(x), IEH
| p@s 25w [ g,
E n—o0 n—oo E
2 W M BES, foeLE)n=12- H
/ \f(z)ldz < M.
# fo(z) = f(z), ae[E], 8 fo(z) = f(z), B f € L(E).
3. 1‘&0< a<b,f,,( ) =ae "% —be~™% n =12, BIF

nz::l /0 fa(z)dz # /0 nz::lf,,(x)dx,
ﬁ;/() [fn(z)|dz = 00

4 RIBRE e sm; d
RBR i ), G
® 1+ nz?

5. KRR lim

n—o0 fo (1 +-'132)n

o0
6. RARPR lim T S nrde.

n—oo fg 1—}—22

7. RHEH lim / (x

+2)
8. RARPR hm/ m:+i) ndm
o -1
=

1n2+l

sin x

9. {5 / (lal < 1).
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10. B e B—DHH, m(E) < oo, f(z) B E LHIEHATHKE.
#
/Ef"(a:)dm =c¢, n=12,---,
IEMHFIEE—AFTHSE A C E, 1§ f(z) = xa(z), ae[E].
11. / fa(z) (n=1,2,---) FEXH [a,b] EREFIR, {fu(z)} —H
WCSHE BB f(2), IEBA f(2) TE [a, 0] LR BT
12. SR f(z) 7EXME [o,0] LAF, HEB&8RATHEMK
PR, IEH f(2) 7E [a, 0] LERE AR
13. B {fa(2)} & E LHIERTREL,
nli)n;o fulz) = f(z), ae[E].
B3 f(z) € L(E),
lim fa(z)do = / f(z)dz,
nooo JEg E
EHX FAEETME ACEH&
hm fn(a; dz = / f(z)dzx.
14. & f(z), {fn(x)}, 9( z), {gn(2)} AT E LA RTHIBREL, W
2 | fa(@)] < gnlz), BLE
lim fu(e) = f(z), aelE], lim ga(x) = g(z), ae.[E]
MY gn,g € L(E), £
lim gn(z)dz = / g{(z)dzx.
N JE E
WEW f(z) € L(E), H
nlggo/E Ifn(:c) — f(z)|dz =0.
15. ¥ f(z), fn(x) € L(E), n=1,2,---,
lim fu(z) = f(z), aelE],
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MEH T 3 i & A 3
/E | fa(z) = f(z)|dz — 0 % XY /Elfn(z)|d:s—> /Elf(x)Idz.

16. B {fn(2)} B E LEJTTMEE, |fo(2)|<oo, a.e[E], H m(E)

< co. IEH] {fu(2)} 7€ B EARMBRMTE (EE) RS LERMR
[ 1@I(1+ Unlo)) "z 5 0.

17. % {fa(2)} & E LEAEATTHEE,  {fa(z)} BRI BEEHIHE]

K f(z), EW
; f(z)dz < lim fn(;z;)dg;

n—oo

18 8 f,fu € D(E), m= 1,2 AT E—TTWFRAC B, &
/ fule)dz < / fa(@dz, n=1,2,-,
A A

lim fn d:z;:/f(:c)dx
A

R UEAA nli_)rr;o fnlz) = f(2), a.e.[E].
HEFME E LR f(x). MAMTEE: >0, FEE L
RS g(x), h(z), WM 9(2) < f(z) < h(2), H
/ [h(z) — g(z)]dz < ¢,
E
IEH f(z) € L(E).
20. # {E,} BRMERRATIES, BFE
Jim /IR IXE, (2) — f(z)|dz =0,
IEHIFEERTINA E, (618 f(z) = x£(2), a.e[R"].
21. B {fn(2)} B E LHAERTRERS, f(z) B E LHEHA
B # {fn(e)} RMEWRST f(), B
11m fn (z)dz = / f(z)dz,
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IEE]
Jm [ |- f@]ds = o0.
22. & f(z) € L(R!),a > 0, iEBA
Jim n¢f(nz) =0, a.e[R'].
23. / z° f(z),zt f(z) € L(0,00), H s < t, iEBAFES
I(u) = /oo ¥ f(z)dz, u € (s,t)
0
FIEHR u e (s, t) BEZLRE
24. i f € L(RY), iRUEHH
b b+t
/ flz+t)dz = f(z)dz .

a+t
25. & f € L(RY). EMF R HfE—BA % X RUEERY g(z),
#
/ f(2)9(x)dz,
]Rl

iEH f(z) =0, aeR'.
26. ETME E; C [a,b], m(Ex) >8>0, k=1,2,---, {ax} &
—%ﬁﬁﬂ; Xi&

o0
Z lak|xE, (z) < oo, a.e.[a,b],
k=1

UERA
)
Z lakl <.
k=1

27. BH f(z) B R' LAEREY, HXNTFHE—-—H e R, BR
’lli_rb% f(z+h)
F1E, EH f(z) FEAE— X [o,b) LRESTRA.
28. ¥ f(z) B E EERTHER, BEFEER M ka<],
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EEAXNTFEERH A>0,H
» m(E|f| > ) < %—
HERA f € L(E). :
29. WAMMAR E C (0,1), iEFARH xe(2) 7 [0,1] LR EFTHH
w4 B % m(E\ E) = 0.
30. % f(z) € L(0,00), X g(z) € MYE). HEHFE M > 0, X —4]
z € (0,00), 1 |g(z)/z| < M, AUEH

lirxc}o % /0z f(z)g(z)dz = 0.

§3.3 EMSTERRES

ERASS5RRBONXRRZ CHBR M ETHERRE. U X
BECHH, & flz,y) BEFIE D =[a,b] x [c,d ERELERE, T

| @ dndy = / dz / f(@v)dy
:/c dy/a f(z,y)dz.

ERERXHBRBARBRFRMENMEN. EREPHERT, &
REFESEMEAGTURS, ERBRGEAIBERIENRME. W
7 Lebesgue BT HIIERA, XA RBER BB ZHAZR.

§3.3.1 Fubini T2
& A,B RFAEE. A5 B ML (Descartes) BUEHIRE

D
=

AxB={(z,y)|z€ A, yeB}. (3.3.1)
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HA=R,B=RKI, ©n=p+gq AxBHREKKZR R &
ACRP,BCRY ] Ax BCR™ ¥ Ax B REHE R FHEE. #F
A, 4 AR pHEA[ME, BR g HERMER, TEHIEH AxB
FE n GEVTINAR, FROMRTIIAETE.
R* = R FLA[ARRK (2,y), HF z € RP, y € R%. HREX
T E R LR RE f WRMEN
/Rn f(z,y)dzdy = /vaRv flz,y)dzdy , (3.3.2)

By Rt LR ERSY. S TEEH e RP, f(z,y) BN y BEREFE
R? ERIREMERN

Fy(z) = /Rq f(z,y)dy, (3.3.3)
ERSERS. BHBEY Fr(o) &£ RP LML, WAHERKRS
/ F;(x)dz:/ da:/ f(z,y)dy . (3.3.4)
R? RP RY
A RE AT LA 3R H#e T BN R F IR i RIKBR &
/ dy/ f(z,y)dz . (8.3.5)
Ra RP

7E Lebesgue FANMERT, ZA&F7H Tonelli FHF Fubini &M
SHEH M TR Y3 f(z,y) B RPT LR HE 5 7T B 3
Lebesgue A] FURG T, BRBSFEEFIHBKF, MARSFTEMR
4+, Bp

f(z,y)dady = / dc [ flz,y)dy
R™ RP Re

= /Rq dy /mv flz,y)dz . (3.3.6)

IERASEH K Tonelli EH, SHTATIERIM A R L3R H AT
A%, (3.3.6) AL, BTN B ROR 3 £ AT R B R R RS
AOARBR, & R XA R R S T R B R BOE B (3.3.6) FASL. X
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SRR, BEAMEEN R” faJil4 E, H5X.
/ xE(:v,y)dzdy=/ dxf xe(z,y)dy
R™ RP Re

- /R dy /R xe(z,y)da (3.3.7)
EX 3.3.1 & ECRY NFFEBEHzecRr, S
E, ={y e RY(z,y) € E}. (3.3.8)
M FEEHyeR, F
EY = {z € RP|(z,y) € E}. (3.3.9)
BEEHANEMzBO, EYHIEMy RO
B
xXe(z,y) = xE. () = xBv(T) - (3.3.10)
FTR%K 3.3.7) THER
m(E) = /R m(E,)dz = /R m(EY)dy . (3.3.11)

BT T HEZEBARERGTUE, T ERE r, RITH R
24k Lebesgue W[l 4100 M,.

EHE 3.3.2 RN THEEWERE n=p+q EcD,, A

(1) X TFILFLA = € RP, E, € M,;

(2) m(E;) £ R? LI EE X, B2 R LAE AT k4L,
(3) m(E)= | m(E;)dz.

RP

EH R EEPEM (1),(2),3) 89 n FAMELER U EEE U
BARIEZR, ME U C M, . TRAEIEHR M, C UL, B U= My,
SEEBARIE. X FE O IR R B R R — AR H ALY
Tk EHHEEIEYIZE, EAFERESE U BHER.
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513 3.3.3 THILIR ML

(1) HFEL,E, €M, EE\NE, =0, E;UE; € 4;

(2) HFE,FeM,FCEHm(F)<oo, M| E\F € 4;

(3) & {Ex} C U, B C Exsr, k=1,2,---, W] k('lek N

B (1) BARAL. B

(2) @A (E\F), = E.\F:,, M E\F %2 E8 332 PH& MG
(1). BF m(F) < oo,m(E\F) =m(E) -m(F), X THE F HEE
H 3.3.2 PHIRMG (3), ¥ m(F;) £ R? LJLFLLFR. #xEx—1
KT =z FRBEI m(F;) BHR, NWTAE

m((E\ F);) = m(E;) — m(Fy).

MT E,Fei, SBEF E\F HRERKMH (2) # (3).

(3) i€ E = Ug>1Ex, W E; = Ug>1(Ex)., B EHE 2.1.2 Al

m(E) = lim m(Eg),

m(E;) = klggo m((Ek)z) -
JE—FREREXT z W—NFWEIERL. BT Er € Y, B Levi
SEH, LR E ey

EIP 3.3.2 MY HEWEH M, c U BV E € M, EiEH
E e Y. THAAEEES E AR KB HITIEH.
(1) RERHEK, NEE=IxJ,HKFIMJIEHR MR F
Mk, XF
E, = { J, z€el,

@, z€I;

[J], zel,
m(E;) = _
0, z €I,;
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H
m(E) =11V = [ m(E:)de.
X E e i
() # BRI, W E = | I, B {1} 2 R I

i=1

PP B (1) X5 3338 (1) A
k

Ek=UIj€u.

i=1
MNTTRES | 3.3.3 1 (3), ATH E € 4.
3) ¥ E &R hERAL, WTRNFNERFROEE, A
TiAR4ES( 5 3.3.3 B9 (2), TH E € 4L
(4) & {Ex} & R* HAMEES], m(E) < oo, By D Exya, k=

1,2,....13 -
E = ﬂEk.
k=1

W By eu,k;m,--- Bf, B Eel. HHX E \ Ex € 4, i35 3.3.3
B (3), AT |J(Br\ By) € U ERHESIZE 3.3.3 1 (2) BP7R

k=1
E = El\ &\ Ex) e 4.
k=1

(5) ZERR PEAME, N Ecy HxLt, TRBUBRFEN
{Gk}, B C G, k=1,2,---, fif8 lim m(Gy) = 0. i&

=,

k=1
Mg B3R (2) f1 @) 7%, Hed BRmH)=0 HHECH®
E, C H,. TR2H

m(H) = - m(H,)dz =0,
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1%

m(E)=0= m(E;)dz,
RP

W E WRER 3.3.2 &M 3). LRHNERY, LFLL » €
RP, m(E;) = 0. Hik B R EH 3.3.2 &4 (1) M (2), L Eed

(6) X THER E € M, fE R 2.1.11, ALK E RRAWAHEA
FAZ R BB Y -

E:<6Fk)uz,

k=1
Heb &4 B MRARAE, m(Z) =0. i (3) LLERUT (2) F#977
WAMEIER, | Fx e 4, BRI (5), LB Eec it
k=1

O BE e R HyeR MRFABM TR 4 EeM,
B, &

(1) MFIJLF4L y e RY, EY € My

(2) y m(EY) 7£ R JLFRSE R X, & R? LR HAATH R4

(3) m(E) = m(EY)dy.
R4

I 3.34 & E 5 E, 43R R 5 R F@ A, 0
EixE, e, BH
m(E;, x Ez) = m(Ey)m(Ey).
;I eSS

E2, l‘EEl;
(El X EZ)I = _
(0, T € El,

BT V 3 € RP, (B x Ea)e € My, B
m((Er % Ez);) = x5, (x)m(Ez).
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K HEREIER By x By € M, N EHE 3.3.2 74
m(E, x Ey) = /]R XE, (2)m(Eq)dz = m(Ey)m(E,) .

BAEFRIEH Er x By € My BT By x By AIRN A KR AxB
H3F4E, H A B REFHEIENE. BATIHRUTHMHEE.

(1) ARFWSL. e, FTELH e > 0, 1E R PHFFHERE
5| {Ix} Y& R RESFFREAS] {Ji}, B/

AclUn, Y Iki<s
k=1 k=1
oo

BCDJk, Z]JH(OO.

k=1 k=1

B A x B g R FEFFERERS {1 x J)} s B
m*(A x B) < m(U(Ik X Jl))
Kl

0o

<YYol <e- Y 1Al
k=1 =1 1=1
XBEH A x B R RP x R? FEEMIS. # A x B € My,

(2) A5 BERERME. HH AxBRR xR FHHAE, H
A LIRIIE

* i R={AxB|AeM, BecM}, ERESEKITHEXNE
4. HEM 3345 R CM,. W1 RAERY o REGEE D, x My, 7
KRB o B, BRA M, x M, C M,,. ALEH VY E e M, , BF
XN Z C E, {18 E\ Z € M, x M. BALHEH, M TEER
EecM, x M, 2K E, € My, EY € M, FFH

m(E) = m(E;)dz 2/ m(EY)dy
RP R¢

AL
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Moy ERERMEEN. AAETMUMNARERKZRTHEES5E
fII7E FRZERR BQ 22 18] P B AR 1 R R A 6 R RIHE RIR BN R F I X8 7]
.

EIE 3.3.5 (Tonelli E¥) iCn=p+q, & f(z,y) £ RPT* =R"
ERARR TR RS, W

(1) MFILFLLH = € RP, REL f(z,-) B R LR S ATHIR
18

(2) B

Fia) = [ fewdy

7E R? EJLEAEE X, B R L#IERATHI R 5

(c) EFDERKBIHEE:
f(z,y)dzdy = /RP Fy(x)dz

- /R dn [ fewdy.
O T 332 5, MTEETNE E ¢ M, BIERK v ()
W AR 2 (1),(2),(3), TR 3 1T V0 6 B R
(1).2).(3). A RARMEI (o), SR TR 6 BB L 751
BB, 1 Levi S5, 541 f(z,y) WREEHAL (1),2),03)

MNEEIEHATUEY, Tonelli EHREEH 332 (HEEHR, M
7E Tonelli & P 5 77 7T ) B0 S /6 v W SR AU SR IE R 3, B 78 @ 2
3.3.2. A EH 3.3.2 5 Tonelli EEESNH.

EOBEPARRBAORE, RO, B
[ t@udsay= [ oz [ s

= [ av [ s@uds.

RpP+9q
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32 3.3.6 (Fubini M) # f € L(R"), R* = R? x R?, Ji|

(1) MFILFLAE o € RP, f(z,) 5 RY L TTRES,

(2) Fy(z) = /R (@ u)dy 4 B LILFARAEL, & RP L
AR

(3) ERN5RKBSHE:

| teudsty= [ da [ s
= /Rq dz /RP f(z,y)dy. (3.3.12)
TR 4 [@y) = [(9) - f (@), RBIES TSR
Tonelli AR, EH [*(2,) 5 - (z,y) WREEFHAM (1),02)

), FEHBRBIMRIHEAREY, FHWATLHR. TETH f(z,9)
Wi EE RS (1),02),03).

R Fubini EEETHITER. B, EREMEFBHEH
fz,y) WATRIAEE R AR, K, HEE f 65, N Tonelli &
B RAAR (3.3.12) REARRIEMEFIRME, BMALEETRE. &
R f ARIEFREE, WATHEH SR

[ ewidoty= [ ao [ ispiv= [ o [ 1f@ iy
FlE RS f R BE. REBNAAR (3.3.12).

& HME f(e,y) WA RRBOFELME, R f(z,y) ER
L AR R A A RRE.

#£% Fubini BEHN A, FBUTHRHEER. & f(z) M g(z)
R R LRRTHIRL. EHRS

/ flz —v)g(y)dy
Rn
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FtE, URICBAI N £ 15 g BB, SHER [ (o). TRAE
fra@ = [ fa-vowa. (3313

e B 2 -y = 2, MEBBIEREEYE: frg=9+f.

B, KEMER S —y) R R xR EWTHER

EIB 3.3.7 & f,g € L(R"), MHBR f+g(z) 5ILELLH z € R
15, frg€ LRY, H .

[ i@z < [ @i [ lo@ids

EH B B @) 20, oz) 2 0. BH [z - g(t) £ B x R

EAESTTMER, FRRURIE Tonelli 3, 79

./m» dz ./]R" flz —t)g(t)dt = /Rn dt /R f(z — t)g(t)dz

= /Rn g(t)dt /Rn flz—t)dz = /Rn g(t)dtL" f(x)dz < 0.
X fxg(z) JLFELLHR, HE

RAUCL /R _g(t)dt /R f(z)da.

SR, MF AT, SBER |+ o@)] < 1/ » lol(e), ATIA
* d * = d d .
[rxa@ite< [ 11lalwz = [ @ids [ 1wz <oo
EIEE.
FEARBANILE, CREM 332 MA—TRA. B
EeM,, i fs) B B EHERIEMHRL, S
Te(f) = {(z,y) e R"'|z € E,y = f(z) } (3.3.14)
% [ B LAMER A
G(f) = {ay) €RPz€ E0<y < f@)}  (3315)
W% [ % B Ly FERA.
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TH 3.3.8 AR EcMy,f(z) B E LWIFRTERL
(1) & f(z) BTHMER, W Te(f),G(f) € My, H

m(Te(f)) =0, (3.3.16)
G(f)) = / f(z)dz. (33.17)

(2) % G(f) € Moy, M f(o) RATMEH, HA
m(G(f)) = /E f(z)dz. (33.18)

XA SR MBI E AR SR
iEEBH (1) B, iEHH m(Ce(f)) = 0. REFR m(E) < co. IHMER
6>0, 4% Er={z€E|ks<f(z)<(k+1)§}, k=0,1,2,---. BRA
= |J (),

k=0

PNIEES

e ¢]

m*(Ce(f) < Y m*(Te(f)) < Y 6m(Ex) = 6m(E).

k=0 k=0

M o KRR m(Te(f) = 0.

HIK, iEH G(f) € Moyy UEFR (3.3.17). & f(z) B— A7
B IR RS, G5 BARARSL. DTS Tl 5 AT R B R B e
. MT MR, ATAEIE ST R BB L TF ok (2), FFBCK
F f(e), Bk

G(pr) C Glorsr), Te(N)u ] Gler) =G(f).

k>1
BF Cef & R R EME, Ll G(f) € Moy, ME
m(G(f)) = Jim m(Glpr)) = Jim /E or(2)dz = [E f(z)dz.

(2) it H=G(f), ER R*! = RxR" {r 4. HEMH33.27
&1, HILFALE y e R, H B OK Hy) = {z€ E|(y,z) € H} €
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M. BEH Hy) = {z € E| f(z) > v}, BBT —ABMEHEY y LA
5 {o € E|f(z) > y) BRI XHH f() & E LHTHEER.
K (1), B

m(G(f)) = /E f(z)dz.

§3.3.2 HEZELHNERSSEXRS

EREFSE Fubini FEH Lebesgue FROF IR WA HATHE F)
M EEE . & (X, F,u),Y,6,v) REMENHEZE. 2 Z =
XxY, BN AxBeZ(Ae F,Beg) WG, A Z F1y
AREE. 2k 2 PRTREEISE R, B R £86 o ARBGCHE
M, TR (2,H) RAWZER, X (X,F) 5 (V,6) WRRMZHE, LR
(Z,H) = (X, F)x (Y,G). MFEHW EcH,Vze X,VyeY, BX

E, = {y e Y|(z,y) € E}, EY = {z € X|(z,y) € E}, (3.3.19)
FASBE E .

#3330 & (X,F) 5 (v,0) BFA o ARMESHE, (ZH)
BX 5Y MRS, WEAER—2XT 1 L o AFRME )\,
B LT 2

(1) MAx B) =pu(A) xv(B), YAxBETR;

@) MTAELH E e H, & |

NE) = [ (Eutdo) = [ w(Ewidy). (3.3.20)

20 2 _EAOMEE A FH 1 5 v BORBIIE, 2\ = x v K
(2,0 B (X, F,p) 5 (V,6,0) HRBMERENE, T (2,13 =
(X, F,p) x (Y,G,v).

\FEA EEAS 4 2.
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(1) IEREATHE E ¢ X ROEBETHR. 4
& ={EcC Z|EBOARTTH},
RBIEY 1 C £, % Ax B REWAK, WERDE A, B =& 0, BT
AXBelE, MMRCE FEeE{E)Ccé, zeX, yeY, 1
(UEn)z = U(En. €6 () = (B)* €6
A% (UE.) (B € 7. B UEn, E* € £, TR € R o . Bl
HCE.
(2) F X LHBEE K C2X, BEEZM: 4 {A.) C K HEFEF
B, & lim A, € K, NHLESHE C BREAK. o« RBERBEE &
Bk K &—ME, W CB—1 o RE
(3) 124 E ¢ H, i
/X V(B p(dz) = /Y W(EY)v(dy). (3.3.21)
BHHEEER u(X) < oo, v(Y) < 1HE. id
L£={Ee&|(3321)RXBI},

HEEH HCL AR EBRKRECH B. FE=AxBeR, NF
| vEutan) = wayw(s) = [ wEwas).
FERCL BREA E e B ARNARA LR TGRS
3. T LIHERAKZIZHEA, 8 BC L #F{E.} CLAFAF, N

B Levi EH1

[ o((UEn), Jutee) = [ timo(E.)uan
=tim [ v{(Bn)aJude) = lim | u((En)?)vidy

- /YH((UEn)y)V(dy).
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BUE, € £. UM, X {E.} B £ PHREFIN, HEHNE €L, 7
WL REEA. LDidh BAERMEEE, B D ARERE BHE
EHHR. Ht DC L.

SUED B—ME, FRDER o« ¥, WNMIH HCDC LMK
S. BB EeD, A

Dg = {F € D|E\F, F\E, ENF ¢ D}.

BRO,EcDp; % EcDrp W F € Dp; Dp hRHEPFHK. MR E € B,
4 B C Dp, Wi D C Dg. XNH#H VE € D, H B C Dg, \ifi
D C Dg, XFH D B—MEK

W u(X) = 00, B v(X) = oo B, A[EREARFICH TTHISER {A, x

B}, {#
Z =|JAn x Bn, p{An) <0, ¥(Bp) < oo

1B E€ M, % E, = EN (A, x By), M LBFHER
[ B = [ S v((Ene)n(d) = T [ ((En).)uie

=¥ [ u(@wtan) = | uerpian,
4) EBEeH A
E) = z s
NE) = [ v(Euie)
I XV B E Y A (1) A (2), BSRIE A B—1 o HIRIE.
HRBRE. TR EAHE.
X AR SN (2,1, ) = (X, F, 1) x (V,6,v) L#AES A
WE f, T 2 - aRA e
[ senan = [ fa@uu@vay.
zZ X XY

HERK 23 b Lebesgue BRSr 5 BB W Ac i, A T1d
Tonelli X5 Fubini ZH.
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EIE 3.3.10(Tonelli EIB) 4
(Z,H,\) = (X, F,u) x (v,G,v)
ERBBESE, fR 2 EWER ) THER W
(1) XF Vo e X, BY f(z,) B Y EHFER v THEE HT
VyeV, B f(oy) R Y L8R p TIEE.
(2) B4
Fi@) = | fepmdn

B X Lt THEN, B
Fy(y) = /X f(z,y)u(dz)

&Y E#FEf v AR
(3) ERS5RKRAME:

/Z f(2)A(dz) = /X u(da) /Y f(z,5)v(dy)
= /Y v(dy) /X £z, y)u(dz).

ST MR8 (2,4, )) FATTRES, BB Sk B L.
IR 3.3.11(Fubini F¥) & f e L(Z,H,)), W
(1) 3T p LFAALE = € X, E¥ f(5,7) € L(Y); 4F v JLE
(2) B
Fy(z) = /Y f(z,y)v(dy)
B X LUREN B5
Fy(y) = /X f(z, y)u(dz)
BY LeTRER.
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3) ERN5RKBH S

/ F(2)Mdz) = / 1 (@, y)u(dz)v(dy) (3.3.22)
VA XxY
- / u(dz) / f (@ u)v(dy) (3.3.23)
X Y
_ / v(dy) / (2, v)u(dz). (3.3.24)
Y X
> 4]
LRES
/ (e‘”z—e_"”z)ldz, 0<axhb.
o T
2 KB

Jc(e‘M — e ")sinzdz, 0<a<b.
0

3. # f € L([0,1] x [0,1]), iEHA

/01 d:c/oz f(z,y)dy=/0l dy/yl f(z,y)dz .

4. i/ f € L([0,q]), g(z) = /a lf—(t—tldt, JEBH

/0 g(z)dz =/0 f(z)dz.
5. & f € L([a,b]), iEBA

[ @ [ s =3 [ saas]”
6. % f € L([a,b]), HEEA

/abda:/abdy/zyf(t)dtzo.

T8 fg€ Lt F@) = [ f0d, 6@ = [ g0, En

b b b
/ F(x)g(z)dz = F(z)G(z) —/ f(2)G(z)dz.
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149

8. WY z,y HHHEYE f(z,y) =0, BW f(z,y) =1, KRR

/ / f(z,y)dzdy .

9. @ JCO,EcIxJ HEMFE—4zecJ E. 5I\E

w¥, EE E ANE[.
10. 4 f(z) B R LAyIE TR, = XE
e(y) = m(R™(f > y)),
9 [ s [ ot

11. %4 f,g & E CR* EIEMATMRE, WEMX—48]y >0,

o(y) = /E L, f@a

/f dz—/ o(y)dy.

12. # f € L([a,b), 7 [a,b] Sb, f(z)=0. %

z+h

f (t)dt,

#E, A

p(z) =3 oh

b b
INEE / f@)da.

iERA

13. % f,g RIS E LATRIRE, m(E) <co. F f(z)+

1 ExE Eu[fl, {8 f(z),9(z) € L(E).
14. R4

dzdy ln:):
/ / S — )
z>0Jy>0 1+ y)(1+2 )

15. ¥ f € L(0,00), f(z) >0, B ( )f(t)dt>0, 2
0,00

:l/ f)dt, o> 0.
T Jo
B FELO,00).

9(y)
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“16. % f(c),g(z) RATME E EMER, H f 8ER ran())
C erd], 9(z) 2 0, /E g(@)de = 1, p(z) £ [c,d] LHMES. ERAE
(Jensen) AR

cp( [ f(x)g(w)dx> < [ eli@lata)d.

(AR —PERB v (c,d) - RFFHKMEH, BIE Vs, t € (c,d), A €
0,1), &
p(As + (1= N)t) < Ap(s) + (1 — Ae(t).

MR o BRI, EEZESER—ASISRINY R AR TR

EB to € (c,d), NIFFFEREL &, 77 o(t) —o(to) 2 k(t—to) ,VEE (c,d).)
17. & f(2),9(z) & E ERAERATHIREL. ¥ f(2)g9(z) > 1, z € E,

H m(E) =1, iXiEH
/ f(a:)da:/ g(z)dz > 1.
E E

18. & A, B & R™ A4, XiEH

/R" m((A\ {z}) N B)dz = m(A) - m(B).
19. &

Ty 2, .2
- T TP

0, r=y=0.
ff: (1) f(z,y) ¥ [0,1] x [0,1] LN BRBIREFE? HFE
REMHE?
(2) f(z,y) ¥E [0,1] x [0,1] LA ?
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ERTEILE S, RIOBEFRBIEAPRIR, FHT BIH TR
PERI TR, BSLT TR B 5 Lebesgue iR, SREM
SERMLE, XTMHNRLERYT KT RIGMER. HE, R
Lebesgue AR MBI EEREN — T RERFR, ITRGEFERD
L5 RR Q22 AR H S A 22 (] G P S (B IR AR BORF BEAF FE X F 2 6]
GH B EER, FPEAEREE ZHNRERERNHEE LRTER
XA E

AEREE < p KRB LP(E), ¥ E & R” FHAH
%, pBRRKFHRFT I WEEH. Yp=18, LYE) KELESE
& E L#) Lebesgue JHKY. BAEFESARHEPEITBHEHRA
R, MEFRESPEBSRPZEAWHELXR, FRILEREE
HRRB G, MRS, WIMNEWR OISR, £ LP(E) L3N
H ARG R SCH B B

d(f,9) = lf —gll, (f,9 € L*(E)),
W XA FEREXES LP(E) LIIAGES. KEXTER, & LV(E)
AT LABE S TR R [ E R 451, X RETEE L7 Z ([ HE iR,
BATHBF I X A 23 [ 205X A BE B T A 58 48 DA i 25 18] Y B 357
2 PR PR A IR

ABER, LP(E) ZRERAEFEMSTERNERM, Wk
BT R 5Z R ERY AN EERA. ERUEMTEF
HAHEREEMA, T EERMBERFESXTRTREERILZ
B L.
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§4.1 LP 25|

§4.1.1 L” FERIEN

EX 411 4 FEER" R4
(1) B f(z) B B LTSS, p>1,1C

1

£l = ( /[ If(w)l”dw) . (4.1.1)
B fll, N f 89 LP F5% (8K L #). 4

LP(E) = {f e M(E) | lIfll, < o0}, (4.1.2)
¥ LP(E) K E ki LP Z206).
(2) ® f(z) B E EHAIMIRE. MRFLEM >0, {78 |f(2)] <
M, aelE], % f(z) HAREFRE. M—Ulmiey M RTHR, idh
flloo, BRER f(z) A LR, H L2(E) RARE E LhANEE R K
B AR RS
Y f € L®(E) B, 5

Ifllo = inf  sup |f(z)]. (4.1.3)
ACE
m()—0 "€\

E—ZFFiTiE R Lebesgue TR EZEH) L(E) Bl Lk E Y
LY(E) Z[d].
1 EEMEREEE (X, F, ), SR Ly Lo 2.
(1) & f(z) & X L&y FoJfig¥, p>1,38
1£llp = ( [ @)’ (4.14)
BAfll, & f 89 LP F5% (3K LP 85). 4
LP(X, F,p) = {f € M(X, F,u) | I fll, < o0}, (4.1.5)
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Fr LP(X, F,p) R E L@ LP 2308, f&iC4E LP(X).

(2) & f(z) & X LB F ATRIRE. FHFEM >0, #8 |f(z)] <
M, pae., f(z) BRASEERH. Xt—UImiLly M BUF#S, idh
I flloo, REHR f(z) ByA&MELR. B Lo(X, F,p) RARE X LhEHE
AR BPH 2R RE.

Y fel®(X,F,p b, BH

”f”oo = inf sup lf(x)l . (4.1.6)
ACX
p(AC):OzEX\A

PFiHesy Lr(F) ZREERLE LP(X, F,p) ZEFOEL, AEA
2.

FTHEAE 1 <pg<oo, pt+qg ! =18 pHMq AT
FE 2 W3R 2,1 IR R o, o BYILFEHE 1. 4
l1<p<ooBf, g=p/(p-1).

TP 4.1.2(Holder AEFR) R E B n HWHE, p5qRH#
Y%, feLP(E), g€ LYE), WA
£l < 11£llp llglla- (4.1.7)
B #Ep=1, M ¢ =00, WERERX (4.1.7) K
[ 1f@s@ldz < ol [ 1f@lez,

ERRRL. BFB 1< p< oo % |fl, = 05 lall = 0,
BA f(r)g(z) = 0,ael[E], TR 417 KUWBARL. HATHE
I£ll, >0, llglly > O B9HEE. AKX

a'lib%_<_g+é, a>0,b>00
p q

©® #F lnc x>0 ERESEY, FEA Line+ tinb <In(2 + 2), AT
al/Ppl/a < gt b
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h, 4
_l@p @l
A lollg”

BEG
|/ (z)g(z)]| 1|f($)l”+lly(w)|"
Wfllollglle ~— p £ @ llglld

K EXERS, BIBAER (4.1.7). iE8 .
Hl<p<oo, f€LPE), g€ L"(E) B, HAFR (4.1.7) /il

Ufz)g )da| < (/ I x)lpd:c) (/Elg(w)l"dz)%. (4.1.8)

Holder AERXH— M EBESFHHE Schwarz RERX, Bip=g=2

A | |
2 2 2 2
[Lﬂmwmus(LVuNM)(LuaNM). (4.1.9)
i 4.1.3 #F m(E) < oo, M
(1) %4 p1 <po B, LP(E)C LP(E);
@) tim Il = flloer ¥ f € L=(E).

B (1) Y4 pr = co B, BIRE L>(E) C LPH(E). ¥ p) < p2 < 0
B, & r=p/p > 1,38 ¢ K r BIFERE, WS f € L7 (E), BIR
%X (4.1.8) 18

[it@paz= [ 1@ 100
() (o)
=mwﬁ(ﬁuwWMQ%,

e 11 £llps < m(E)7 75| fllp, -
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TFTRRE f € LP*(E), ||fllp, < oo, B EBRARFERH ||fllp, < oo, AT
f € LP(E). # LP*(E) C LP*(E) RLAL.
(2) iE M =||flloo, M

il < ([ Mra2)” = - mim?,

8

] A
Jim |Ifllp < M.
SHE— M' < M,ig A={z € E||f(z)|>M'}, MASE AHFENE.
HASR .
wmz(/m@mg”zMwmﬁ
A
GEE!
lim ||f]l, > M'.
p—>00
h M BT ERE, T
lim 1fllo 2 M.

B lim [1£1ly = 1 flloo BRI

R 414 L7 EHORELT HRAE . %o c R, /g € L(E)
i,

(1) FRAE: laflly = lellifly;

@ SRRBER: S+l < 1fllp+ ol

(3) Et fllp > 0; fllp =0 S EALY f =0, ae[E].

B H1<p<oolt, (1)F (3) BRI, RFEIEH (2). &K
i

A}ﬂm+gwwﬂr=AJH@+@@M”WK@+@@DM$

s/Wﬂm+guw*uumn+/Nﬂm+ng*wuwu
FE FE
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BULEAE Holder AEASHH T LA RMTRS. ME RO HH
(@) 5 [f@)+g9@)P* HAERE p 5 a=p/(p-1), A%
/E £ (z) + g(@)P~H|f()ldz < [If + gliE~ I £l -
FE, MBI RLTHE
/E |f(2) + g(@) P~ |g(a)ldz < [If + gllF~ llgllp -
¥ LEHAFXAATK, A
I1f + gl < 11f+gllp (1 f Nl + llgll) -
RGNS +gllp # 0, LB (f +gll27", BIB=AAFRX
% p=15kco Bf, {EBIRMAEH, MK
&2 EEPH=ARSRALHA Minkowski REFK.

TE#—$i+e Hodler RERX. 1€ (4.1.8) X, B lgll, =1, W

\ [ 1@st)a] < 71,
E

W ARELIE g € LUE), |lglly = 1, B E RS ERT 7 ARG N,

T 415 B/EFELPE) (1 <p<oo) ®qEpHLiEE
%, WHAEEY g € LI(E), Wi |lgll, = 1, 578

5= [ f@a@)de. (4.1.10)
B M p=18f, HEW o) =signf(z), BN llglloo = 1, A
/ f(z)g(z)de = / 1£(2)|dz = 111}
E E

% 1< p<ooBt, REE ||Ifll, #0, FER

_(F@NT
9(z) = ( 1Ty ) signf (),

HERUER (gll, =1, TH
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B F@N .
[ r@g(@as = [ lf(w)l(”f”p) dz = ||,

AT, AT L7 TR S —HEIE: % 1< p < oo B,
11, = sup { / f(fc)g(:v)d:c} (4.1.11)

flgllq=1
He g 2 p 35463, B EXAHRE LA REETN. Yp=
Bf, A TREMUER.

%3 4.1.6 MTEBHEM [ € L<(E), &
Il = sup { / f(z)g(:v)d:c} (41.12)

llgll1=1

W 32 (1flleo = M > 0. 4EB ¢ > 0, FAEATWTF4E A C E, {78
|f(z)| > M-, z€A,
H#H m(A) =a>0 %4
o(z) = - xa()signf (z).
i
lolls = / l9(x)|da = = / xa(z)dz =1,

[iip:H

/fgum~ /WMM@M—./WW®>M*
B £ ML BRI AL,

R, K 0,1 EEES 1) = 2, 0 [|flle = 1. JEHT
EE®R ge L'0,1), H llglh=1,F
1 1 1
| [ 1@9@| s [ elst@ia < [ lo@laz =1.
0 0 0
S p = oo B, R 416 i L8R R— R SEELE]
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§4.1.2 [P Z[EIRIER

B ERER 414758, Ha€eR, fgelP(E) B, BF
f+geLP(E), ofeLP(E).

FLAGE R BB INE SHIGER, LP(B) R— A rAB=EN, ERE
TR SRR LP(E) PILELAAFHREAMES, ARR—
PR, HERRAILFLLREERFNXR, 1€ LP(E) PHTH R
HHhE. FIRMESHRBENXEBELAN2ZE L - aBS—
AR, TRE fg€ LP(E), W f =g B f(z) = 9(z), ae[E]. X
FEEEE 4.1.4 FPHY TERAHE” (1)~ () B5 R” A B R
(W §1.3 1 (1.3.4)~(1.3.6) ) ST EENXFHRM, TEE]
¥t 523 [8) LP(E) — PR 55 4EBK EC 22 (] s LA AR RE A JLAT 154

B X R-AEE BN XPERFEAITE s 5y HIHEN
FEREPEZI, 2K dz,y), EWRTE=4% “EREAHE".

(1) EEHE: d(z,y) >0;d(z,y) =0<= z=1y;

(2) XMFRHE:  d(z,y) = d(y,2);

3) ZAAR%EX: d(v,y) <dz,2) +d(2,y).
WA E X hE X TEH d, 3% (X,d) YEFEZE. £ET—E+
He VRN 75 5 A BE S 2 1] A P IR

FER® X T 2= (21, ,2n),y = W1, 1 Un), &

d(z,y) = llz - yll = | _Z(zi - ).

dHJUMENRE c SRy ZAMNER. “TRRdBERERL
B, #% (R",d) B— M EEZE. #ELE, MREATANESAEDR
RARYE IO d W R HX =AM FR k.
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EHE 4.1.7 MTHEEMER f,9€ LP(E), EX
d(f,9) =If - gllp, 1<p<oo, (4.1.13)

W (LP(E),d) B—AERZE[H.

B (1) MEEEX, d(f,9) >0 BRREL. HHA

lf = gll = 0 &= f(z) = g(2), ae.[E],

B f#0 g B LP(E) FHIR—EE, Bl d(f,9) =0 f=g.

(2) MEES, X d(f,9) = d(g, f) BREL .

(3) HEM=ARER:

If —gllp=Wlf —h+h—gll, <|If = hllp + 11k - gllp,

WRIBER = A A% d(z,y) < d(f,h) +d(h,g).

fFHoZRAMER|f-gl,, BT f 59 Z2EMEERE. A
FEMFIBR R 28] R™ A FBE B & SRR — ¢, TERE=EN] LP(E) Hit
A ERSIANRBE R R E SRR -

EX 418 #ERETTRHE X fr€ LP(E)(m=1,2,--).
HRTE f € L(B), %15

Hm d(fm, f) = lim ||fm = fll, =0, (41.14)
BHEEF) (fn) K LP B RHTFEE f, {fm} HZEH LP(E) F
K, f 2 {fm) BORRBR. IE4E
fo 2 f R D lm fp = f.
AT RBMHERL FAIRHCR fm — f R lim fr = f.

F 1<p<oo, WHK “ L > K “ p WIFHKH"; L p=1,2
BT BIRAR A “THWEC 5 “Hlst.

mFU L XEBR LS R* B E XEeMmF, R $ik
FRIZE M —SHE R A LP WEFRA. Z%FZENT:



160 FW#E Lzl

(1) BRI — . % fr D £, foo S g, T
f(@) = g(2), aelB].

(2) & fm =5 f, WBF (| fmll,} BR, B
Bim || fmllp = 1 £l

(3) & fm = £, gm = g,

fm:tgmii)f:i:g, a-gmgi)a-g, Va € R.

ER 419 MNFHEW n EJRE E, & frn,f € LP(E),m =
1,2, R 1<p<oo & fm ~0 f, MEHF {fm) KMEREE)
f.

B SHEL € > 0, 4 En(e) = {z € E||fm(z) - f(z)] >}, W
AU TR

em(En(@)} < ( [ NCE f@lrd)

< ([ ttmio) - f(:r)l”dw)%

= ”fm - f“P’
b lim m(B(fm 1] > ) =0.

1
H

T 4.1.10(L7 HEIKHEIE) B EC M, f,fm € ME),m =
1,2, TH fm = f, 0.[E] 8 {fm} KUEKRHF f. #
geLP(E), 1<p<oo,
78 | fm(@)] < 9(2), 20 B), m=1,2,--, W fr 55> f.
B B b = = P, m=1,2,, W {hm} & E LETR
EHF, hp — 0, ae[BE] 5 {hn} KABHE 0, H
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()| < (Ifm(@)| + 1 F(@)])" < 2Pg(2)?, aelE].
KK 2PgP € LI(E), HH Lebesgue IS HIWNEHE (G B 3.24) 15
lim |[|fn — flif = lim / hn(z)dz =0,
m—o0 m—00 E

B fm 55 f.

§4.1.3 L» FEMTEE
FEBRECZE 8] R Bigeh, WFWSURE (EH 1.3.23) BEEAE
A. 1 LP(E) =@ R L.
BX 4111 HEFAMEE, B {fn} CLP(E), 1<p<L oo &
(Jim 1 fe = fmllp =0, (4.1.15)
FEEI {fm(2)} RZENE LP(E) FHIEAF] (BHFTS) .

% fm 5 £ BT
Ifk = Fmllo < Wk = fllp + 11f = Fnllp s
W4 LP(E) H RS 2 R H A 5.

FIE 4.1.12(REMTIE) £ ERTNE, {fn)} & L/(E) T
BAF, W {fm) BRBSF.

B BEWIAEEE f € LP(E), {78 fm = f.

¥, B 1<p<oo W BN {fn) B L7(E) PEAF,
SERSIEYI R 4.1.9 HFARIE, THEES {fm) £ E LRKM
BEW A B, AR 2.3.9, FTE B L JLTAbAb A FR 4 T B 3K
f(x), 18 {fm)} £ E LARRBEWHT f. XMH Riesz BH (EH 2.3.7),
T TFH (fm, ), BB

lim fm,(2) = f(2), ae(B].
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TR Fatou 5|3 (B3 3.2.3) %
/ Ifm(z) - f(:v)lpdz = / lim lfm(z) —fm‘(z)[pdx
E E 11— 00

<lim 5 |fm(m) - fmi(z)‘pdm-

1—00

B H

Jim [ (o) = £@)daz =0,
I bl f1) = 0. R, BFFR Sy < W= o+l
TG S € L2(E)
S, 18 p = oo WM. R (fn) C L=(E), WEE
Jim i~ flloe =0,
AT vk m e N, A
[54@) = (@) < e = Frlloos - aeB].
FTUFFIEFRE 2 CE [EBY c € E\Z LK
(@) = Fm@)| < i~ Fmllews V0.

WTIER f(z), 18
lim fm(z) = f(z), z€E\Z,
S5 f € L®(E).
e >0, FEARE K, B84 km > KB, ([fi— fmlloo <&
HFY k>K, ze FE\ZH,
|fe(@) = f@)| = lim_|fi(2) - fm(@)| <e,
B4 k> KB, | fe— fllo <e. XBWH fie 5 f.
FEEIEN RS B2 HiIn TR

B 4.1.13 & £ 5 RS W {fn) BEFAIE E EJLEL
ST f .
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EE 4.1.12 FrRAMERZERZN LP(F) W&t mERREK
ZE R* —#, LP(E) BR— N TEMERZEN, XR2—-THEAEX
W, —HH, BRET HE LP WM — RSN, 53—,
ERVERZN LP(E) 2K, $BE 4K ENRE 8955 (BI%
AR (4.1.15) EEAF) #AE LP(E) st X—EAAR, BRE
Lebesgue U B HYBR AN, N4 HREBNHREAX —HR.

EBAXE (0,0 ELERETHEY, ICER. BRRE L((a,b)
W—AmEFER. FTEORTFERA R FHERFR—EE R FK
L' K. # Q= {raln € N} & [o,0) FHEHHR. BIFKIE 6, (E77
Tn €0n, Y m(b,) < 00. &

n

fn(w) = Z X6; (III), f(x) = ZX&( (‘E)a
i=1

i=1

NBR{fn}CcR. X

o= fli= [ Sxa(e)de

(a:b] >

<Y m@E) =0 (n— o).
i>n
AR R HHIEES {fa} K L EPREAS], ERBEREE f RE
R, EMHA feR, TR f(x) % [0,0) LHR. HVneN, f(z)

WHTE [a,0) IEANFRE EXT n, X5HRE f FAMETE.

§4.1.4 LF S[E@o]H
THEiT LP BiEH LP FEMA 2, EF 1<p< .

M 4.1.14 & EC R* BH[#4, F C LP(E). HXMEEM
fELP(EYURe>0, BFFE ge F, HB |If —9ll, <e, MFFREE F
£ LP(E) v %, WaFGANTE fe LP(E) o[ F R EH “ LP
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B, & LP(E) PHETHRE TR, WK LP(E) BT

3 ZREPEF C LP(E) RRABFWRSVERGRE, MEE
f € LP(B), SHEFH {f.} c F, 878 f. 5 1.

I 4.1.15 HA e LP(R™) T A BT s S

B BUE f € LP(R™) , WFEAERT I S s 0 o, 678 ¥n —
AR (L §2.2). 5L BRTTR |yl < |f], TR L BHBSUEE
(FEFE 4.1.10) 18 ¢n o f.

H4 ®FGCLA(E) iLH ¢ PRRMARKIEL S 2EMHM
Wy REEY H. B M TE LP(E) FRE. H85 ¢ PHTAR F
Ry L EE, M FRABEEE, FHE LP(E) PRE.

ZBMTHEE:
Ce(R™) = {f € CR™)|IEH ACR®, flou 4, =0}, (4116)
PR f € Co(R™) AHEXBHELRI

EIE 4.1.16 ¥ E C R” ZrMIM, MG f e LP(E), TH
C.(R") FH R £ L L? BiT.

W MEN 4114 FES3, UREHE 4.1.15 & f = xa, HF
AC E, m(A) < co. STFIELH ¢ >0, FF7E R FRESR F RIFE G,
BB FCcACG HmG\F)<e BIF®RBOF,4 K= (BnG)S,
W F5KRERHEZHHAR 4

d(z,K)
9(z) = d(z,F) +d(z,K)’
HA d(z, M) = inf{||z — yllr~ |y € M}, RRHK = BIREG M HER,
CRARMT ¢ #8, BY4 M KJHALR, da,M)=0zeM T
BgeCR"),0<g(x)<1,Hyglk=0,9r=1 BRgeC(R"). T

zeR™,
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padec]
/E |f(z) — g(z)|[Pde <m(G\ F) <

BHEEER.

EIE 4.1.17 LETHSE ECR, MEA fe LP(E) fH R Lk
RAARX BN REOE L7 Eif.

B EiEEE 4.1.16 WA, XHEHE € > 0, FF7E g € C(R™), &
B

If = gllo < 5
AR g(z) BIZHRE T RAFIT -
I'={z = (21,29, ", xn)|—k<xi§k i=1,2,---,n}

M., ﬁ*k%ﬁfﬁﬁ H g(z) B‘J*ﬁﬁ@?ﬁl‘iﬁﬁfﬁ FER B R &L

(B) ZQXI III), lg(z) LP(J))' < =i (2]6)" 21 T € I

i=1

HPHNLEET I AR FEK, W

If = elle < IIf —glls +llg = llp <€

ES5 OIDkEAHRY, FRIGKE 27 forkch ik, LR
IEB R AT ABB X B B R R o (2), HAEA L BRET T AN i
Tk,

T2 4.1.18 I E C R"” BAWE. MFEEHN 1 <p < oo,
LP(E) RFEV AT T4, B L7(E) B 2ZMH.

iFB ®&E E = R, f € LP(R?). HEHE 4.1.17, MEEH
e>0, 1 R L%Ei%%ﬁ&fﬁ

T) = ZCiXI;(x))
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R L Rk, 18 (1 - oll <e/2. REH
leit < M, m(I;) < MP, i=1,2,-.- N.
BREEY r: , # In| <M, B

£

lC,’-'I‘il(m, ’L=1,2,,N
N
4 (2) =) rixs (@)
=1
TRE
N N
o= vl = | o ren(e) - 3 coxn 2)
= = p
y 1 1
< S - elllxn @l
=1
€ N 1 £
M > (m(L))? < 5
=1
TR

If = %lle < IIf —ollp +lle =¥l <e.

EREm v B RSk T RHE, FLl L& LP(RY) P AH
s,
% FE Ru[l. XF felr(E), 4
) = { f@),  ack,
0, z€E,
W fi € LP(R™). MER e >0, FE Y e, 8 ||fi —vl, <e B

PR y
(/ |#(z) |pdz) " e

A T PSR E GERHE E b, Rk I, T R
LP(E) PRI PR TR,
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7 6 Z=[H) L0, 1] BRAF 4.

B 2 ¢ = X0, MBS A= {90 <t < 1} BRATHA,
B ller — @slloo = 1, % 5,2 € [0,1], t # 5. & L0, 1] FEEFHSE
B,Vte[0,1],3fe € B : |Ifi —pullo < 1/2. TRY t,s€[0,1],¢# s
B, &

Ife = fslloo = oz — @slloo — “ft ~ @tlloo — I fs = ¥slloo

11
1—-2_L_o
>17373

A fe # fo. BB ARTEE. XRAB/E L), 1] PAFEAI
.

Tk AT LR Holder 550308 6 L.

IR 4.1.19 % f(z) B E LR, SFEEFE M >0,
EEX T4 B LR AR o), B4
/E f(@)p(@)dz| < Mllgll,

W f e LP(E), H |Ifll, < M, K ¢ 5 p RILIRIEH.
B AR ¢ > 1 R, MERARICRH IR T AT HE
BEFS {or}, iR

lim px(z) = |f(z)|’, z¢€E.
k—o0

o
Yi(@) = [ox(@)] *signf (),
e 1
well = ([ oeteraz)"
R TRRSR

1 1
q P

0 < ¢(@) = [oe(@)]* [oe@)]F < [0x(2)] 7 1f(@)] = v (2) £ (@),
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bR (B AR A AT
[ er(@a < / B(@) f(@)dz < Mlyl,.
E E
) AT / or(z)dz < MP,
E
Ak — oo, B8

[ 1r@pri < me.
E
HWKIEH ¢ = 1 EIE. RE5R f(z) > 0. AIRIER.. & fEL>(E),
WFHE E PRy {Ax},0 <m(Ax) <oo(k=1,2,---), §B
fz) >k, z€Ay, k=1,2--.
ia (pk(.'B) = XAk (17), k= 1,2,---, :F%%‘

Lo@i@az
lloklx — m(Ag)

XEEHEBRETE.

=k, k=1,2,--

> -]
1. 0 < m(E) < 00, &
Ny(f) = (;%E—) [ |f(z>|”dz)”, 1<p<oo,

IEBY py < p2 B, H Ny, (f) < Np, (f).
2. & f e L([0,1] x [0, 1]), IERA lim I fllp = Il fllq-

3. % f € L°(E), g(z) >0, B /E g(z)dz = 1, SEH

im ([ If(w)l"g(:r)dzf = 1fllo-

p—ro0
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4. % E RTIRIE, fe L®(E), m(E) < oo, H ||flle >0, HEH
Pl
2 I
5. E ZA[Mi4, 0< p,q< oo, IEEH
LP(E) - LY(E) = L¥#(E),

ot LP(E) - LYE) = {f - g| f € L?(E), g € LY(E)}.

6. % ERA[MEE, p'+¢'+r~ 1 =1, f € LP(E), g€ LY(E), h €
L™(E), iEH (I fghlls < 11£1lp lgllq IRl -

7.3 f,g A E LERTTREL, 1<p<oo,1<g<

1
oo,1§r<oo,;=

1/r
[ s@s@ae <tsiyrialy ([ @)
8. W E RAMIAE, 1<q¢g<pmE)<oo,felLP(E)Hfc€
LY(E), n=1,2,- . & lim ||fo = fllp =0, iEH
Tlim ||f — flly =0.
9. % f,fn€ LP([a,b]), n=1,2,--- , & fn <> f, EH
Jim_ tfn(z)dmz/tf(z)dx, a<t<b.
10. ®Vz € [a?b], A fulz) —z f(z), BE
/b|fk(z |’dx5M, k=1,2,--,0<r <00,
RIEH, XF Vp: 0<p<r
Jim / |fk(x f(@)|’dz = 0.
1. AEAWBE ®1<p<oo, ffe e LP(E), k=1,2,---, A
fo > fraelE], lim [fell, = [1£llp, UEH
lim 17 = fll = 0.

= [ fllo -
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*12. R E RS, 1<p<oo, fr e LP(E), k=12,---, BF
Jim fr(z) = f(2), sup 1 fxll, < M,
B, XFAEEM g€ LYE) (¢ & p HILHEY), &
Jim /E fe(@)g(z)dz = /E f(@)g(z)dz.

13. % fe LP(R*),p > 1, AN FHEE—ITEAEEIEY ¢ €
C.(R™), &
/R f(@)e(e)dz =0,

iE# f(z) =0, a.e[R™].
14. & E AW, HE m(E) =1 Fr> 1L iERNFEEH R
feL(E), &

iy 171 = exo [ mmlGo)lac).

(FIA Jensen RERX, URAFEX hu<u-1.)
15. BERME E. i’ fr € LP(E), k=1,2,---,1<p<oo, HE

S ellp < oo,

k>1
D Ifi(@)] < o0, ae[E). #Hid

k>1

@) =Y fula),

E>1

UE)

=0.
P

N
Ifllp < D Mellp,  Jim D7 fi = f
E>1 k=1

16. ¥ E BV, fe L(E), fr € LE)NL®(E), k=1,2,---.
=5H

lim ||fx — flh =0, sup|{fillec <00,
k—o0 k
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EH, MEEM 1<p<oo, H
feLX(E)NL¥(E), lm [fi—fl,=0.
17. % E RU[RI4E, f e LP(E), fr € LP(E), k= 1,2, . &
fo 55 £, fn > g,2€ [E],iEH f = g,ael[E].
18. & f,9 € M((0,1)), f 20,9 > 0. #F f(z)g(x) 227}, ae., &
HERA (1 fllllgll > 4.
19. SRE[WAB E. | f € LP(E), AC E R, IEH

i< ([, |f(z)|"dz)l/p ([ ’ f@)Pd) 7

20. it E RO, MR fe LN(E)NLYE), HF1<rs<

oo,0</\<1,—1-:é+1—:—/\-,ﬁﬁﬂﬁ
p T ]
11, < LA IFIE.

21. % E RMENTFHTHE, 1<p<r, [P(E) 5 L'(E) Z
ERGHFEAERER? ]

2. 8 f € (o), JH 1 <p< oo, Fo) = [ f(0at, iEW
F(z +h) — F(z) = O([h|®-D/7) | ¢

23. EMBEE LA f, 55 f, iEHBRE-ANBHE Z, 74
& E\Z LK fa=f.

2. RETHMEE LAH f. 5 f, 90 = g, B p,g R34
ﬁ, ﬁEHB fngn Ll’ fg-

95. QAKX [a,b] L fn 25 £, EH

[ it = / f®dt  (a<z<b).
26. & f € LP((—00,00)) (1 < p < o0), IEMA
lim / fl@+1) ~ f@)Pdz =0.
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27. % f € P(R), 1< p < oo, {EW
dm [ 17+ - f@Pas =2 [ Ir@Pds.

28. W E RATHA, f,geMH(E); 0<A<L, B2>1,iEH
MSllp + (1 =2P)lgll, < 1S +gllp-

§4.2 L2 23]

L=, BRKRZEPHER. RFIRRESHET L(E) Z
[, § L» ZRERERHRAHTUEMBRNES. L4p=28, €
RILPEIERL o 1RIFLR 2. TR f9€ LX(E) B, f-ge LY(E). XfE
8 L* (a7 LP 2 FER P AR AL

§4.2.1 L% =EIMAR
FEEINERKZRE R F, Hz= (21,22, ,T,) HEEARXE

n
llall = o) >3-
=1

£ L fsh U L2 304 R R R AKXMERRS, AW L
S SKEEMAEELHEE. KESHPH S —%ILE8S, 5
. EEESHTUSIAL L2 ZHEP. KESE R PEHE.
ZHEY, FIAESIUTESET R FHAR: ST ELHA
T = (21,2, ,Tn), Y= ¥1,¥2," " »¥n)

Wz 5y HRR .

(@,9) = > _ ;. (4.2.1)

i=1

XA B RSB L2(B) ZEFE.
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EM 4.2.1 XF f,ge L*E),id
(f.9) = / f(@)g()dz, (4.2.2)
FE
(f,9) A fH g AR.
W OEMRWETE L, LA(X,F,u) fREE XY
(f,9) = /X f@g@m(dz), ¥ f,ge LX(X, Fyp).

WBEX, flle = /. f), TiE Schwartz RE=R (4.1.9) AT B &K

|(£,9)] < lI£ll2 ligllz - (4.2.3)

HFEARY R RER L2 Hl, ERTHUTRET—RHE ERIE
2 JERHI TR 2, BN || 1]z 2R || £))-

T 4.2.2 NRAFUTHR:

(1) &Y (f,9) BHXT [ 5 g REHEM;

(2) Xt (f,9) = (9, /)

(3) IEEHE: (f,f)20; (f,f)=0%HAVY f=0,ae[E].

LRYERR (1) ~ 3) BHEHRANBAHE, EildABE XK (4.2.2)
AU EERS. VR TSERIUUKRT U L=%%K, mALH
IR RERER (4.2.2), BMERLHE L? SRIMIFHEREH. X
KW, TUMNRBEAEEER, MRMBEF-IPARZEER. X—B]
R AE Hilbert B HFZHK. T2 L? 2 KR Hilbert 2= [RERH—
™ RRBEL

§4.2.2 L? SElAIER

Y 4.2.3 & f,fm € L} E), m=1,2,--- . HEXFEEH g ¢
L*(E) , #%
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Jim (fm,9) = (£,9), (4.24)

BHELG] (fn) BRABES f; 1248 w- lim fr = f, HATRITHE
fm = 1 fon 2 £

5300, FUCHURIRRYE—. 2 L2(E) 2P RA PRI,
BB BRI R FEAREERY 12 BRHHREER.

%I 4.2.4 & f € LX(E), {fn} C LE), M fu 25 f BOFES 26
BAMGR:
(1) fm = f;
(2) lim_[|fmll = (171l
8 L %# BA lm ||fn- S =0 @TF
1 fmll = U] < 1 fm = £,
B (2) R MTERBEM g € LAE), HASR
|(Frmr9) = (£,9)] < l1fm = £II- llgll,
STEDE (1).
Ao BEAH (1,2 BT BN
Ufm = £I2 = (fn = fs fn = £) = ims Fim) = 2(Fims ) + (£, )
S IR = 2P + AP =0 (m - o),
W fm 25 1.
FH 4.25 % {fm} C L¥(E), f € L*(E). HEUTEMNRER
3
(1) lfmll < M
(2) HIERR T C LX(E), /8

,,P_r,noo(fm’g) =(f,9), Vger,
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ny w- lim fn = f.
B R ISl < M. HTFEBLEWN h € LX(E), £4HH
e>0,3gel, &
lo = £l < 337 -
TR
|(fmsh) = (£, h)]
=|(fm = £,9) = (fm — f,9 = 1)
<|(fm = £,9)| + 1fm = £llllg = Al
<|(fm = £,9)| + 2Mlg ~ hl|
<e+|(fm - £f,9)|-
4 m oo, HEM (2K
Tm |(fm,h) = (£ )| <€
M e R, BB
lim (fm, h) = (£,h).
EHIBIE.
g b, &4 (1), BRERS {fn) BRET f LERME.
(TR TFESNE0EHE 6.2.8 X EEMIES LTS, )

EX 4.2.6 B f,g€ L*E). & (f,9) =0, ®H f 5 g IEX (K
HBH) , o flg BEHF {Vutaca C LH(E) PEBHTE N TEE
ER, B {Qo)eca RIERR; EX—Y] a € 4, BH |lwall = 1, WF
{Pataca FIFHEERXR (BHHIHP—IEXR).

BREYR {0ataca BIFEEX RIS LERMAR
(Pa;¥b) = dab (4.2.5)
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H §5,, & Kronecker if_';%‘:
Bab = { L Ha=b (4.2.6)
0, Ha#£b.

FHEIERXR {pa} C LA(E) #1, ¥M—YIHEH5 o, #H llgall # 0, N
RER voflleal| ERARHEER R, UT SBEXN —VHER o, llpall # 0.

T 4.2.7 L*E) PHE—REEZREBETHDY.

EBA B {valeca & L*(E) FRIARHELER R, XM T a#bH

llpa — %HZ = (Pa — ¥bsPa — ¥b)
= (Para) + (05, 9) = 2.

B Us={f € L(B)||If — pall < 1}, MAKKZER—#, Us #H v,
HIERIEAE. BRY a# b8 UsnUy =0, 8 {Uslaea & L*(E) FH
AR EE. BT LX(E) BU42H, BEEK {Usteea REERTH
Hy.

ﬁll L2 ([-m, 7)) FEI=A R EF

\/2_7; \/_cosz, ! smz ,%coskx, %sinkx, - (4.2.7)
RVRHEIER R

FER S, Y6, e, BR—HARMIEXAERN, {E—HE Ac
R™ U[ME—RRA
Hcn = (4,e), k= -,n. FHERX—5E#EE L (E)
.

A=cie; +coey + - +cne,,

B {ox )2, & L(B) F—MrHEIER &, IMRZEURBEAX
Y crpr(@)
k=1
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SR LXE) BRTRE, LA RGBS . AL
Sn(z) = ickwk(z).
B £ € L(B), 8 Jim [|Sy —k;ﬁ =0, A ARG, HAN
£, i .
f= Eck‘Pk- (4.2.8)
WS, I 424 4 o,
(fr05) = Jim (Sn, ;) = lim 3 " cx(pr,5) = ¢ -
H 3 — 47 S5 41 TR R L. .
BN 4.2.8 # {p} B L*(E) PHIRRERR, fe LX(E), %

e = (Frox) = /E f@or@)de, k=1,2,-- (429
H fEETIERR {vk}) # Fourier R #K
i Ok (4.2.10)
i SOETFEAR (oe)) 89 Fourter B3, fiE
f~ ick‘/’k : (4.2.11)
=

AT & Fourier R¥A9 L EEH L.

EIE 4.2.9 (Bessel FFRX) & {¢x} B L2(E) F—MRHEIEER
%, feL*(E), W f(z) & Fourier RH {cx} WEUTAFER:

Y ek <IIAIR. (4.2.12)
k=1
iR 4
N
Sn(z) =) crpr(z),
k=1
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]|
N
If = S~ = (f - Eck‘Pk,.f - ch%)
k

k=1 =1

N N
=fIP-2) G+ &
k=1 k=1

N
=IfI*-)_ ¢ >0.
k=1
4 N = oo, BI18.

EIP 4.2.10 (Riesz-Fischer ) ¥ {pr} & LUE) #HIRHE
EERR. HLES {c) WRZMHEF

Zci <00,
k=1

%% Z CL Pk
k=1
TE L2(E) G ¥z ERek f, W (f, o) =c, H

2 o0

ch(pk = Zci . (4.2.13)
k=1 k=1
B8R  FEERAAI
N
Sn(z) = ch%(ﬂ?) )
= N+p
! ISnap=Snlt = 3 .
k=N+1

LA HERF Sy & L*(E) hiyHE45]. HER L*(E) PaBeK
5. TREK

o0
> cker
k=1
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FE L*(E) sl #3tAieh £,
1\}}—1)1100 Sn=f.
PNIIE:] i
117 = Jim NSwiP = Jim 3k =3 k.
k=1 k=1

(fro) = (Sn,pr) =ck -

lim
N—oo
i R E AT A, YEEF (o) WA D af <oo B, HH

k=1
00
> arpx
k=1

7EZE 6] L2 (E) s, iCEf2Enh

o0
r'= { Zakcpk
k=1

{ax JREEHF, WRY af < oo}. (4.2.14)
k=1

FIE 4.2.11 MWEBAEHEY f e L*(E), 4
f: Z Ck Pk,
k=1

HF {cx} & f # Fourier 2%, N fel, H

I/ = Fll =min|lf - gl (42.15)
JEBE 1 Bessel A% A K& Riesz-Fischer FHHI, f el XFiE
;%: 0
9= arpr €T,
k=1
BT iai < 00,
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N N
If = gll* = Jim (f - > akpx, f - Zakw)
k=1 k=1
N N
—n 2 2
= A}gnoo I:”_f“ 2Eakck + Zak]
k=1 k=1
N

N
Jim 1712 + 3 (o = = 3 ]

k=1 k=1

WA= =If-FfI*.

k=1

AT, % g=f 0| f-g | EBIB/ME.

EX 4.2.12 REPFE {0} B L(E) FH—AIERXR. # L*(E)
PABFEERE f BV o I, MFHRHIERR {or} 2 L2E) F
MEER. BAENR, & fe LX(E) H¥R (fo0) =0, k=1,2,---,
WME f(z)=0,ae]E] BIL.

EX 4.2.13 BERFR (o} B L(E) PH—MREERR. &
84 f € LX(B), BRBIE L*(E) TRHMEE

[e¢]

F=Y cror,
k=1
WU {oe} BZM L*(E) B—MRHEIERE.
2 L2[-m, m] PEIARAEIESC K (4.2.7) RAFEIERE, W 182
el 1.
EE 4.2.14 & {px} B LX(E) PH—MRHEERZ R, MLUT%
(R SIE

(1) {px} RAFHEIESH ;
(2) {ox} ARKEA G Z 2KTE L2(E) FHE ;
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(3) &tk L*E) PABHAEEZTRES Y o IEX ;
(4) Parseval =

I1£12 = DI, 0e)?, V£ € L*(E);
k=1

6) WRBX: (£,9)=D_(fex)wr,9), Vf,g€L*E).

k=1
N
Bl fEBR f € LX(E), & Sn = ) ckpr, HH cx = (f00) £ f
k=1
i) Fourier Z%(. NI
If = Snll* = Il£I” = IISnII?,
K+
N N
ISnIZ=Y"ck = (.00
k=1 k=1

F =2 Mim I|f = Snl = 0 W FE HE SRR Parseval HFXWAL. Hib
(1) <= (4). XBRE (1) = (2).

%iE (2) = (3). & f € L*(E), flox, k=1,2,--- . W F{EHRH
H¥ e >0, HERMF (2), FFE

9= Zcilpi,
i=1
WE|f-gll<e BRE flg TR
WAP=f-9)+(f,9)=(ff—9)

< IS —gll < ellfll-
BHILEE (|fl =0, & f =0, a.e.[E] BIL.
HIE (3) = (1). & f € L*(E),id

f= ch‘Pk € L*(E),
k=1
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HA {ce} B f 8 Fourier R¥, N
(Foon) =ce = (fo0), k=12,
FREL (f — ) Llow, k=1,2,---. A (3), F=f #
F= ckx
k=1
EIH {01} R L2(E) BAREERE.
MEBHERUTESRML. Vfoe [(E), &
(£,9) = 31F + ol = 11f = ). (4:2.16)
LS RIE (4) = (5), T (5) = (4) RBARK. EFEE.
Bl 1 7 L=, n] PTFEEF
VoZENRVE IRV, R, RV
RAMEERR. TLHEN = A TR LA Cl-n, 7] SHE, AT
L2 n] HBAE. B ARRECR RN L2 m, 7] PR .
HGA f € L2—, =] BFTRIF L? Ye8thY Fourier S8

1 o
f(z) = 500 + Zancosna:+bnsinnx.

n=1

(4.2.17)

B {px} B L*(E) FRISRHELESRE, V f,g € L*(E), i o =
(fu ‘Pk)7 dk = (gaipk)a k= 1727' . *E%%;E 4.2.14 ﬁ

0 1/2
IfIl = (Z |0k12> ; (4.2.18)
k=1
(f,9) = cxds. (4.2.19)
k=1

U EFHAERKKEN R FRRKRSARAKXKWE, BT8R
H PR HE IE AT B 5 HL A A AR R I R
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ERRZRFEHRETLX M BANBE, HH Gram-Schmidt IE
ZALT R R IER M B A, TR To ok 5 B A H R =
g ERE, PR E RS T RECE R M(E), HRHHEE
W —A~To 55 R St = 1B B T SN R AR RIS

EX 4.2.15 B ¢i(2),¥2(2), -, e(z) B XFEME E CR

LHRE. RH

a191(z) + a9p2(z) + -+ + axyr(z) =0, aelE]
AR e =0,i=1,2,-- ,k BOL, IBAFFEEA {vi(x)]l <i <k}
RBHETXW. MFHERENRBHARMEHE, mWRAPEES
FRAN R BER R ERVETC OGN, AR ARFHE B ARARETTRY. (BRK
WX BB RFAFEILF AL FTEHRE.)

SH, FHAREHZER LX(E) FHIERR {p} —ERLMET
KKy MH L*(E) PRIARHEIESCE: {pn) —ERMALKIET KR, B
RAEFERFIC g, HRBFR (9,01, 02, } REFETRH.

—NRUETXW R REEARIERLR. TR EH Gram-Schmidt
IEACAL T AT AN — D RIE TR RAMEIER R

B {yn} B L(E) PHEHETXR, £

(’J)z,gl)
g =11, g2=12— a1
SR SR S P

—f ki, FIPRMEX, ERE gl,gz, L gk-1 JE. &

“u 3 e
B, BEF {o) REXR. xfﬁ or(z) = gr/llgrll, W {ok} R
L*(E) —/MRHEIER&R.
g ERTR, RS I TR AL B AR RR:

(1) ¥ L2(E) TR —AFTHEE (v} ERARKHAEGZ 24
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£ L*(E) ##%®. BT L*(E) 74, IHMERHR {4} —EFE.
R BOX A RP R B LAETORN.

(2) H Gram-Schmidt IEAZ4b 3, B {¥«} 15?']&]”%1133‘5?‘ {wx}
MERE 4214 H, {0} B—EIFEERE.

glz L-1L1)9, E¥A {«"k=1,2} AN LER {$}.
B Gram-Schmidt IEZZALF EBE]—HEZTRK {Li(z)}, EHER:

1 2k+1 d"
Li(z) = o] [( 2D, k=1,2,---. (4.2.20)

B Li(z) £ kK Legendre ilﬁit, BN L2[-1,1] P —AArHE
IEXCH.

B 3 fEZE[E L?(—o00,00) F T HIKEF
1 _=2
hk(l‘) = mHk(.’B)e 7, k=0,1,2,-- (4221)
RIGHEIESRHE, H
ka? dF o2 ik j k! k—2j
Hi(z) = (-1)"e” (e )= jz::o(—l)’m(%) 7
£ k K Hermite ZIR. FRHEEZESBHILIR:
hO(z) = W—%e_22/27

hl(:l:) = n~¥y/2ze~="/2,
h2 —7!' 4(\/—.’13 —\/_/2 —a*

SR

1. ¥ f € ME), ¢ > 0. HEXTEBHEE g € L*(E), H Ifgll2 <
cllgllz, IRIEH f € Lo(E), B |Ifllo < e
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2. 4E LA(E) of, B fi 5 f, ¢ 2 g, i
(fr>9x) = (f,9) -
3. EWX FAERMER £,9 € L2(E), ENWNEHE
(£,9) = 71 + gl = 1If = olP) .
GEANE R AR AT I % f bk, )
4.8 Eo = {f € C[~1,1]| f(0) = a}. TEH} E, M (BIEL E,
HE R TCHIRBRTE Bo ), BAE L2[-1,1) shFAE.
5. % k(z,y) € L*(R" x R"), % F f € L*(R") iEHI F AR
Tf(z)= /" k(z,y)f(y)dy

HENX, BTfeL*R").
6. X FERMEE f € C'[0,1], BX
1
| fllz1 = \//0 (If @) +|f'(z)|?)dz,

IER |2 WETERATE. ZBIENEH THRITES {g,}, 4 n,m = oo
B, H llgn — gmllz = 0. iEBT {gn} W2 L?(0,1) FHIMFF.
7. S TFEEHRE f.9 € CH0,1), BX

1
(f,9) = / [f(2)9(z) + f'(2)¢ (2)] e

IEHR () WRNBAE, H ([flla = V(f, f) AL
8. & X ZE[MEm T

FAE || - |22 BT H MPE 5, } .
¢n € C'0,1], lim jlon — fll2 =0

iE9 C0,1) ZE H'[0,1] PKIEEL | -l BRFEEH; FMTHEES
fe H'O0,1], K |fll2,1 -

H'Y0,1] = {feL2[0,1]‘
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9. # f e L¥]0,1]), id
L) dt

o |z —t|2

g(z) = 0<z<1,

HEB TR A F AL

1 i 1 3
(/0 g2(z)d:c) < 2\/5(/0 fz(:v)d:v) .
10. yEBH {sinkz} & L2([0,7]) FHIZLEK.
11. & f € L?(0, ), LIRS
A%f@)—ﬁmﬂ%z§4w
HAFKX
/oﬂ(f(a:) —cosz)dr < 1/9

A6 R s ST
12. ¥ {pr(2)} & L*(E) FRYMHEIERR. RIEH {p(2)} BT
ERMVLETSFMGR

L¥(E) = { iakﬁpk(x) {ax ) REHF), WRD af < o0 }
k=1 k=1

13 & {0;(@)} 5 (@)} HHR L(E) 5 [2(E) LzeHE
WEERER, WHEY {03 (0)0e ()} R L2(Er x By) LHRAIREERE.
14 (on} R L2(a b)) PEERBELIE. 5 (0, 3 (l0.t)
FHELR, WE Y. [ [on(o) ~ bale))ds < L WY (00} 2

n=1v2

L ([a,b]) PHIERER.
15. B {pa(2)} & L(la,b) THIFFHEESCE, TR f €
L2([a’b])7cn = (f, (Pn)’f(z) ~ ch‘f’n(x)- iﬂi%ﬁ?ﬁﬁﬂ"]ﬂ?ﬂﬂ%ﬁ

n=1

E C [a,b],

/Ef(x)dz =gcn/Ecpn(x)dx.
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(LR %R f(2) B Fourier ZHTT RIS . )
16. B {px(a)} R L*(E) FHIRHEIERE,  {y;(x)} & L*(B) 7
MAREEERR. & lesl® = D [(ow )|’ k= 1,2,--- RaL, EY]
Jj=1

{¢;(2)} R L*(E) PHIRHEIERE.

17. | F C L*(E), WRKZM: VfgeF M f#gu, HF
fLlg FHBRZEME LX(E) W[4, R F ZAHER.

18 # (o} € L(ob) RAFEERR. HFERR Jim pi(z)
= p(z), a.e.[a,b], UEBA p(z) =0, a.e.|a,b].

19. # {px} € L2([0,1]) RARELERR, |or(@)| <M, k=1,2,---.

ERYF {ar}, FHRE D arpr(z) 7E [0,1] LILFLAESK, EH
kl—l+n;o ax = 0. -

20. 8 f,g9 € L*(R!), &
fu(z) = [f(z + k) = f(&)]/h, h#0.
= tim, [ |fu(o) - o(@) "z =0,
EAFERE o, 5
f(z) = /0z g(t)dt +¢, ae[R'].

21 B ge LR, B lim [[fe — fll2 =0, IERAZE L*(R?) F13 77
KHEXLTH
lim /O:o fr(z —y)g(y)dy = /_0; flz—y)g(y)dy.

k—roo

22. #ERY f(z) = e, RIXE [0,1) EHIHEEEHRETK
ZIA.

*23. BEWH a > 0. B M R L2[0,1] FHTZEN, WEX TR
HIRH f € M,|f(=)| <allfllz, ae., iEH dimM < o”.
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24. JEBRTE C([a, b)) FARTTRESIH—FIPIR (), EEMR
(f, /) = max |f(z)|.

a<lz<b

25. 8 V = {f € L*[0, T|||fIf = 1}, #F3A L0, T] By SR AL ERTH .

RIERH r
fr— -/o e~ T2 f(z)dz

ERAIARE LXBIBRAE. FREBUBEREMEBIRAENTE [

26. i& D = {f € L*[-1,1)|f(-2) = f(z)}, 3FiL D+ = {g €
L*[-1,1]|g L f, Vf € D}, ¥ D+ KBS D WIERAZ[H. HildR
& D, HiEH L.

27. B3 {fa} C L*(0,1]. i fo KBEWHEB] 0, H (|full <1,
B lim ||fally = 0.

*28. & {pj(x)} & L*(E) RWIREERR, m(E) < oo, HHW
R lpj(2) < M (z € EVj). EEHEE DY vi(x)/j T E LILFK

K.

20. & {04} & L*(E) FHREERE. ERNT E HE—EW
BT A HH

- 2
gﬂwk(z)dm >1.
30, # {on()} B L2(E) SMREERE, RIEH Y ¢(@) = o,
k

aelE); 4 ACE,m(A) >0, & ZAgo?c(x)dm =00.
k

§4.3 35 Fourier A8t

i1 F Fourier F# B B7EE R H Litibhy, AHATHEETITR B
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Al R A TR R BB S LY B HENEE. #F u(z),v(z) B
A E _ LA LA A BR B LA T R 3, WA u(z) +iv(z) =
flz) BXT E LILFRLAERMEEES, 3 f(«) &2 E LR
R & F LRI EEIEE MUE). mEERFEREIPET
BERU8, MtE M (E), —BAMTHE C. %4
[ @i < oo,
MFR f(z) & E LARTRRREL, WETE X f WRRSMERN
/ f(z)dz =/ u(z)dm+i/ v(z)dz. (4.3.1)
E E E
2k E EaREEACE L(E). mRERERPBE FEEE, N
LAE Le(E), —&A s C.
BR, XF f,9e LX(E), ¥ o, 8, BF
[ las@ + sz =a [ s@da+s [ go)a.
E E E
LMY 25, Lebesgue FIAHIRHITALR, RERY REHER
K/ANHE: (mdAEfatE, BIAES), BN TEEARRE. F5iIE

B
| [ 1@y

L, i = /E f(z)dz, ERAMR 2 = alz|, BRE
Refaf (2)] < |af (@) = |f(@)],

< /E |f(z)|dz. (4.3.2)

TEA

:E/Ef(a:)dz:/EEf(x)dz
- [ Relaf(@)az < [ 1s@da.

/E f(@)dz

R¥K C(E), LP(E)(1 < p < o) BARTFRARMRIY 7, EZ
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EEERY. @ f=utiv, B1<p<oolt, BXEH p KHEHCHY

» i/p
7= ([ 1r@Pas) ", (433
Hot (@) = ViP@) T 7@). % p = oo B, EXEM oo KAHY
e =ty o ), (43.4)

B 1 flloo = VU2 + 02l TREME p ROTBREHZ R

LPE)y={f=u+iweME)|Ifll, <0}, 1<p<oo. (43.5)
SREREEENHE L'(E) = L(E).

MFEME LP(E) BEWE, F 4.1.2 (Hodler R&%R) AL &
414 “TERAE” IS, HPFRENER o TURER. §4.1.2
hXTFEE LP(E) ZRIMER, YR §4.1.3 PRFIE LP(E) =
WIATSME, RS TR, #$5REHE L7(F) ZARTEWE
[&].

EEETFTHRERHER L2(E) §, WFRE CEMSHEMER.
STV f, g € LA(E), &

(.9) = [ f@)a@Nds. (4.36)
5 (4.3.6) REFTE ARBAREEKREEMARAKXHRE, €
WEUT “WRAH".

(1) S ABEXRTE-NETRLHEN, XTEZA
IR TEIEN;

(2) HFEXTFRHE:  (f,9) = (9, /)

(3) IEEH:

(f,£) >0, B(f,f) = 0> f(z) =0, ae[E].

§4.2.2 shapfl L? ] hag sk tE. IERPE, Fourier ZEHIR

. REEXESWRETHETIRME L APk RUEHIER
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REHEE, HEAMGRGLTER LR, FlneE 4.2.9(Bessel £
%) BHR

?:1 lex® < AU (4.3.7)
SEFE 4.2.10 (Riesz-Fischer) ‘Ffﬁﬁﬂ {cx} BBUREEFY, HiE &4
Y lel? < oo;
(4.2.14) KV B -
r= { gam {a} R, ﬁaémm < oo}; (4.3.8)
HRAR (4.2.19) MUK
(f.9) = iwﬂk : (4.3.9)
§4.3.1 %MW
&’ f(z) 5 g(z) & R" b (EESEE) (THER A0
| s -vsway (43.10)

T, RHEBA AR f 5 9 WER, iEH fxg(2).
EE, XERY f@-y) TEER R x R LA AR
BRBFRAXFRYE:
frxg=gxf (4.3.11)
T RHEYE: BB g RTATT f M g HARLERN.
B 4.3.1(3% (Young) KAREXK) & f € LP(R") (1 < p <
o), g € LY(R™), M| f * g € LP(R™), A
1 *glls < 1I£llpliglls - (4.3.12)
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iEB ¥ p= oo B
1 * (o)) < / £z ~ v)]]o(w)]dy
-

<l [ 19(6)ldy = 17l gl -

BREL £+ g€ LR, B [If * glloo < Iflloollglls - % 1 < p < oo B, g
Holder A%,
|7+ 9(2)| < / 17z - v)|[9()|dy
R'n

= /R |f(z - y)IIg(y)Iilg(y)ll—’%dy

< (/R |F(z - y)l”lg(y)ldy> % (/R 'g(y)dyl) v _

At AP p KRR o (EBY, 4R Fubini A5
[ 1res@Pas<ion™ [ ([ 11 nPes)lowla

= IF1I7 gl -

FRB frge LP(R™), H |If *glls < I fllp]lgll: -

R, 4 p=18, hLEEWTREREHEXT LR ZHEE
#HHW. 75 LR") FREFEHRABRAT (RATIEE 19 &).

B3R 4.3.2 (FHESEE) & f e LP(R") (1 <p< oo), MH

lim /R ] |f(z+1t) - f(z)[Pdz = 0. (4.3.13)
B EAREH e >0, IR 4.1.16, AR
f(z) = filz) + fal),

He fi € C(RY), fr HMRAER |Ifall, <e/4 BT fi(z) RERXE
BR—BUEGH, BAGEERE >0, HHBY [t <IiE

/Rn |fi(z + 1) — filz)|Pdz < (g)l/p-
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S\ B Minkowski A%
(/ |f(z +1t) —f(z)lpda:)P
Rn

S(/Rn heen- fl(z)|pd$> + (/R,, |f2(z + 1) — fz(z)|pdz)%

3
< 5 + 2”f2||p <Eg.

EIE 4.3.3 & f,g€ L2(R"), Ml fxg(z) B R" LHEFREZRE,
H

ILf * gllo < Ifll21lgll2 - (4.3.14)
iFBH f Schwartz REXGF

/ |f(z — v)g(v)|dy
Rn

A\
n — d

<( [ 15 -vla) o

1171 gl

FRRA fx g€ L¥(R") H (4.3.14) WL, A Schwartz AERK, 1§
|f *g(z +1t) - f*g(@)|’
<ol / f@+t—y) ~ fl@-v)|dy
-

=gl [ 1w -0 - 1wl a,
Rn
H5H 4.3.2, B11§ f+xg € C(R").
B n AR ai(1 <i <n) ARMHEFHA
a= (0,0, ,0) (4.3.15)
WHEEER. FTED o SIANMAHET

Do = (%)“‘ (%)"" , (4.3.16)
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W2 REZEWSHT, ENKEER
la| = a; +az+ -+ an. (4.3.17)
# ol =0, E D°f = f.(IF: ZEMAIHET D* HHHLHK 0°.)
2 QR R FHIEEFE, s BERY, i
C=(0) = {f € C(V)|D*f € C(Q), MF Va); (4.3.18)

C*(Q) = {f € C(M)|D*f € C(Q), M F Va, W o] <5}
(4.3.19)

EI 4.3.4 it B, = {z € R"||jz]| < r}. ¥ g & R* LHREH
RMTF—8r>0,g€L(B); X feCRY). N f+geC(R"), H
D*(f*xg)=D%f=xg, |a|<s. (4.3.20)
iEEH HBA g BRTFE. NAEE 3.2.7 % s K, ERNT
THUKREENS.
EX 4.3.5 W oz) BREXE R LR, M T EEAEE
e>0,i0

0e(z) = e—"cp(g) . (4.3.21)

T 4.3.6 @ e LR, H |lolh = 1. &
feLP(R™) 1<p< oo,
I
Eh_r{b lpe* f~ fll,=0. (4.3.22)
i REERE X
oo * f(z) = / f(z - y)ee(y)dy = / f(z - e)o(y)dy
R™ R"
SUERIETE 430 AR0E, 4 ¢ F p HLUEIERC 1 Holder ARG
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e * () — ()
/ Uu—fw—fwnw@mﬂ

= [
S/ |£(z — ey) — £(@)|lo@)|” |ow)| " dy
R

<| [ Vte=en - s@Plewla] "
3 EAPRE p KR H BB R o AES, EF Fubini 2
| lee s 5@ - )P da

SAnW@H{AnUW—Qﬁ—ﬂﬂfm}w.
Le— 0, EH
| i@ =en) - r@Pae < s,

M HIRSCETE, FE RS B TR, FE R
P (51 43.2) 18
tim [ focx f(e) - f(@)d
= [ Jewl{ 1 [ 116 en - s@)Pas fay = 0.
£ LR hBREBGEH T SEAITT, R oo [ 25 f, Bl .
R B RLE B T LT
Bl 1 BB o(z) = X[-1,1)> ny
1
QOE(I) = gX[—e,E](x)-
SIS f € LP(R), &
B 1 z+e€ d ‘_ifi
porf@ =3 [ 10y s,
FRETE 431 [fll, < Ifll,; L= 436, f. =5 f.
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B2 £XIE(0,1) LEXEHK
-1
y=¢p(z)= [1+exr>(1 : —l)] ,

- T

RES
¢(0) =0, p(z) =0, z>1,
o(z) = p(-2z), =<0,

)

y = p(z)

-1 (0] 1z

A 41

A 4.1 FiR. THEH ¢ € CR(R). iE
on(2) = np(nz)/llolh, n=1,2,.
4
feLP(R)(1<p< o),
% fn=pnxf, MHEEHE 434, f, € C°(R), REHE 436, [ = f. X
RBIER: SR f € LPR) THILRKTHEY L7 BiE. #
RER, CP(R) £ LP(R) WS T2

B3 FEEH .

W(z) = \/ﬁe_§m .
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it Wa(x) = nW(nz),n = 1,2,---. W Vn,||W,|: =1, AN FEEHN
HHO>0F

é

lim Wy(z)dz = lim ——/
n—oo J_ s n—oo /27 n6

W-co<a<a<f<b<oo, it A=(a8),f=xafn=Wnxf Rl

B
n 1,2 2
) = —— e 27 (z—y) d
fa(z) \/—2—7;/ Yy

)"nzk(z _ y)2k

- 7; / 2! dy
osd kp2k+1 B
\/—" Z lékk' / (117 - y)zkdy
. ( l)lc 2k+1

\/—' Z Rk )

Heft Ppe(2) = (- )24+ — (2= )™+ R 2k RETIR. BH fo 5 1,
TZER I [a,8] L, fo 7P LRATRERE TS —BOBAE, BT [0, )
b oxa FIASHR L7 B 45484115 4, 84 f € L7, ]
FEM L7 @il FKE [o,b] LHSEETRRZER L2(a,b] B
WLk T 2.

§4.3.2 L?*(R") k&Y Fourier i

Fourier ZF & G 0725 1] L9 — 4 A BN RS, EREd
Fourier U4} 35 Xy, Ti Fourier £R4) M2 & #A 5K ¥t Fourier K3
HAR#ES".  Fourier BHMIER KPS T RERTEEEEMNIEA.
XA, R ER B B2 9] TR R O E FL AL N AR R 22 ]
FHEARBGEEL, AT AR A B A P T £ R R B R A B
A FHEFTE, FFUT RIS REHS R HF S RER
BB (B i A SR AT AEYE ] )
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EX 4.3.7 NTHEEH fe LR, 4
Y 1 —it-z
f@) = W/ flz)e t%dx, (4.3.23)

Hert- z—ztlxuﬁf%fﬁﬁl“ourlerﬁiﬁé HEHE F:f - f, F

=1

7 Ff= ff%‘i%ﬁyiﬂf Bl Flafi +Bf2) =aFfi +BFfa.

Y f REERYPE, ER Fourier BERBRERE. AR ¢ A
i o KXEER. FIALS, WTF teR?,

e(z) 2L eite (4.3.24)
TR
7ty = freu0) = /R f@e-i(@)ds. (4.3.25)
B’ f e LRY). BT |esfx)] = 1, If( Je—i(2)| < |f (=), BARF
7)) < ,,,zllflh, (4.3.26)
3 HAERUSNS FHUREE, 778 f %t HELERE. TR EM Fourier 48
# [ RAEFELRY.
XFEBEIER a = (a,02,-- ,0n), 18
D =i = (F50) " (550) " a2
m
Daes = t% (4.3.28)
Heto =101¢52 - -tom. H P REZWA
PE) = cal® = callig5? - €2 (4.3.29)
ig

P(D) =Y caDa, P(-D)=) (-1)*lceDs.  (4.3.30)

]
P(D)e, = P(t)e; . (4.3.31)
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% z,y e R FINTFBHETF . 0T
= f(y) = fly—1z). (4.3.32)

53¢ 4.3.8 # f,ge L}(R"), z € R*, N

1) ()" =e—of;

2) (e« =7af;

(3) (f*9)" = fg;

(4) # X>0, h(z) = f(z/N), W h(t) = A*F(M) .
B (1) M (2). BHEE

(r20)°0) = Gy [ Tef W Yy

(273"/2 /1;» fly — z)e”t¥dy

— _l_ (u)e—it-(u—}-x)du — e—itwf(t) ,
(271')"'/2 R"

1

(e f(0) = (2n)n/? /Rn elt? f(y)e~itvdy

- o [ weievay = e - o)

= ('rxf) ().
(3) H Fubini BEBE]. 1 (4) 7T HERKELHREH.
EX 4.3.9(EREEY) # fe CoRY), WRZKMF: MTEEH
N=0,1,2,---,

sup sup (1+ |a:|2)N|D"f(3:)| <00, (4.3.33)
ja] <N zeR"

WO OREREER. Kt R™ EEEREEERRKESICE S(RY).

BBEX f e SR™) HEMNYXM TERHSER Y o, EER" L
RIZHMRK P, B3 P-D°f & R” EMAFRHE. BATH 1+ P)"P
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RE P, FrkL f € SR™) FM TN BHRX P, VB EHER o,
# P-D°f e L}(R"). '

EE 4.3.10 RARIRYICEERLE C(R") £ LP(RY)
(1 <p<oo) PHH.
8 BE® 4114 5, C(R") 7 LP(R") FHE. BATIE
B, M FEENE f € C.(R?), FTA CE(R") FHIEKE L? Biff.
B3 o € C(R™), REE ol = 1. frp. BAEXE. diEHE 434
B, frp.€CPR"). HEE 4365, He—0,
f *@e — fllp 0.

E BT fre. C SRY), B SR FE LP(R™)(1 < p < 00) T
.

&M 4.3.11 HERFEN SR™) BAF U THER:

(1) # f € S(R), WX FEBHETHRX P, FEER M Vg e
S(R™), I5F P- f, g f, Daf € S(R");

@ (PD)f)" =P-F, (P-)" = P(-D)f;

3) f e S(R™). )

i8] (1) BRE Dof € S(R"). mi¥AiEZ (Leibniz) IKNTH
P-f,g-fe€SR").

(2) i (4.3.31) &,

(P(D)f) *e: = f* (P(D)e;) = f * (P(t)e:) = P(t)(f *er),
SAPHE R WIREARE; B (4.3.25) XHE 2 wE—X, B
(PMD)F) (1) = P&)f(D) -
FHt=(t1,ts, - ,tn), t' = (t1 + &8, ,ta), e # 0,
j@) - i@ _ 1 / xlf(x)e“i"'lf - le_iz.tdx_

ie T o(2m)n/? iz1e
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BF o f e Ll(Rn) meﬂn&ﬁzﬁﬂ,
570 = Gy [ s f@)e e,

R (2) m%_i&t P(z) =0 R, —REAESE A L E T
.

(3) #5E f € SR"). % g(x) = (-D)lelzof(z), M g € S(R"). H
(2) 81, §=Daf. EH P(D)ge L'(R"), (P(D)g)" REFEH, &
M TERNETR P ML EHK o, K P-Dof = P-§= (P(D)g)"
BRAFN, hETH feSRY).

FIE 4.3.12 & fe LY(R™), Ul f e Co(RM) D, 3 H

1 £lloo < I1£ll2/(2m)™/2.
BV fe L\(R™), B#7E f; € S(R™), j = 1,2,---, i3
Jim |1 ~ fill =o.
A% fj € S(R) C Co(R™), X (4.3. 26) RS
1ft) - fit)| < n,zllf fills -

MTIR[E f; 7E R L —Bd s f mas.ﬁ.

ZE R" L) Gauss BERE
Gla) = exp - -;-m?) . (4.3.34)
BREGCeSRY),G=G, H
GO) = 7 )n — / Gt (4.3.35)

#He b, FHC Gj(z;) = exp (—22/2), W
G(z) = [[ Gi(zs), G(t) =G1(t1)Ga(t2) - Gnltn).

ji=1

@ Co(R*) ={f¢€ C(R")lzli’n;of(a:) =0}.
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ZE—TERY Gi(n1), ER—NEMHIHE

Yy +r1y=0
(IR, PR 4.3.11 Y (2) TR, G RS TR, BT
G1/G, BER. BT G.(0) =1, B

61(0) = ——\/]ézﬂ/kl Gl(xl)da:l = \/—12_;/_0;e_%“’§dzl =1.
KB G =G AEEG; =G, j=2,,n. 8 G =G. RER
X

= 1
G(O) = W /Rn G(a:)d:c,
¥ G =GRA, BEB%R (4.3.35)
T i1 Fourier 8 #t i1 K .

FE 4318 BEE) (1) &g SR,
o(z) = (—2771W5 /R Glo)e=a (4.3.36)
(2) Fourier B F : S(R") - S(R?) R——7F LA RS, T
HFt=1;
@) #fel'®R), Hfel'®), 4
folz) = fweta,
M £(2) = fole), ae(RY].
SEH # f9€ L'(RY), HENERS)
G [ fOte aar.
{ Fubini 727 5)
| fwatay= | swawmae. (4337
(1) MF g € SE), B (1) = Gt/ (A > 0), oA (43.37) A7
[ swéona = [ c/nawar,

1
(2m)n/? g
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14
/ 9(y/ NG (y)dy = / G(t/NG(t)dt .
R™ R»

% A= oo X EXBURR, BT g(y/X) - 9(0), G(t/A) = G(0) =1, LA
B p i Wit e BB

00) [ Gy = / atydt
]R'n

n

1 (4.3.35) X,
1

90) = Gy [t
REFISIRE 43,8 ey (1),
1 A
(&) = (r-+0)(0) = oz [ (r-e0) (0.

1 .
= — a(t)e®tdt .
T /R ge

(2) ESR*) L F:g9g—3 (1) 24 3=07F g=0, BFrA Fourier
e F 1 S(RY) ERE——pst. mER (4.3.36) XA EM

Fg(z) = g(~x).
it 9(z) = g(—a), W F2g = §. Bk Fig = g. KRB Fourier ZHe F
1 S(R™) L Emukst.
(3) fEER g € S(R"),
| 1@t

-/ {@%7 L. f(wei”dy}a(m)dx

- [ fo G [ a(a)e Y |y

= [ Fwotiay= | s@atds.
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ERPFFE -SSR RH (4.3.37) B, B (2) TR § TLUBE
S(R™). B FERBM 6 CPRY), F
| (h(a) - (@) éteaz =0,
F£ folz) = f(2), a.e. RIL.
T 4.3.14 ] f,g € S(R™), M
(1) f*ge€ SR
2) (f9)" =F*3.
EBA iBIZE 4.38 HE (3), H (f+g9)" = f§, B F(frg) =
F(H)Flg). i f 5 1R% f Mg,
F(f*g) = FX(f) - FXg) = fa = (f9)¥ = F*(f9).
st L RFAEA F3, B8 (2).
BT fge SR™), B (2) A, f*§eSR"). BT Fourier # F
B S(RY) ERIwwst, HOX8 i TAERHEE f.9€ SR™), frg €
S(R™),(1) FE.
EIH 4.3.15 (Plancherel E£38) &£ LXR") BB S —F——
TE BTN U, BT
¥f=f, VfeSERY, (4.3.38)
=1
1 fllz = Ifllz, ¥ L*R™). (4.3.39)

B & f,9€ S(RY), BIEHE 4.3.13 41,

ngmmm=/-({@wﬁ/fmww4
= /n f(t){W/m §(a:)e'z'tdz}dt.
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W[ 18 Parseval &=
/R f(@)g(z)dz = /R ] F(Hz@at. (4.3.40)
#Wg=f, B8 R
Wfllz = [Ifll2, Vfe€SERY). (4.3.41)
T-& Fourier ZF# F & S(R") FIH W —1 L? HSEMRS. TEHHK
S(R™) A9 Fourier A 3EHRF2EH L2(R™) k. &’ fe L*(R?), B F
S(R™) 1£ L2(R™) . #7E g; € SR™), j=1,2,---, g; 2> f. th
HHEHR (4.3.39) KX, {9} B L*(R™) PEyEFF]. TR ¢f, 2
Jim 9, =¥f,
W OfeLl?(R"). BR Y RENR L*(R") E—PEREBRS. HiEHE
BH by € SR™, G=1,2,--, W by 25 f. 1T g — by 2 0, HdE
SR 95— hy -0 0, 8 Uf FHRBUR SR FlEF g, By,
BR, 4 feSRYH, ¥f=f XA
1512 = lim [Gll2 = im llgsllz = Iz,
FTREFIKERHR ¢ B LX(R") LYSERKEMS, H £ SR") £
HIRR IR (4.3.23) R E X iy Fourier ZA¥PTA. T S(R™) £ L*(R™)
FRRE, &% v & L2R") EM———7E LB
Afe O HR A L2(RY) E#Y Fourier ¥k, ©& L2(R") E——1E L
SPERLS, HREFEMAN 4 9B, BV fe L*(RY), &
=1, ‘ (4.3.42)
vif=f. (4.3.43)
it U kU g, W ¥ = vl WMAEMFEEN f9¢€
L*R™), &
(Tf,¥g) = (f,9) = (¥ f,¥7g), (4.3.44)
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(f,¥9) = (¥7'f,9), (4.3.45)
94
/Rn (¥ f)(z)g(x)dz = /R" f(z)(¥g)(z)dz. (4.3.46)
3 B

1 #EZEE LY(R™) L, EAEREEZEER: Vfg.he '(R),
(fxg)xh=fx(gxh).
2. EXERBH TR 7. f(2) = f(z - 2), iEBA
T2(f*xg) = (72f) x g = [ * (129)-
3. % f, fx € L*(R*), k=1,2,---, HE Jim {1 fe ~flla=0. %
g € L(R™), iEH lim [|fe+g — f*gll2 = 0.

. 1 1 .
4. #1<p<L oo, A 1, f € LP(R"), g € LY(R™), iEH] fxg(z)

HEXHE R FAEsRE.
5. (HEAER) R’ f € LP(R"), 9 € LYR"), 1 < p,g < o,
+3—1:%>0. & h(z) = f * g(z), iEH
lAll- < [ £f]lp llgllg -
6. 4% [0,00) LEE f A g, RENEEZBMRXE L Lebesgue

R 2

1
p

frg(z) = /OI fz - y)g(y)dy,
IER f x g FEEBA MK L Lebesgue "1,
7. W f € MR), T H (f * f)(z) ILELLFZL, 2
fi@) = f@), fi@@) =N (k=23,--),



84.3 %% 5 Fourier T# 207

WFR fi(z) A f(z) 8 n RIBRER. FH fe LP(R),1<p<oo, it ¢
p BISLHEIER, IS

I--<

EH el < IFI5, *

8. Wp21,p REMIEEE, g€ ME). HFEM >0, EH
XtF—41 E _EREAHEEH o(z), HE

| [ st@retas

EH] g € L7 (B), H llglly < M.
9. (I X Minkowski AZ&R) & f € MR™ x R*). BHXFFILF4b
Wy e R, f(-,y) € LP(R?) (1< p< o), HE
[ UGy = 0 < oo,

? Y 1/p
[/Rn . f(z,y)dy d:c] < /Rn [/}Rn If(l',y)lpdz] dy.

10. % g € LV(E), BRI E + g(z) > 0. XFFATMl a5 f, LA
K 1<p<oo, EX

)

x| =

1
Pk q
1,27'

IS

S M”(,O“p,

WEHA

1

it = ([ 1r@rraez)”
FHig LP(E,g) = {f € M(E)| |fllp < co}. fEMZE[E] L Holder %
X, T |-, B R
I BRER R LT o 8 f RET p M THIEE, &

1= ([ 1r@rraus) ', t<p<oo

FHIE LP(R™, ) = {f € T(R", )| [|fllp < 00). FEMZEIE] LEEL Holder
RER, W ([l BN TREEHT?
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12&u%(dﬂ@h%éﬁm&mmﬁierFw0®ﬂ<
p < o0). EXBRIT:
;wfu)=/wfu—ymmw.
HERH p+ f € LP(~o00,00), BA lp* fllp < u(®R)|£llp-
13. @ T B4 n MAHER, feLRY). 4 g(2) = f(T2), &
A F R 3.
4. ¥ f € L(R™), f#0, N B—AEH, B f=)f, R0 )N
2R 5.
*15. R Fourier 84k, HEEWEH 4.3.14 1 (1).
16. % f(z) € C(R"), BHEX#M B, = {z ¢ R*| ||zl <r}. I8
f) = /R Sz, zeCr (4.3.47)

IEHIRR Y f RERE, FERY cn < o, 1§
1f(2)] < en(1+]z))~Ne™1, N =0,1,2, -
17. (Poisson BRﬁI/A'&Q) % f € S(R), iERH
Z f@m) =3 f(n). (4.3.48)

nEZ nez
%ﬂiﬁﬁ%gﬁlﬁ&?lﬂj*&ﬁi, R g 2 BB A K 2
18. (Riemann-Lebesgue 5|38) i& f € LY(R"), iEH

lim f(z)

|z}—00

19. EBAEZE L'(R") £, BREHRFEATT.



$FAHE  Hilbert =&

AA RN GZ R ER. ZRATREE T 5 e —
RFES K, HRPRI SR TT7 4L 2 o] DA RaX #6723 (8] B2z
RAEHET. IEMEE R PR Z R E B MR —F,
TEZ BT P A MR MR Z MW FAEEEEANERM. FHEMR
ZE, MEEHITREAME T XHXRNVES, MXHXREERE
BY F—H A TR EIH.

AERENF Hilbert 2582 H 75 4E IR Z 0] (2= [0 RER R
2=, BERFEREREPF ) F o5 R [ i
FAEIZ AT R — 1ML 8 BT, A /R1a%F (Hilbert) 7EBF 5T
ﬁﬁ%iﬁ&%ﬁﬁ@%ﬁkﬁﬁﬁﬂﬁTﬁE%ﬁ

Y lznl? < 0
n=1

BBz = (21,22, 20 ) WHBE, XERBAWZEN 2. FRS
AT HMFHERZNE, 5IANTEMZEE. THE. FIREEE RS
&, HEXBHERTE P, KA T RYEK LX(E) 5 P RFHA®
JUEHEIR, AT L2(EB) 5 1 Ve EER AR M. EENs3ts
HE— AR HR, AT MR e Hilbert 22 [A 2R

BRECZSE] (§ 1.3) . LP =[] (§4.1) B PHHFHIPIRRBE,
el EERT X4 FREBR— T REFHES. TR¥
R XA AR LK, FHE—ROERZE. £ ROGERZH
FRBETTIATIAITS, FIABRME. X §5.1 HREFZEBAA.

FERRIRZE ) (§1.3) . LP 2] (§4.1) FRKHEZEM, MEIATE
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¥R S, T HXEEE EWEE T LLER EECRAE. Ak
R RN L — M EANEES. TRAEER @) X
MESHR YK, EXFEXEZAPABIFEHEELNTE, H
i EEHZ Banach ZlH], XEBEANEHHNEA.

TERREC NG (§ 1.3) . L2 Z2MH (§ 4.2) PEH NI, HER
HHRME. B RIS RX A LA, AR
HAA BEHER NN — T EARFE. TREARX
SRR ok, EXFELEZ I NRZEM Hilbert 22/, @
WAL, BIATER, MTMSIARIMIRIR, BENFEER. mMAHE
BESE T 44 IEASHES, T AT USRS LM R, X_AEE
BRI HA.

§5.1 EEEEZS(H]

§5.1.1 FEE=EENFEEL
M 5.1.1 X B4 ESE BEHEEX F—UEEPIEE
(1) EEEH: ple,y) >0, TH p(z,y) =0 4 BY z =y;
(2) XIHRHE:  olz,y) = oy, 2);
Vz,y,z€ X, M# p H X E—AEE, X HAHEESH. — 1A
BEESMIBE B S X iBE (X, ).
KPR ZEEE, TUEERESEF5HE— R EERT.

ERREIMES, H X PHERER o(z,0) <r B z WERKEN
L G, r RERMRRE. TR §1.3 FERIRZEM R™ FRE,
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JHE. P&, B, Borel o U3, URAFHERS—-RIIBMSHTLIK
FIEREETR. TR, FRHREENE HARNREETE =
£ 0 5270 X BRANANES: ARIHASEFRINZAR,
EEZ NI RI IR T B R AR BE & 22 (W 5 AL

g1 (R, p) BEEIEAEME, HF

n

p(z,y) = | D (@ —p)%, (5.1.1)

i=1

z=(z1, ,ZTn), ¥ = (Y1, ,Yn)-

Bl 2 [a,b] LemESER =N Cla,b) F, 2
plz,y) = arggtgblz(t) -y, (5.1.2)
W (Cla,b), p) REEERZE[H).

B 3 LP(E)(1<p<oo), KEER

p(f,9) =11f—gllp (5.1.3)
R PR B S (]
Bl 4 IP(1<p<oo) M, BRMTEWERHGF
Z |z;|P < co
j=1
HEBF = = (21,22, ) SERAM. KESH
) 1/p
o) = (X les - P (5.1.4)
ij=1
¥ R BE B 25 ],

Y 5.1.2 FEEENE (X,p) PHAT {z.} FAWSF, BEF
TE X sz, % n - oo B, p(zn,z) - 0. WETHR z M5 {2} #Y

B, CfE 2, - 2, WICHE
lim z, =x. (5.1.5)

—>00
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wACKX. %B{xn}CA,i’—_’:n;émﬂﬂ‘xn;éxm,ﬂnli_x)réozn:x,mlj T
WAH AR—IERR, SR — MR A

& Bl Cla,b) PR {z.} WKE z, BIETE [0, 0] LS
{zn(t)} —BBHE] 2(2).
BGRAEBRE—HE: o 2,0, 0y Ma=y. FHELEL,
VYe>0, FEN, X¥n>NE, H
p(zn,z) <e/2, p(zn,y) <e/2.
H=AAEFXR
p(z,y) < p(zn,2) + p(an,y) <€,
e~ 0,88 p(z,y) =0, Mz =y

W 5.1.3 FEEZENE (X,p) LELF] (2.} FAEAES], RigH

n,m = oo B, p(an,zm) = 0.

BAFIWHRIERTES. BR (X, o) FERKSTLREEARS,
K2 AR —EAE X Fs. Bl EEATERBEUERREA
—E AR,

EY 5.1.4 EEEN (X,p) KATEN, BRESTIESIIHKE
sl

Flm, fXME [(a,0] LHZTARSEMBEZE Pla,b], ZEEHR
(5.1.2) FTARZEN. mXIE [o,b] LHREAHRESHHRAE
|, 7Ep=1HER (5.1.3) TARZEK. HRZM Cla,b], LP(E)
HREEERZR, P(1<p<oco) BRREEH.

EMX 5.1.5 LEEEZENE (X,p),Y,n), BT # X B Y B
&, MBIMEER z,y € X, BH p(z,y) = p1(Tx, Ty), T BFER
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G, X WASHERTX CY FERMAH.

NEEFRMMERZR, BNy —VS5ERHRRMERITRE
Ry, HAERATERAEN. FREE X 5.1.5 F[iAR (X,p) £
(Y, ;1) B9—ATF2206], iefE (X,p) C (Y, p1).

EXN 5.1.6 ¥ (X,p) B— 1 HEEEHE. £§ EC X HBRITH
& VzeX,Ve>0,3ycE, f#i18 p(z,y) <e, A E & X T
T4,

BRECXEXWRETFENRIVERMER: Ve X HFE
E 155 {z,}, H18 v, - z. BIIREBF/REFFRIT (Weierstrass) &
®, [ab] LHIEHAZE Pla,b] £ Cla,b] ¥HE. & L—FFEIL
BT C(E) 1E LP(E) FHITEE.

BAMERSRAHTUZEL, IRETROTELEE. BIVH
HAHEENNE. SHEMIERTSERR=.

M 5.1.7 (EAERENE (Xo,p0), WLFE—NTEHERZNH
(X,p), 1 Xo ST X F—MHEEFE X', HREFEARITLSE,
(X,p) BHE—HEH. X (X,p) BRH (Xo,p0) HIFTHALZEEN.

Bln7E §4.1 HEIEHIZE L' ERAHMERT, (o0 ERETR
BELRERZEN, EHEENEME a,b] L Lebesgue ATHKEK
&k, B L'a,b). #¥AIER, (o b LIRS TR LIKTE Lebesgue
AR RAEAEN.

§5.1.2 JIREMSTHE
BEEEEN (X,0),AC X. MEFE 20 € X, Kr >0 R
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A C B(zo,r), HF
B(zg,r) = {z € X|p(z,z0) < r}. (5.1.6)
M ARBERTH
ERFHERRKRZRF, FREFELITH-MRETI, I
JRAREHES B — R BEE R 22 18]
il L2(E) HARARHEESRE (.}, B {z.} C B, 1), 1 6 K
REAZH R, EE (2.} AFH L WHT5.

EX 5.1.8 SBEEHERE (X,0),A Z X HTH MR AT
ERAFIE X DA PETS, FF A RFIRR. MR TBERT
FIEWSE] A PRI, NFF A RESFIER. mR=ZE X RHEH,
ABLFF X BFE = M.

SR FHRBRTEE, TEERAERASESE FIES
ENAE B THRFIEE, EEATEEREASIESE WIMESIEY,
B 23 6] e 5645 2 ).

BN, SEFARERT EMPIEE. AT AEFE
¥, FHLK (Hausdorff) FINT ELHRUHE.

EX 5.1.9 AEEEEME (X,p), M CX,

(1) BMNCMe>0 HEXFEEze M, BFEy e N, #H
x € B(y,e), MAH N & M B—1 e M. ENER—THFR,
LN B Mg—1H% e M.

(2) MBEIEE ¢ >0, MELE M H—NESF ¢ B, WHEE M
BRuEef R

FH 5.1.10 (Hausdorff) & (X,p) REEZE, MCX,
(1) #F M7 X PIE, W MELER;
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(2) F X B5e&=Z0, M5%EL2AR, W MIE.

WEBA (1) ARGENR. #F Je0 >0, M FEREFS o M. {FH 2, €
M,3zy € M\ B(z1,80); Xt {z1,22},323 € M \ B(z1,60) U B(z2,€0);
A e e 3ann € M\ U Blaweo) o, A 891
{zn} C M BRWER p(zn,2m) > co(n # m), ERAWHTFF. X5
M ¥ BT .

(2) & {zn} B M B F55 HF), BER—DREFH. HESH € >0,
A {y, - ym) C M, R

U B(yi,{-:) ODMD {xn}v

i=1
FRULEREAD Blye,e) BF {z.) WEFFHE. RFPUHFL, KRR
e=1,1/2,-- 1/k,---. ¥t e=1,3y € M, UK {z.} BFF] (=1} C
By, 1); % e = 1/2, 3ya € M, U & {2} 89FF {z} € B(ys, 1/2);
s 3 e = 1/k, 3ye € M, LR {27V} 8750 {2k} C Blys, 1/k);
L BRI LT (o), ER—AEAS]. HLE, Ve,
Mo >2/e BF, VAR,
P3P, 2M) < p(al, yn) + p(@),yn)

2
<-—-<eg.
n

EX 5111 —TERZEEFIRREE TR, RHEARTS

#35.1.12 RAHRHERZRRTHE.
EH N, HASE 0 MU Ny R AT

EM 5.1.13 % M BREEZEE (X, p) §—MFE Z={Gle
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(I IR & X WFRK. &

MclJaG, (5.1.7)
lel

MESREMg—INFESE IR MOEEFESEE M OBRAF
B#, B M HEE L ={Ghe WEE G, .G, 5H

UG’i DM,

i=1

B M OEBR, RHELR.

T 5.1.14 ¥ (X,p) REEZRE, AT M C X ZESBLR
BAURERBSESE.

iEER 24 B M REBH, X M AHEREN, E4RE5
% B M EXLRSE, WMREREHE, WEEM H—PTRTFE
AERBANM=0,HP A R ANFTERANES. BEAHHA
HSE. AWER z € M, F#1E e > 0, {#18 B(z,e.) N A RARE.
FFEBIE = = {B(z,6)}eem & M H— N FFEZE, SFERRNIFN
¥, B(z1,ez,), " »B(@m,€z,.), B

m
U B(zj,€4,) DM D A.
Jj=1

T

m
A= U ANB(zj,6s;)-
j=1

B~ AN B(z;,e.,;) REMB, HATHERE, H5HE A HTR
B8YE LEEBIE

Aot M ERVIES, BEE M HEERFEETRHARE
% AR MRBERED M WHER T = {Gihe PARBRES
MEX. BT M BHIEN, ERRLEFFRN, VneN FERY



§5.1 EHEZEE 217

B 1/n ™
N, = (2™ 20 g
= {z; ,332 s Ty O M,
Mc |J By 1/n).
yEN,

Ei, VneN,3y, € N, FEEES MO Byn, 1/n) EZEREEH
A Gy s, mifRE M BREFIEMN, K5 (v} PLFEERST
| {yn,} BB —4 M yo € G- BT Gr, BFH, £ 36> 0, fER
B(yo,8) C Gx,- B k BHEK, #18 nie > 2/6, 3 H. p(yn.,y0) < 8/2, W
Vz € M0 B(yn,,1/nk) B

1 4
p(zvyo) < p(zaynk) + p(ynk,yo) < ;1; + _2. <4,

Bl z € B(yo,d), Nl M N B(yn,,1/nx) € B(yo,8) C Gx,- XEHNR
& M By, 1/n) NEERARD G\ FIERTE. E¥.

WM B EEESN, EENp ACM) KR M E—YI%

B TR, EX
d(f,9) = max|f(z) - g(z)}, (5.1.8)

Vf,geCM). MESEd R CM) E—ABER, H (C(M),d) B5%E&
PR B 25 ().

T — Bk ENESRENEERE.

%38 5.1.15(Arzela-Ascoli £3) #& F C C(M) 2—AFE
B T VBRI R

(1) F —BoER. BEEEE M, XHEM f € F #H |f(e) <M.

(2) F RSB, BIE4 € > 0, FFHE 6 = 6(e) > 0, [EEMER
feF, UKk x1,2 €M, HE p(zy,12) < 6, A |f(21) - fl@2) <&

®1 5.1.16 ¥ M C 2, M FIEM TS LERMFR
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(1) M ﬁﬁ' Epﬁ&#’ﬁ K > 07 X'T:j:ﬁ::_‘/[\ T = ($1,.’B2,"',
Ty ) EMH S [z < K.
n=1

@) BHE { £ leal 2 = (oo, me, ) € M) B
M. BIVe>0,3ng =ngle) € N, F/XNE N 2= (51,22,---) € M,
M n > nole) BHERA

oo
Z lzil? < €.
k=n

FH 5117 BEeM, EBEMCLP(E)1<p< x) £—1
FEBH T VERMAR
(1) FEEY K BEE ze M, F |zl < K;
Q) MEBe>0, FLEI> O, WMER s e M, HE r <5, A
plz,,z) <e, HH
z.(t) = 1 / z(s)ds (5.1.9)
|B(t,7)|

B(t.r)
R o(t) FEBRARI B(t,r) BFH, XF z(t) € M, X t€E BB
3 z(t) =0.

§5.1.3 E4Euat SE4EuST RIE
BETHAMEBEER (X, p) M (Y,0), ZEBRFT: X o Y.

EX 5.1.18 BE o€ X. & Ve>0,30 =68(zo,e) >0, {HEX
TreX, &
p(z,x9) <6 =>0(Tz,Txo) <€, (5.1.10)

BB T 7ER zo AbHESE. FWRFEF—AOMBELN, BHKF T 2
(X,p) LHESEBRST.
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T 5.1.19 BB T : (X,p) - (Y,0) BELEN, ROLE

SR Vooe X,V{z,}C X, FH
Jgrgop(xn,zo) =0= ngloo o(Tx,,Txo) = 0. (5.1.11)

WEER b2k, B (5.1.10) XRIL, H lim p(zq,20) = 0. i 7
Ve >0, 3N = N(6(zo,€)) €N, {8 n > N B, p(zn,z0) <d. AT
H (5.1.10) K&, o(Tzn, Txo) <e. B T}i_{r;oo(Tzn,Tzo) =0.

oM. % (5.1.11) BAL, FARIERE. #F (5.1.10) RFE 20 € X &
WAL. FREME: >0, {#8 Vne N3z, € X WE p(zn,z0) < 1/n,
HE o(Tx,, Txo) > €, BIB

Jim p(2n,20) =0,

{HRBM lim o(Tzn, Too) #0,3X5 (5.1.11) AFE.

X 5.1.20 FEBS T : (X,p) = (X,p) MRFEO0<a <],
B/ vVe,ye X H
p(Tz,Ty) < ap(z,y), (5.1.12)

TR (X,p) 8/ H S0 RGBS
B % X =1[0,1, f(z) & [0,1] LEI—ADTIHEE. & f(o) WE

A
f(z) €[0,1], Vze[0,1],

If'(z)] <a<l, Vzel01],
MIBRERS [ X — X RIE4R89.
iR 12 p(z,y) = o -yl WK
p(f(x), f(y)) = 1f(z) = fF(¥)]
= |f'(z + (1 - O)y)(z — v)|

< alz —y| = ap(z,y) -
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F£3I2 5.1.21 (Banach FFHRAER-ERHBRHEFEE) &7 (X,p) £
—PREEEZRE, TR (X,p) BIHASH—MESYS, BAE X
FHEEME— T ARSI,

B fEB 20 € X, & @y = Tzo. AIHBEN 2041 = Ty,
n=12--. ZFRAMERZEWFF (2.}, EWE

P(l’n+1,-77n) = P(T“TmT%z—l)
< ap(Tn,Tn-1) < -+ < a"p(z1,T0)-

Mt FHEEK meN, &

P(Tntm,Tn) < Z P(Tntjs Tntj-1)
=1
n

< 7 pE1,30) =20 (1 00)
(it ¥m e N —30). TR {2,} B—PEAF]. BT X BEHH,
AT EAFNIE X PR, LRy 2> MEFX Ton = g1, W
HBRR, Eh T RESEY, [
Tz* =zx*,

Bl 2 & T ARSI R HEF AR o, W

p(z*,z**) = p(Tz*,Tx™") < ap(z”, ).
pbHEd o =z, BT T 18 X FE ARSI RUEHE—H.

YRR st IFERA M A, BT 5K R 7 R HER

dz
{ @ ~ o), (5.1.13)
z(to) = zo
REMFENBA, HRELZRL z(tt) W2 T RIS I R HY [ A
z(t) = z0+ | F(s,z(s))ds. (5.1.14)

to

ERUE R — A3
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A, BRBE _TTRE F(t,2) EARE (¢t 2) | t—to| <a, |z-

zo| < b} L. i
M= max |F(t, x)]|.

lt—to|<a,lz—zo|<b
% h = min{a,b/M}. TELA t = to RHOHIXE [to — h,to + h] LHE
BER 2 ME Clto — h,to + hl, #?l)\ﬂﬁ&ﬁtﬂ‘
(Tz)(t) = zo +/ F(s,z(s))ds. (5.1.15)
to

W _ERFSHR (5.1.14) FHrF K Clto — h,to + h] FEI—PTK =, &
Ba="Tz, BPRT AR
FREFE F(t,z) LiRmAM, 8 T BVESHBE. FLL,

— AT EGR, B _TCEE F(t,z) MET z XF ¢t —HHHE
R AR (Lipschitz) Z&ff: FFZE S >0, L > 0, {1824 |t — to| <
hy |z — 0| <6, ly — yo| < 0, BHH

\F(t,z) — F(t,y)| < Llz — y|. (5.1.16)
B k' < min{h,1/L,6/M}, %% Clto — I', 1o + I') B9 F 5

X 2 B(zo,6) .

= {a() € Clto — W, to + 1| m%|x(t)-x0|<5}

TR p(z,y) = |l=(2) — y (@) T (Clto — I, to + h'], p) RE5E

|<h
PR A (a]. lﬁjﬂ X BREMATE, U (X,p) LR EERZHE.

Ve,ye X, H
t

Tz (t) — zo| < t |F'(s,z(s))|ds

<hM<L$,

t
|T=(t) - Ty(t)| < / |F(s,z(s)) — F(s,y(s))|ds

<h LI A |z(s) — y(s)| = W' Lo(z,y).

B T:X > X Hp(Tz,Ty) <ap(z,y), K a=NL<L FTRTREX



222 # 3 ¥ Hilbert &EE®

R ESEBS, TEM Banach AEEEHE, BRI T EHE.

EIE5.1.22 BWEK F(t, ) AR {(t,2) | [t—to] < a,|z—=0 <
b} LiEZE. id
M= max |F(t,z)], h=min{a,b/M}.

™ Jt—tol<a,2—zol<b
FEAFEE {(t,2) ]t — to] < hy |z — 20| < 6} LHRMBERTFM
(5.1.16), W24 A’ < min{h,1/L,6/M} BF, ¥MEDH (5.1.13) TE [to —
h',to + h'] LIFEME—1R.

3 &
1. S HH—E S
= (1,62, &)
HRMBE, 7S FEXERR

(e o)
U 16k — il
T,Y) =y ——
pla:y) =281+ (€ — el

KA z=(&,&,), y=(m,m,---). KiE S BREFMER .

2. E—PEEEM (X,p) #F, Kik: BEAFIRKHFHHLH
FEE— TR TS

3. 3KiE [0,1) LA E AL AR

1
o(.q) = / Ip() - g(@)ldz  (p, gRETR)

BARZEN, FBHEANZ&EN.
4.0 F RHBEEBIANZTH LS 2E. 7£ F L5I#HER
p(z,y) = 21;1;>|£k -,
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Het z = {&}y = {m} € F. KiE (Fp) FER, HEHENRESL
ZE[H].

5 B (X,p) REFRWERZE, B {z.} C X. MR Ve >0, FHE
HAF] {yn}, 18 Vn € N, p(z1,yn) <&, KikE {zn} HHK.

6. BHER] 4 43 HAY S [H 1P REER ).

7. & (X,p) REERZM], &

d(z,y) = p(z,y) /(1 + p(z,y)) -

KiE (X, d) RERE .

8. 7 R' L X p(z,y) = arctan|z — y|, [ (R', p) BRAREEZ
[&] ?

9. & (X,p) REEBZM, FRrk X WESHRARMRHE
& MFzeX,CeF, 4

p(z,C) = inf p(z,v).
B A,Be F, 4
r(A, B) = max { sup p(z, A), sup p(z, B)}
z€B z€EA

WEH r(A,B) & F E— 1 EEBEH.

10. iEHZEEBEEHNNATFER—ITTENTZME, WME—E
BEERHEETEELEATE.

1. REEEE (X, p) RTELERH, KiE X WL ERRZT
2.

12. BEEEEN (X, p), M c X REMS. RiEM LEZRK
WER, TREEMLE. THA.

13. # f(z) & (X,p) DEYEERH, zo€ X. HX X WRHE
zo BFERLAS {za), A lim f(zn) > f(z0), MH £(2) £ 20 AT
g BH T (o) < fa0), WU £(2) 2R 0 40 L4
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B’ f(z) BREZEE (X,p) L TEREERK, Kik:
(1) f(z) THF
(2) f(z) £ X EABIHTHR.
Xt b2 S R PINE LBE R L.
4. SCcX,SEEMNER, zc¢X, &
p(z,S) = ;lelfsp(z, y).

RIEFE—DE 20 € S, fF p(z, ) = p(z, z0).

15. | (X,p) RERERZH. & AC X, KiE: ARIIEHE
SERMER, Xt Ve >0, FF7E A BIFIE ¢ M.

16. i (X,p) REEZH, RKiEZLAERABCRARY. EdF%
B2 HTRE = (e}, HF

ex = {0,0,---,0,1,0,-- -},
k

FiEH - BETURE RN ERTLER.

17. /M & Cla,b] #EFE, KiERG

M= {F(z) - /a f(t)dtlf e M}

RIEE.
18. EHAEEE {sinkz} (k= 1,2,---) £ C[0, 7] FAREF|ELHE.
19. # (M, p) B—NEEEZE, iEHH (5.1.8) ARG LK =ITX
ZRZER C(M) LR—AER, FHEW (C(M),d) BREFERZM.
20. ¥ (M, p) BR—MEEEZNE, X ECC(M),E FRE—HF
FIEWE R FHAER:
|z(t1) — z(t2)| < cp(tr,t2)®, Vz € E 1, t2 € M,

Hfr0<a<l1,c>0,KiE EfE C(M) FRFIESE.
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21. % A REBEN (X,p) TR MFzreX, 4
p(z, A) = yigg p(z,y)-

RIEBS z — p(x, A) B—A X LAESERE, 3#FH p(z,A) =02
HiNY zec A Hp A) B PES ANESR.

22. % g € L'([0,1)), ZEBH T : C[0,1] -» C[0,1]] WTF: Vfe
clo,1), &

Tf@) = [ ola-n)fW)dy.
0.1)

EREPFH {fi} C Cl0,1] —HAR, EH TfHi H-BUAKTH. ©
BRI, E—BHE |-l THRE T HAFRBRARIIER. '
23. % T REEE N LA ELRBST, SKIE T BESERS
24. (X, p) REEEZME], BRHT: X - X WE
p(Tz,Ty) < p(z,y), VT #Y,
HFEHT ARFEK, EHLARZAHE—
25. § T REBEM (X,p) LHESHWRSY, iE¥ T(ne N) R
ERBS, FHRHERER —E L.
26. # C & (R*,d) FRIFERAR. B T:C - CHE
d(Tz,Ty) < d(z,y), Vz,yeC, z#y,
W T 7 C PR A3,
27. BERB y() € CI0 1), HE A, |\ < L. FETIIRNHE
z(t) — /\/t et~*x(s)ds = y(t),
0
B TR C[0, 1] HAME—#F.
28. % (X,p) REEBZME, M 2 X FHFIRE ERFT X - M
WE
 p(T2,Ty) < plz,9), Ve.y€X, z#y,
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R T 7 X RS
§5.2 Hilbert & [RIFEL

§5.2.1 X
it K RE 308 C 82 EH0E R

#W 5.2.1 (WEZHE) ® X B K LH&EZER, X EM—
AoTER e X x X o> KFAR—AAB, IR

(1) a(az + By, z) = aa(z,z) + Baly, z);

(2) a(z,ay + Bz) = Ga(z,y) + Ba(z, 2);

(3) a(z,z) >0, H a(z,2) =0 =z =0;

4) a(z,y) = aly,?) ’
S 7,y,2 € X,0,8 € K BIL, (X,0) ARBIZR.

(1),(2) BN, (3) BRAIERHE, (4) FROUXIFRE.
75 (3) PIURF TS &M, B a(z,2) > 0, WHK o) H—HEN
. XERBSIE (X,a0) BAERFEE. AREESRKKER R” L
FAR R AR HET

FEA R ] L B TR

(z,y) = a(z,y) . (5.2.1)

)

Bl 1 Re,Cr RARZERE, ENHHBTEIE O

(z,y) = Zliyi, Vz,y € R™Y; (5.2.2)

=1
(z,y) = Y _ ¥, Vr,yeCh, (5.2.3)
i=1

He o = (21,22, ,Tn) ¥ = (¥1,Y2," " 1 Yn)-
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& 2 12250 (BN §5.1 FH 4) RARZRE, RAERR
(z,9) = ixim, (5.2.4)
Herz= (21,22, "),y = (yhyz,"f;le 2.
%3 FEZEE CHO) FREAR
W) =3 /Q oou(z)o@)dz, Vu,v e CH@), (5.2.5)

fal<k
4 CH(Q) B—PHFRZE].
M4 iF X Fp B—AREZRE, £ LX(X,F,u) 8 X EWHE
#14 -
— 2
i = ([ 1@ duia))  <o0
MEMEERRLSE. MT f.ge LX(X,F,p), %
(fr9) = /X £ (2)a@)du(a). (5.26)
B Fi Cauchy-Schwarz R4, LEASXARMRSAEL, Bk
(L2(X, F,u), (") B—A AR, $50H, Lebesgue FI7 A FEHK
Z3|] L*(E) B—1HTRZME.
&1 5.2.2(Cauchy-Schwarz A¥RX) ZEHRBZEE (X,(,) £
. v
llzl| = (z,2)"/, (5.2.7)
WHER « R, WA
l(z,v)| < llzllliyll, Vz,y€ X, (5.2.8)

MHREFSS LAY ¢ 5 y REEMRFRIL
B #FaeCazyeX,y#0, WA
0 S ((L‘ -—ay,T - ay) = (112) - a(y,m) - a(z’y) + |a|2(y7y)'
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" (y,2) =be?,6> 0, ;L a=e"A\ X € R. FHMRERER
0 <lizll* - 26 + A||y||?
=c - 2bA + ar? £ p(n),
K c=|lzl?,a = |lyll*, p()) BZRETR, MFH N\ H p(d) > 0. #&
p(A) HFIK 46% - dac < 0, HTT{

02> b* — ac = |(z,y)I” - ||=I|Ilyl|*.

#it 5.2.3 z,ye X,aeC &
(D Mz +yll < ll=ll + llyll;
(2) llazl| = |aijz|l; ‘
(3) llzll 20, A izl =0 <=z =0.
B (2),(3) REBAK, REFEH (1). BH
le+yll* = (z +y,z+y)
= llzll? + (y,2) + (,y) + llyl?
= lzll* + 2Re(z,y) + (lylI*.
H Cauchy-Schwarz RERH, Re(z,y) < |(z,y)] < ||=|llly]l. Hit

llz+ylI* < llzl® + 22Nyl + yI1* = (=]l + [ly])?.

HENREE X Lk, MTEREN 2,9 € X, 4 p(z,y) = |lz - yl|. H
R 5230 EXT X LH—IEE, T& (X,(,),p0) B—ER
J&].

EX 5.24 FHBEMRE (X,(,),0) RESERZN, RS
[6] 5 —4 Hilbert Z3[d].

% 1, % 2, B 4 & Hilbert 23[q].
‘H%E 5.2.5 ?%%ngﬂérﬁ] (X, (,)ap) {E% (X’p) ﬂ@?ﬁ%{‘t?lﬁ]
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B H W&EH EHFEAR G, )n, H ENEBREHARE (,)x BHH,
HHY z,y € X & (z,9)x = (z,9)n.

MARERAENTBESEE. EREREA—-ITFATHHIAR
Z a0 A B 5e &AL IE B —4 Hilbert Z8[]. Bt4b, 3EAY Hilbert 23[H]
AR B —/E /) Hilbert 22 [H].

Bl 3 PR CH() REZEN, EMNTA&LZMEIEE H @),
¥R EAAFIR (Sobolev) 23 [H].

§5.2.2 IE3CHE
£ Hilbert Z5[8] H 1, F[USIAWP TR Z RIFEAHHEE, WM
AU XA AMERSEE. SERIKEE—#, XF z,ye H,

@)l
6= arceos 1wl

FrzHyZAWEA HW6=r/2 5HY (z,9) =0.

EM 5.2.6 H & Hilbert 2], z,yc H. & (z,9) =0, Kz 5§
yIEX, itffz Ly XiRABR HWEZTFHR, HEVrecAMyeB
WEzLly, ®AS5 BEX, icfEALB. W/MES {z€H |z 1 A}
W A BIESSH, ofE A

5 AL B HM—NARETZENE; %zl ARSE
z 1 linspan(A4),

HF linspan(A) Rl A MEFREAFHRIRE, KHREH A
Mgk, e T EEHES:

ﬁ;E 5.2.7 % Z1,T2, " ,Tn ;E H ':PWJ‘WS‘E'B‘E, BIIJ
oy + 22+ -+ zall® = [l + llgall + - + izl (5.2.10)

(5.2.9)
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Bl n=28}, Az Lz BB
lz1 + 22| = (z1 + 22,71 + T2)
= ||lz1l1* + 2Re(z1, 22) + ||z2|?
= [lz.]1? + [lz2]*.
Hamgo el Aiags:. X (5.2.10) RAKREEMHE.
BAER AR IS 18] o ) B A A 475 RSS2 Hilbert 22 [H]
x.
EX 5.2.8 £ & Hilbert 2] H —NFHRG. HVe,fef H
e# fEF e L f, W € BRERR;, HEEFMNEFG N ecl, llel=1,¢
PRWIRHEIESCER; IR &4 = {0}, A& £ BTAEH.
THSIHA—A 5L HREFMIHE — Zom FIHERIEH
Hilbert ZE[A] A THIEXE. RT Zom FIHASEHF—

513 5.2.9 (Zorn 5138) ¥ X BR—MRFHRE. MRENE—T
LFFRAELR, M2 X HF—-TKT.

TR 5.2.10 JEF Hilbert 28] H P UHFEREERE.

T H PHEREKESBEXRZHARURTEE SFT2FT
BAE R, REXSHE M. K Zom 3H, XMRFEEPFERK
JT, iofE £ BREAMIERSE, AERR, WLHFE

To#£0, 1z € £t
& & ={zo}UE, & REXSE, £C&. BHME & MRRHUTE.

FI 5.2.11(Bessel REX) 4 € = {ea}aca & Hilbert ZE[a]
A —MAHEIERSE, MvzeH F

3 (@, ea)? < Il (5.2.11)

a€clA
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[iip=h Z (z, ea)eq € H,

a€A
2
z— Z(z,ea)ea = ||=||* - Z |(z,eq)|?. (5.2.12)
a€A a€A
i AT AWEEARTSR AHREMNE L2, 0, B
Sl e)? <l (5.2.13)
=1
XEHEN
n 2 n
0< lz =Y (zee|| =ll=l* =) Iz el
=1 i=1

St Vn e N, R |(z,e0)] > 1/n B154F c € A ZEHFHFTEZA. N
Tl (z,eq) # 0 BITEHT a € A EEHAHEEA. TR (5.2.11) Ay
B ERR ERESTHTRMGEE. REHBRE (z,eq) # 0 HAHE
AMaeAR1,2,--,n,-, Pad (52.13) R, 4 n— oo, BIFF

Y l@ea)l? = Iz en)l” < llzlf*

a€A n=1
EBEH _
Z(z,ea)ea = Z(z,en)en .
a€EA n=1
5
m+p 2 m+p
Z(-T,en)en = Z l(z?en)l2—>0 (m — o0, Vp€N),

n=m n=m

BUFF] am = 3 (@,ea)ea REHT. AT

o0
Z(z,ea)ea = E(x,en)en = "}gnooxm € H.
a€A n=1

XEHEH z - § (z,en)en L i(z,e‘n)em hE 5.2.7,
n=1 n=

e o]

T — Z(z,en)en

n=1

= llell> = Y Iz, en)l-
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EX 5.2.12 % £ = {eq]a € A} & Hilbert Z2[8] H 1 — %
EXE. mExtvzeH, A

z= Z(z, €a)€as (5.2.14)

a€A

WHR € X H —AE, HF {(z,e0)|a € A} RN « KT £ #y Fourier
F3 /8

EHE 5.2.13 & € = {eq | @ € A} /& Hilbert 28] H f§—Mr4E
ERSE, MUT=4,MEFY:

(1) ERHBH—1TE

(2) &€ RZHH;

(3) Parseval AL, B

lzl* = )" I(z,ea)l>, Vz € H. (5.2.15)
a€A

B (1) = (2) fEBy € &L B (y,eq) =0,Va e A. HT € 2
—A#:, y A Fourier B

y= (¥ ea)ea =0.

a€A
& RTEM.
(2= @) MEEzeH 2y=z- ) (T,ea)ea € H. BT

a€EA
(y,ea) =0,Va e A, Hyecét. B E WM, y=0 HEHES211

&R (5.2.12) FH], Parseval SR L.
(3) = (1) t Parseval %iﬁ& (5212) R, &

- z(z’ea)ea = |ll)* - Z (z,eq)> = 0.
a€A a€EA
HA
z= Z(z,ea)ea

a€A
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Bl5 7E0° ZEL,
en:(O’O’...’l,O’...), n:1’2’3,...
e —
R—TRIHEIE S,
Bl 6 7t LE[0,2n] L,

1 .
en(t) = Ee‘"i (n=0,%1,42,---)

R—HHEIESCHE, Vf e LE[0,27],

(f,en) = —I—/Z"f(t)e-i"*dz nez
) n - \/2_71_‘ 0 b .

§4.2 f L? Z5[A]#Y Gram-Schmidt 1E 324k 2 7T LAZE 0 I MEAY 3R
| Hilbert ZF[Al k. # F = {fn : n € N} J& Hilbert 2] H —51£&
HEFTHRTCE, WATUMETHEERSE € = {en :n € N}, (BN TH
A n,

linspan{er, ez, -+ ,en} = linspan{fi, fo, -+ , fn},

HHEM T
g = fi, % e =91/llgul B g2 = fo—(fa,e1)er, 2 €2 = g2/l|g2ll;
— My, &

n—1

9n = fn~ E(fmei)eia

i=1
% en = gafllgnll BNE. LA LA EHR Y Gram-Schmidt IE3xfkit
.

FIE 5.2.14 i M 2 Hilbert 23[8] H B F2E], MTEEH
llz — zo|| = p(z, M), (5.2.16)
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MA z—xzo L M, H

p(z, M) = yig{lllz—yll-
RZ, # zo€ M, 18 z — 20 € ML, W ||z — zol| = p(z, M).

MEBA it d=p(z, M) = yig{l lz—yll. & z € M, B zo = = BIH].

HIEM,d>0, MFEy € M,n=1,2,---, THE

d < ||z — ynll <d+%.
3t F Va,b € H, K BIEH

lla + Blf> + [la - blf* = 2{lall* + 2{|b*, (5.2.17)

WATATGIEEN. ¥ a=2-yn,b=2—yn RALK, BT

y_"_';__yﬂEMﬂﬁ

+ 2
lym = yml? = 20z =yl + 20z = ym 2 - 4|0 - L2222

< 2(d+ ;11-)2 + 2(d+ %)2 —4d?
1 1 1 1
:4d(ﬁ+a)+2(ﬁ+ﬁ) -0,
L n,m — oo. TR {yn} BEAET|, BAFEMR
oy, Yn = %0 € My
Hllz —zoll = d XBHEAERM . FLE, FH e M HE
|l —z1|| =d, ¥ a =7 — z0,b =z — 1 fRA (5.2.17) R, A LERT
%, "8

To + 71 |}2
les — zoll® = 2|z ~ zol + 2llz - z1|I* - 4o - 22|

2
<2d* +2d® —4d? = 0.
#® T = zo.
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Iz = zoll® < [z — (20 + y)II?
= |l — ol|* — 2Re(z ~ z0,y) + llyll* .
AHsHEBye M &
2Re(z — 20,y) < lull*.
EEEE— v, i€ (z - 20,9) = re'?,r > 0. Aty KA LRBTR%
x, B
2rt < £2)|y|)%.

2t>0,®/r=0Aliz—z Ly

RzZ, xpeM, -2 LM MEEMyeM, Fx—1z L
To — Y,

lz = yll* = llz — 2o + 20 — yII?> = [lz — 2ol|* + [|zo — ylI* > ll= — zo|I*.

B ||z — zoll = p(z, M).

MF zeH iEEFH 20 =Pz, FRPEHB MHB—/ B
i, A H B M PBREHETF, T VPRSI EREETHER.

it 5.2.15 (EX9#) ® M 2 Hilbert 2/ H $—AHALHE
T, B4 Vr e H, TFEE THIME—HIER S R

r=y+z, ye M,ze€ M*. (5.2.18)
Bl By=az0€M, W z=x-x0€ M'. XEEFERI—Fh
5 R ‘
z=y +2, yeMzeM,

Wy-y =2 —2(6e MNM*) =0. BIBEE—H.

Bz WERHBETERN y H R £ M EHEZSE, A
5.1 Ff7R.
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§5.2.3 Riesz ‘RTEIR

Hilbert 258) H LAY f: H > KA H EHKKEEZ R, &
15 f W
flaz + By) = af(z) + Bf(y), Vz,ye H,a,B K. (52.19)
WMRY 2, - 2 BH f(zn) = f(o), f FRATER o LRESER. MR
f R ALEREL, B f BRESNEEZNR. H LESKWEZE
WekH H* #£R. B H* B— =0,

@i 5.2.16 4 f R H L /1RHEE, WU TaSIEMN:

(1) f REZEM;

(2) f EEBREALESE;

(3) fHE = =04b#ESE

(4) FEFEE c> 0, {18 vz € H, |f(z)] < cllz|l.

i BREAE (1) =(2) =)

PIE (3) = (1). B fEEHR OLEL. XN FEE € H, & 2 o 1,
mz,—z—0,
0=f(0)= lim f(zn —2) = lim [f(zz) - f(&)] = lim f(zn) — f(2).
Fit lim f(zn) = f(2).
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(4) = (3) RBAW. AWIE (3) > (4). H f7ER 0 AERHL,
36> 0, HE ||| < 6, BA |f(2)] < L. MHEBEy z € H f e >0,
18lall + €)'zl < &

U1 () | =

7@ < 3kl +2).
% e— 0, TR (4 ML, HFc=1/4.

®Y 5.2.17 ¥ f & Hilbert 230 LR MIZE. HHEEFEH
c>0,f#BvVzeH, B

1f (@),

||$|I te
]

|f(@)] < cll=l], (5.2.20)
¥R H LHARREZER. X f RAFKEZEN, £
£l = sup{lf (@)l | ll=]l <1}, (5.2.21)

FrRIfI R f B

B A 5.2.16 & (4) B[40, Hilbert 255 H L&MHZ RAHE R
SHrFEgyE. Bt H* & H LeBREREEZ Ra2K.
2 z0 € H, EXREZR fo, : H-> KT
fzo(z) = (z,20), VT €EH.
FREE f., BARRESEY, HELEARM. H Cauchy-Schwarz K%
XA
| fzo (@)} < llzollllll,

B 1 fzoll < lloll. XA f(zo/llzoll) = (zo/llzoll, x0) = llzoll, I A
[l faoll = lIzoll-
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EH5.2.18 X fRH EFEREHEZE, N
£l = sup{lf ()| | ll=]| = 1}
= sup{|f(@)|/llz|l |z € H, z # 0} ,
=inf{c > 0||f(z)| < cllzll, = € H}. (5.2.22)
i8R iC @ = inf{c > 0||f(2)| < cllall,z € H}, FHHil
B = sup{|f(z)|/llzll |z € H,z # 0}.
BRA
1l > sup{|f ()] | ll]| = 1}
= sup{|f(2)|/||z|| |z € H,z # 0} = 8.
Yo 0B, [f@) <Blall, & o <8 REEH |fIl € o F
|f(@)] < cllall, Yz € H AL, W\ ||fl] BN fIl < e, AT If]] <

EIR 5.2.19 (Riesz ®EIE) | f & Hilbert 6] H LWHEF
KHIZR, WEEHE—W 2y € H, RWERH c € H H
f(z) = (z,x¢),
mE Ifll = llzsll. TR f 8y KT H* B H —DFERA.
EBA id ker f = M. BNy f BRELN, M E HWHAKETZE
6. % f RIEFZERE, M#£H M #£{0). HEFE e MY, &
8 flzo) = 1. MEBM z € H, &L f(z) = o, WH f(z - az) = 0,
HMzr—azge M. Fi&
0= (z ~ f(2)z0,%0) = (,20) — f(@)l|zoll*.
B z; = ||zo||~%x0, Wl Vz € H, & f(z) = (z,zy).
MREH =) € H, R Vz € H,(z,2¢) = (z,2%), W
(z,zy —2%) =0, VzeH.
Bz =z —2) RALR, B llo; - 24)° =0, Bt o) =z, EEHE
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5.2.18 RTEIAIHIEH ELIEHN || fIl = llzs]l-

3 &

1. BALESR. & o BEEAHEE X Lry3tEE R,
q(z) = a(z,z) & a BERW KA, KiE:
(1) Mvr,ye X, H

a(z,y) = {{ale +) — alz —v) +igla +iv) ~ igla — i)}

(2) q BELEEH < a(z,y) = a(y,z), Vz,yeX.

2. HENBEEE (X,(,),0). BE (X,p) WRELZEE H, ik
Wi7E H EAEERR () H ENEBRENR (,)x FHE, FA
Y zye X B, (z,9)x = (z,y)u. (M 52.5)

3. fEAE L2(—1,1) F, HHEBETH=ARA:

filz) =0, foz) =1, fs(z)=2
HIRLA = FTEHI =4,

4. EC[-L, =X #H, &

(1) My={feX|f(z)=0, YV <0}

(2) My={feX|f(0)=0}.

W M, My £ X HETFHRBE 1
(o= S

HIIER#b.
5. FEZEE] L2(0,1) skt FHIRA B IERA:
(1) M; BEEXT z BT,
(2) My REKXT 2* HETI;
(3) Ms REBTHFHEELHX;
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(4) Hy BREFRPMAFTHEZTA L4,

6. M,N J& Hilbert Z[RIB T4, KiE:

(1) MCN=N+cM

(2) (M*)* = linspanM.

7. £ L[a,b] 1 S = {e?minz} .

(1) # |b—a| <1, KiE S* = {0};

(2) #& Ib—a| > 1, KiE S+ # {0}.

8. {en}, {fn} & Hilbert (0] H FMHPMRAEIERE, WERM

Z Hen —fn“2 <00.

n=1
RiE: WEF P ERAT AR
9. Vz,y € H, RIE T B4 P43 T3 AL
llz +ylI* + [l2 — ylI* = 2ll]® + 2llyl1*-
10. M & H (RRETER, {e.} 5 {fa} FRREM 5 M #
PRAEIEAS . KIE {en} U{f)} AL H BIPRHEIESCEE.
11. H #RWensm bwrsiiedk, & XAR

(f,9) = lf @dz, VfgeH.
|z|=1

1 z

HEHT: {2"/V2r), B H B —MRHEERSR.
12. H & Hilbert Z[A], {e.} REMIREERSE, Kik:

o0

Z(ma en)(y1 eﬂ)

n=1
13. H £ Hilbert 22/, R z,y € H, R = # y, izl = llyll = L.
WERAYM 0<t<1Bf, F |tz + (1 -t)y] <L
14, ¥ M B H (REF28, ¥ M £ H FRELHEMNY
M* = {0}.

<lllllyll, Ve,yeH.
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15. & H & Hilbert 22[E], {z.} C H, R Y ||lznl] < co. iEBH
Zl zn, £ H IR
16. % H; & Hilbert 25[8]. £ X Z2[q]

H={o=@)|met =12, Tl <o,
=1

EX (z,y) = Z(ml,y, . iEB] H &—4> Hilbert 236, % H X H;

%E*ﬂ WEWF H @zH
17. ® y(t) € C[0,1]. EX C[0,1] LHIZEH

f(z) = / Crwd, Vze 1,
0
KA
18. ¥ f & Hilbert %8 H EHWH AT R, 4
— inf{[lzl|| f(z) = 1},
WEH || fIl = 1/d.
19. £ P, FEEEN>1, BX P EEHEZENT: MF
€ ={an}, f{an}) =an , R 12 HITEn, 18 F(6) = (&n), VE€ 12
20. % f € H*, iEBH ker f & H PHAKEFE M.
21. % fi, f» & Hilbert Z5[a] H LEREEIZ R, & ker fi =
ker fo, IEHATFTE o € C, f#18 f2 = afi.
22~]‘&f17f27"‘7fn%H_tB<J @ﬁﬁ%ﬁ&&a

def ﬂ ker fk,

k=1

VIL‘() € H: ia Yo jbmo E M J:E{]IE%&% iﬂi% 3’!10;3/2,"' sYn € H
&01,02,“' ;Qn € Cy 1%?%

n
Yo =To— D QkYk-

k=1

23. 32 H = L(0,1), W Cp) 2 H PEATFEM. 4 te(0,1],
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TELMEZ R F: CV0,1] > CITF: F(f)=f'(t). iE¥ H LRAR
REMZE, EE CV0,1] FHMREE F.

4. % {z € H|||z| < 1} BB, HAIEH dim H < oo.

25. @ D BREVHEABAER, H*(D) R/AMED AL

// |u(z)|*dzdy < oo (5.2.23)
D
WA IR B AR AR 22 TR, B R

(u,v) // u(2)v(z)dzdy, 2=z +iy. (5.2.24)

iIEHE (pn(z) = \/;Zn 17” - 1727 37" : E&T‘&IEB’E%- &
=) bz* € H*(D),

k=0

JEBA B Xt By Fourier 252

T
(u7(pn)=bn—l\/;a Tl=l,2,"'.

§5.3 Hilbert Z5 A LA H T

BX MY ZBFA K LMKEEE, DX W— 1 REF=EN.
A: DY BB, DA AT, BEHCIE D(A). Y FEE
{Az|z € D} B h A WES, E4F R(A). R Va,y € Do, B €K,

Aoz + fy) = adz + fAy. (5.3.1)

ML T BR—IERUEET. 4Y BEE K, TH#HA KR EMEHE
ZE. Frai, BUE T REH) MR FHRYE ((8) &tz
PR .

Bl1 ®X=R,Y =R™A=(a)mxn WARXZFY H—
MR T
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fl2 #X=Y=0C"N0),0%nEFXE XEHEFEHAXH
P) = ) aa(2)0* aa(z) € C2(Q). (5.3.2)

la|<m

EX A u(z) » (POu)(z),Vue X, 2 AR X B Y BH—IMRHEHR
F.

¥ OEX=Y=L¥0,DT)=C"0), UELAEXHETF A
W X LMAHET, RASE AR,

§5.3.1 SMERTHELMFIFRIE

EX 5.3.1 i H, K E#/ Hilbert 27[d], £&4ET%5q D(4) C H.
BERMEHET A: D(A) » K, 85E ©o € D(A). IME V{z,} C D(4),
# zn o 10 BAH Azn o Azo, MIFK A 7 zo RbIEZE. %4 ATE D(A) F
f§— A E R, A RNESELEET.

56 5.2.16 KM, Bk A7E D(A) BEEMENE AERz =0
AL,

®Y 5.3.2 ¥ HM K & Hilbert 256, REHEF A Ho K

RAERY, MRAHE >0, #EH
|Az||k < cllzlln, Vz € H.

M B(H,K) #R—¥1i H 3| K §ERKERFH2E, FIE
| All = sup{||A=[|/||z|| |z € H,z # 0}
= sup{||Az|| | |lz]l = 1}, (5.3.3)
BIAl X AWTES. M4 K =Hi, fid BH,K) A B(H). FTHH @
BHRY B(H, K) B—MEHEZMHE.
%% 533 # ABeB(HK) ack,
(1) A+ BeB(H,K),3}H ||[A+ Bl < ||All +|IBIl;
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(2) A € B(H,K), 3 H [leAll = |a|l|Al;

(3) #H&H C e B(K,J), Wl CA € B(H,J), B [ICA|l < |\C||||All.
B (1), (2) BR, BEAEFRIE.

ZIE (3). MT ke K,||ICk|| <Okl % z € Hk=Az € K, F

iC Azl < fiCliil Az} < ICllAlfll=]]-

2 p(A,B) = |A-B|, ERHT BH,K) L—1E#, FHi
B(H,K) R—ATHEEZE. EXERZEN, REEHET —EEHE6.1.1
.

T 5.3.4 AR HE KWRERT, U AREERTFHRED
WERMGRE ARARAT.
B CH A€ B(H K). & zn >z, W
|Azn — Az|| < [|Allllen — 2|l = 0.
MARESHTF RZ, B AR 0 BESEER: FES >0, 4
e H, |z|| <éBt, ||Az||< 1. TRt Vze H2#0,F

(o)l <

# || Az|| < |lzl|/6, Bk A € B(H, K).

Bl 3 EXHBEET. B MEHYHKLETZENE, KIEXS#
HR (iR 5.2.15), Ve H, FEM—M ye M, z € M+ 1§

r=y+=z.
5 ERXXBH ooy BRE H Bl M ESBRERT, iofF Pu. TR
Pyz =y, BW (I - Py)z =2 EXBEHETF Pu HENBREZE
6], CHMER R(Py) & M. EARRFEFEE M B, ZEARFIRR
fREt, AR M TRLCAE P BADRIEH:
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Gl 5.3.5 P RESLKHEHET, MAY M EF, ||P|=1
i8R X TR 21,22 € Hyon, 00 €K, IR Vy € M,
(1 + aszy — [ P2y + a2 P2, y)
= ay(z1 — Pz1,y) + az(z2 — Pzra,y) = 0.
ERERBH, oz 4 aezs — [0 Pz + aePxy] L M. T
a1y + oy = Plajz) + azxz) + (I — P)(a1z1 + azzs),
(I - P)(anzy + ago) L M,
FFPA Plaixi + azxs) — [01 Pry + ag Pz L M. X
Plogzy + apx3) — [01 Pz + @ Pzo] € M,
B Pla1z + azxs) — [01 P11 + aaPzo] = 0. T
P(ajz; + aszs) = a3 Pxy + ay Pz,
Bl PR AR
RIEEGE. HH ([Pl = [l=l® - [l21 < [l=]?, Bt
1P|l < ll=l] BC |IP|| < 1.
2 M # {0} B, fER z € M\{0}, £H Pz ==z. Il [Pz = ||=|l, 8
1P|l = 1.

EX 5.3.6 (AW EFERT) & HM K ZFHA Hilbert Z[H],
MEFELHEHRF U: H - K, REFEAR, B
(Uz,Uy)k = (z,y)n, Vz,y€H. (5.3.4)
WEHRU R HB K LHRIBRET. & U LRWEH, WKUZH
B K EREMET. Wt H f K 3R ZFME.
NBELHHETV: H- K, R
px(Vz,Vy) = pu(z,y), VYz,y€H, (5.3.5)
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WERV B H B K SERT. 5 REERM (5.3.5) FHT

Wallx = llzlin, (5.3.6)
WHEM TFRARRZMS (5.34). ANTTFEHTRERNBET. Bt H
Bl K LR RWEEFERT. i (5.3.6) XA (V=1

&8 5.3.7 4T Hilbert 26 H Z2F[4H, UAANTFERE
LT PHIATHEIESCHE €. #F £ MITRM N < oo, M H 5 KN FH;
# N = oo, NIFEMT 12.

B 2 ) {z.)° & H WA EHEE TR, MAHPOrE
—PMRKEMETRTFR {yn}nz) (V < 0 BN = oo), 15

lmspam{yn}1 = linspan{z,}{°.
Xt {yn}N % F Gram-Schmidt A4k, EHIEH —MRAEIER
{en}l =c.
Lo 17

E={e )V (N<ooH N=o0)
R H (AR EIESCE, NSE
N
{s=3 amencn] o I S A |
i=1
R H PRETHFE, N H 250,
I FHRHEIERHE {en} (N < 00 BL N = o), ¥EXT L
U: g+ {(z,ea)},, Vz€H. (5.3.7)
RE Parseval R, H
l|lz||? = Zl(a: en)?, VzeH.

BT U 2
HoKNVN (4 N<oo) 8 H—1? (H4n=o0)
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B ——TRRERT. 1oh,
(z,y) = (E(m 6;)81,2(3},6])61)

= Z(z,ei)(y,ei), Vz,y € H, (5.3.8)

=1
Bt U BRFFRR. FRY N <oco By, HFAMT KY; 4 N =oo
B, H F#HF 2.

§5.3.2 HHENT
N 5.3.8 # HM K B Hilbert 2. u: HxK — K #Hit
BWNEHER, BH: Vz,vweH,wzeK, o,BeK F
u(az + By, z) = au(z, z) + Puly, z), (5.3.9)
u(z, az + fw) = au(z, z) + Pu(z, w) . (5.3.10)
EREERE ¢, B8 |u(z,2)| < dlzllllzll, Yz € H, 2z € K, WK v BF
R, cBRu—1TLF.

FHNEHEEAARFRET. R A€ BH,K), W u(z,z) =
(Az,z) BRAEFRILFNEER K. M5H, & B € B(K, H), M u(z,2) =
(z, Bz) hR—H F LN LR K.

EIH 5.3.9 Wu: HxK - KEIFNEHEX. MRFELE—
PNEF o WFFLEME—# A € B(H,K) 1 B € B(K, H), -

u(z, z) = (Az, 2) = (z, Bz) (5.3.11)
XfVezeH, ze KL, MH Al <elBl<e

i MEER v e HEX K LRHER f2(2) = ulz,2). BT

|£2(2)] < cllzlll]=ll,
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FTEA fo € K*. iy Riesz R/REHE, FEM— K PR w, HE
(z,w) = fo(2) = ulx,2) B llwl| = |If]l < clle]).
4 Az =w, B Riesz EHME—HFH A BEMEHN. X |4l <c, A
(Az, z) = (z,w) = u(z, 2).
WRIEH A € B(H,K) 815 u(z,2) = (Aiz, 2), T
(Az — Ayz,2) =0, VzeK.
T Az - Aje =0, Vo L. Hit A RHE—H. FEAEFEE K

¥ Be B(K,H), {18 u(z, 2) = (z,Bz), ||B|| < ¢ BAL.

EX 5.3.10 # Aec B(H,K), W1 B(K,H) " FEE—HHET
B, #1%

(z,Bz) = (Az,z), Vze€eH, ze€ K (5.3.12)

WAL, BRET B A A MILSF, 10/FE B = A~

@& 5311 # U e BHK), WU ZRMHYEY U d[#H
U =U*

B # U BAMET, WU B——HWS, R U & X
T8 ze K,idy=U""2,

z=Uy, Uz,z)=Uz,Uy)=(z,y)=(2,U"'2), Vze€H.
AU Y =U* B3f. RZ, HURFER U =U AU B2——
W RS, VyeH, iLz=UyeK, A

(Uz,Uy) = (Uz,z) = (.Z‘,U*Z) = (iL‘,U*IZ) =(z,9).

FREA U 2Rt

EEEEHE BH) PEHTHTIHET. 4 A € B(H) i, ERILHE
T A e B(H) . XFEENT B(H) FHI— DS - A » A FF
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NGBS THHGES TR G USRI FRE T,
A 2. EE5BMIEH .

il 5.3.12 # A, BeB(H),a,B €K, N

(1) (ad + BB)* =aA* + BB*;

(2) (AB)* = B"AY;

(3) (A7) = 4;

(4) & ATE B(H) 7[5, g A~ HEME, W A wwi, B
(A*)-l - (A_l)*.

R HER B MR, R (4) PRRER, AFE B(H) $A]3¥,
RIGFE BeBH), # AB=BA=1, it B=A"'". HELHE A
R——WH, Mo AWBLEARNY, XEFBHMNEHEY —MEE,
KAET—EEH 6.2.2 PiEH.

EH 5.3.13 #H AcB(H), W ||A|l = |4 = [|A~ A2

Bl @ zeH |zl <1, BT

|Az||? = (Az, Az) = (A* Az, )
< AT Az||lll] < (| AT Al < [[ATIIA]l-

0 |
JAI1E < l14° AL A" 1Al (5.3.13)

A< |lA)l. B A7 = A, F A U A, 18 [|47]] < 1A = (Al
AN = 1A RS (5.3.13) B —FIERX, EHBHE.

C! L — M EMREFITURRBAER, M ERNEE T UHRTR
AR IR E. P B(H) E8XTE Bt KR S [ EAE R
EAS TR O ;I

$l 4 4 ECR® & Lebesgue A[fl|48, & X L%(E) LHRHEHT
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0
Kf(z) = /E ke, y)fW)dy, f € L3 (E), (5.3.14)
e k(z,y) € L¥(E x E), K RABHET, k RNTHEME. %
& L*(E) x [2(E) b3t9istp
u(f,g) = / /E k) @)a(@)dzdy.
i Cauchy-Schwarz X%, [kl REM—PLFR. 8 K € B(L*(E))
H K| < (lkll2- Hebt K* L BESET, BHBE k (2,9) <2 k(y, 2).
Bl5 ®S: 202 EXMT:
S(al,a%"') = (0,01,&2,"‘),

WS HEHEBHAT BRSBEERT, KN ENEHRTF S 2 - 1
% S*(aha%"‘) = ((12,0,3,"')» $%—t
(S(an),S(bn)) = ((Oaal»a%' a >):{0?bl1b27" ))

= Z aiE = ((an)a (bn))§
=1

(S*(an)’ (bn)) = ((aQ,an : ")’ (bl)b21 ! ))

= Z ai+1b_i = ((an)’ S(bn))
i=1

S* MALHBHT.
FI 5.3.14 A c B(H), W ker A = R(A*)*.
Bl #FHzekerd,ye H M (z,4%y) = (Az,y) = 0. &
ker A C R(A*)".
RZ, Bz L R(A*),y€ H, W (Az,y) = (z,A*y) = 0. &
R(A")* C ker A.

TN 5.3.15 WAcBH). H A=A, MK AZBREETF L
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R E L F 5 Hermite B F). 35 AA* = A*A4, N#K A RENETF, #
AA* = A*A =1, WK A REHAT.

HXOMETFSHATBRMEENE T AHIEH, ARBILE
HTHWRSLERGR: (Azy) = (z,4y), Y,y € H AL

HH (A*Az,y) = (Az, Ay),Vz,y € H {50, B (5.34) XGH,
ARBEHTHRSVESRMGR: AA=IL #mAR, BEETFEH
EFHMFEEFET, BB RER A SHREET.

% f R4 Hilbert 2[R, VA€ B(H), B=(A+ A%)/2,C =
(A-A%) /2 RANHEHE T, HFH A=B+iC,BM C 3Hl¥H AW
JLHR L HE R,

FIP 5.3.16 & H &X Hilbert 28], A€ B(H), M

(1) A RHIHH T < (Az,z) e R}, Vz € H;

(2) A REMHAT <= Azl = |4z, V2 € H <= AWLHHE
] A #e.

EB (1) # A = A", U (Az,2) = (z,Az) = (Az,2) € R\ &
Z, B (Az,z) e R\ ,Vz e H V)A€ C,z,ye H &

(A(z + My), x + Ay) = (Az,7) + MAz,y) + A(Ay, 2) + |A]*(Ay,y) € R'.
st ERBME AR, HH (4z,2), (dy,y) € R, BH
Ay, z) + MAz,y) = Mz, Ay) + \(y, Az)
= NA*z,y) + M(A*y, 2).
FB =1, HR =i, B
(Ay,z) + (Az,y) = (A"z,y) + (A7y, 2),
i(Ay,z) — i(Az,y) = —i(A"z,y) +i(4A"y, z).
B8 (Ay,z) = (A*y,z), LA = A™.
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(2)VzeH &
|Az||? - ||A*z||? = (Az, Az) — (A*z, A*z) = ((A*A — AA*)z,2).
Y A EME, A (|Az|? - [|A*z|? = 0, B [|Az]| = ||[A*z]. RZ, ¥
|A*z|| = ||Az||, B ((A*A — AA*)z,z) =0,Vz € H. X A*A - A4*
REFHHF, B MEREHOHEILR 5318 Fl, A*A = A4*. Xid
B,CH AWMEHEESR, ENRARHEF, A=B+iC, T&
A*A=B?-iCB +iBC + C?,
AA* = B> +iCB -iBC + C2.
E A*A = AA* L4 HAYY BC = CB.
B 5.3.17 H ARHMEHRT, W
| All = sup{|(Az, )| |[lz]| = 1} = max{|m, |M]}.
Hhb
M = sup{(Az,z) ||lz|| = 1}; m = inf{(Az,z) | [|z| = 1}.
iE8H 5 W sup{|(Az, 2)| |{lz]| = 1} = max{|m|, [M[}. id
¢ = sup{|(Az, 2)| | |lz]| = 1}.
# lzll = 1, W [(Az,z)| < |AlL # c < Al RZ, ¥4 |zl = 1 6
[(Az,z)| < ¢ 3L, NTIXER « € H, F |(4z,2)| < cl|lz]|®. Xt Vaz,y €
H K
(A(z y),z £ y) = (Az,2) + (Az,y) + (Ay,z) + (Ay,y)
= (Az,z) + (Az,y) + (y, A*z) + (Ay,v).
HHA A=A A
(A(e £y),z £ y) = (Az,z) + 2Re(Az,y) + (4y, ),

4RE(A.’B,y) = (A(.l' + y)vz + y) - (A(:l: - y)rz - y)
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NI}
4|Re(Az,y)| < c(llz + yl* + llz — ylI*) = 2¢(ll=l® + [lylI?).
& llzll = llyll = 1, H |Re(Az,y)| < c. YERIME (Az,y) = re'?, f €%y
K% y, 15 |Re(Az,e'y)| < c. {BR
Re(Az,e’y) = r = |(Az,y)),

W |(Az,y)| < c AL RIEX—UIER |lyll = 1 B9 y R EBAR ||Az| <
c. BM—UIER Izl =18 « MEBAR Al <c

Wit 5.3.18 W A = A", (Az,x) = 0 X —VY]l zr € H L, W
A=0.

§5.3.3 H|TEHEF

EX 5.3.19 B E 2 Hilbert Z[d H L HEREWHT. % E2 =E,
WHF E FAFHFN. Xk E? = EMHA E* = B, 3 E AR
WHT TRBEATRAMNWESHT.

£ H =R EWRFRM a(l - a) = be KR

a b
b= ( c 1-a )

EREY. MHERBHEBELHMNE b=

RERREHT, UI-E?=1-2E+E*=I-E,HKXI-E
wRFEHET. Hik

R(E) =ker(I - E), kerE = R(I —E).

EHit, ¥ TFRSHT E, EW ket E M R(E) MEMLETZR. L&
M % H WALRETER, NEXEE Py REREET.

EIE 5.3.20 B E # 0 2 Hilbert [0 H LEMRFFHT, WT3)
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AR AT

1) E = E*;

(2) kerE = R(E)*;

(3) E & H ¥| R(E) LR IEXE;

4) lEII=1

(5) Xt H #5EK z, (Ex,z) > 0.
L LRI EGHEER, ERBEHET.

B (1) = (2). WEHS5.3.14%, kerE = R(E*): = R(E)..

(2) = (3). i€ M = R(E), ERMLHTZE. X ze€H,

z=FEz+ (I - Ez),
Hd Ex e M,] — Ez € ker E = M+, HIEAC/M @RI ME—HE5,
Exz = Pyz.

@) =@ [El=IPull=1

(4) = (5). BHEIEY, 4 z € (kerE)* Bf, Ezr =z Rz €
(ker EY-, MIE % z — Ex € ker E, 0 = (z — Exz,z) = ||lz|* — (Bz,2). T
=&

lzl|* = (Ez,z) < ||Ez|ll|2]| < ll=|?,
B8 ||l2l1® = ||E2|]® = (Bz,2). &
lz - Ezl]* = |lz|* - 2(Bz,z) + || Bz||* = 0.
Frbl z = Ez. iCPHZ&MTFEMA (ker E)* = M'. X Vz {EIERSH#
r=y+z, ye M, ze€ MLt =kerE. TRH
(Ez,z) = (By,y +2) = (y,y +2) = (y,9) 2 0.
(5)=(1). Vz,yeH, A
0< (E(x+y),z +v) = (Bz,z) + (By,2) + (Ez,9) + (B, 9),

0 < (E(z +iy),z + iy) = (Ez,z) + i(Ey, z) — i(Ez,y) + (Ey, ),
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Im(Ey,z) + Im(Ez,y) = 0,
Re(Ey,z) — Re(Ez,y) = 0.

FiLk (Bz,y) = (By,z) = (z, Ey) = (E*z,y). AL E = E*.

3 &

1. T € B(H,K), KiF: kerT & H BIFLRYEF =]

2. 855 A€ B(H,K).

(1) % M 2 H FERE, EW AM) & K vERE;

(2) &M R HPESH, EH AM) & K hEA.

3. % {en) & H WARMEIERE, T: H - K B&RHEWS, H
S ITenll < 00, RiE T BHFHY.

4. 7€ B(H,K) £4 p(A, B) = ||A~ B||, BiE B(H,K) B—/1"FEH
Z5 |, MHREHAH.

5. A: H- HREWHET, kerA={0}, W R(4) LHHH
F A #E AT RESE, JERE: 3z, € H, ||zl =1, £ Az, = 0.

6. & (i), BEFHME, a; >0,Yi,j, HFE B,7v>0,p: >
0,i=1,2,---, {§18§

> aipi < Bpss Vi,

i=1

[e ]
zaijpj <vpi, Vi
=1

JEBIREE 2(N) LBF A, {E (Aej,e) = oy, FFH. ||Al < Br.
IS
(Aeie) = (@+ji+1)71, 4,5>0.
JERA A B 2(Nu{0}) EERLHET, H Al <7
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8. 1% H, & Hilbert ZSfd], A; € B(H,), A H=a;H;, iEFPAHE H
EHE-AERRUERT A, 8 A, = A (Vi) BN DELER
sup; || Asll < oo. JLEF [|All = sup; [|Aill, A 5% A; BELA, E4F @A

9. % A, B € B(H),a,3 € K. IE#

(1) (eA + BB)* = aA* + BB*;

(2) (AB)* = B*A*;

(3) (4%)" = 4;

(4) A e B(H) 38, W A" 0, H (A7) = (4 )"

10. A € B(H,K), iEH || A*|| = ||All, (4)* = A.

11. A € B(H), KiEHT A+ A", AA", A" A BRR A EHET, I
H [|A4%]| = [|A"4]| = |A|1>.

12 {E8) A € B(H) RHIETFHRNBERIER. Va,ye H,
# (Az,y) = (2, Ay) BT

13. @ A, B RHILMET, RiE AB £ HSET %4 HILY AB =
BA.

14. % A € BUH), Al < R. BEBERE 3 ane™ = f(2), REMK

n=0

M2 R R EH B(H) J:E*"ﬁ? T, # 2
(Tz,y) = Zan (A2, ).
— i HiC T = f(A).
15. % A 5 T W L8, 3EW lim “T -kz akA"” =0 ML; B
n—00 —o0
AB = BA, &% BT = TB.
1638 f(2) = 5 2" # A RESGHT, EY f(4) REH
n=0 %
F.
17. 4 A € B(H), iE#] A BEEHFEMT (Az, Ay) = (z,9),
Vz,y; E%m? A*A=1.
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18. MF A € B(H), {48 A = B +iC, Hth B,C HHILHE
iEHA
(1) AREMK, B AA° = A" A RS DLEEMFR: B,C X

(2) A RBETHRNVERMER: EREMME B2 +C2=1.
19. % A € B(H), iE¥ A RERT, CHSNT A RHSES
THMT A RENSEET.

20. # E J& n 4 Lebesgue WM, 3 ¢ € L2(E). 5 B4t

: LX(E) —» L*(E) . Myf = of, My RAFRHETF. EH:

(1) My € B(L*(E)) H ||Myll = |0lloo, 4t M;

(2) ker My = {0} B HNY {z|¢(z) = 0} BRFME;

(3) #ih R(My) RHAMFES LBRMF

(4) i My 2B HH TR BERM

21. i P A1 Q REHFH T, KIiEY

(1) P+Q BRBHEHFLHMNE R(P) L R(Q); W65hE P+Q &2

BATH, 5 R(P+Q) = R(P)+ R(Q), ker(P+ Q) = ker PNker Q.

i,

(2) PQ RBUYHTHHALY PQ = QP; |Hh% PQ REEHT
A R(PQ)= R(P)NR(Q), ker PQ =ker P + ker Q.

22. % P A Q REHHT, IEWIUTEREFM:

(1) P-Q BBREHT:

(2) PQ=QP=0Q;

(3) R(Q) C R(P).

X% P-Q RBEHHTH, iEH

R(P - Q) =R(P)©R(Q), ker(P—-Q)=R(Q)+ker P,

Hep AoB & ANBL.



258 # 7 #¥ Hilbert ZE#HE$H

23. & P,Q RBEHTF, iE¥ PQ=QP ¥HNNH P+Q - PQ
REBFEHET. W
R(P+Q - PQ)=R(P)+ R(Q), ker(P+Q@ — PQ)=kerPNkerQ.

24, & Ae BH),N ={hoAh | he€ H} & A WHE, T
NCHoH HT AREZLUEHET, NE HoH WHAKETZE
). EXA%ET=ER M=Ha {0} C Ho H, iEH

(1) MNN ={0} ¥ HALY ker 4 = {0};

(2) M+ N £ Ho H ¥H% 4 H{LY R(A) £ H $HH;

(3) M+ N=HoH 4 HX4 A ZFEME.

25. FEFCF5T 4 Hilbert 250 H A NMHALKETZE M AN,
f MNN={0},M+N7 HPHE¥, HM+N#H.

26. W Ac B(H),A= A", iEFH ker A = R(A)*. &

m = inf{(Az,z) | [lz]| =1}, M =sup{(4z,z) |||z =1},

WER || Al = max{|m|, |M|}.

97. #% A,B € B(H),A= A*,B=B*. if#] A= B RS LESXR
4B (Az,r) = (Bz,z), Vz € H.

28. 7 I g XERHEH T

A (21,22, Ty ) P (m% “’_nn_)

JERH A € B(1?), 33k A~

29. % H J& Hilbert Z=[0], A€ B(H), 2

(Az,y) = (z,Ay), VYz,ye H.

UERS

(1) 4°
(2) &
—fR.

A;

R(A) = H, MH#R Az = y X FE—1 y € R(A) FIEME
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30. Bt A€ B(H), RHAEHT, Bif
(Az,z) >0, Vze€H.
RIEH:
() EH TR B35,
(2) EHTFH— Ve E AR IR AR
31. % Ae B(H) %2 (Az,z) >0,Vz e H, H
(Az,z) =0 <=z =0,
IEBH ||Az|]? < ||Al|(Az, z), V2 € H.

§5.4 Hilbert 258 LA EH T

ER TR M PE —RBEHRNRER T, EHERERKZER+
MR REAR AL, XMBRET. RS ITREIRIN & P e Y 2 WS
HIF R AR DR AL

§5.4.1 BRAEFENX

EN 5.4.1 % H K & Hilbert Z5[d], ## AR H 3 K W&HEH
F, # B ={z € H||zll <1} X H PHAER. 3 AB) £ K FRE
B, RAREHT CHK) RFAHMEERAETHRNRE: SK=H
B, fRIHELE C(H).

S,
A€C(H,K) < XT HHFHRE B, AB) & K P HESL

= WF H FEBAREF {z.}, {Az.} £ K PIE.

&M 5.4.2 XTEHFAUTEAER:
(1) C(H, K) R
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(2) C(H,K) C B(H,K);

(3) C(H,K) —H-FZ=;

(4) #% A€ B(H,K),Be B(K,J), H A, BHE—-PTREHF, W
BAC C(H,J).

i (1) BBAH.

(2) # A€ C(H,K),A(B)) RESH, AR, id

M = sup{||Az|| | z € B1} < o0,

W | Az|| < M||z||, Vz € H.

(3) | A, € C(H,K),n=1,2,---,A € B(H,K),||A, — A|| = 0,
BEiF AcC(H,K). Ve > 0, FIEHRE n, #18

|An — All < /2.

3t A.(B)) RE G /2 M, &’E’?ﬂ@ {y1.92, -, ym}- W

A(By) c |J B(yire),

=1

XLEA A(By) BHET e M, BDHESR

(4) XRENESEEHEBTFIEREVRNERE, EEERNIE
#.

FW 5.4.3 % A€ B(H K). # dim R(A) < oo, % A RAFT#
BT, —VAEFERAETHESICE F(H K).

HAFFENAERBRIENY, &

F(H,K) C C(H,K). (5.4.1)

# A€ F(H K), | A* € F(K,H), B dim R(A) = dim R(A*). — 1N
SHTFREETHRIVELFGR: EREFHRET.

MFzecHye K, Alzey RAnFHHET:
z®y:h— (h,x)y, VheH, (5.4.2)
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HENBIAT. BAzRye F(H K).

EIH 544 NT Ae F(H,K), ¥HMEAMNF: 3Jzi€ H,y: € K,
1= 1a2a M, {ﬁ'fg

A= Z T QY;. (5.4.3)
i=1

W oK BEN R(A) = linspan{y:,y2, -+ ,ym}. FHEIE 4%
M. TE R(A) BB {y1,v2, -, ym}, RETBAEARHEIER R, M V2 € H,

m
Az = Z l,’ (.’E)yi.
i=1

. M Riesz RAEEH, I = € H, Li(z) = (z,z.). TR

A= Zwi®y,~.
i=1
Ha b, Wz = Ay,

EIE 5.4.5 W A€ B(HK), THImEFEH:

1) AREHET

(2) A€ F(HK);

(3) A* REHT.

. # (1) & (2), 78 F(H,K) =C(H,K).

88 C(H,K) & B(H, K) FH&HF=E, Bt FHK) C
C(H,K), B (2) = (1) ML,

#iE (1) = (2), Bl C(H,K) C F(H,K). ® A€ C(H,K), A(By) &
BH, ERUSH. X

R(4) = |J A(B),
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He B, = {z € H||z|| <n} BFEFTH. % {e,e2,-- ,en, -} &
R(A) fy—4%. 8 P, & K | linspan{er, ez, ,en} WIIEZHE.
& An = P A, 84 A, € F(H,K). BEIEH
lim |4, — 4] =0.
Vz e H,igy = Az, B ||Poy — yll = 0, 878 [|Anz — Az|| - 0.
HTARRHET, Ve>0, FHE

{z1,---,zm} CH, A(B:1)C 0 B(Azj,e/3).

j=1
IER = € By, W z;, 18 ||Az — Azj|| < €/3. FRXMEEBRE
n,H
Az — Anz|| < [|Az — Azj|| + ||Az; — Anzjl| + ||Pa(Az; — Az)]]
< 2||Az — Azj|| + ||Az; — Anzj|
< 2/3+||Az; — Anzjl|.
IN,, #18% n > Ny B, ||Az; — Anzjl| < €/3,5 = 1,2,--- ,m, &
|Az — Anz|| < e 3t—Yl z € By RIL. FFLA% n > No BTA
lA— Aqnl| <e.
(2) = (3). & An € F(H,K),||An — Al = 0. TR
147, — A% = [|An — Al = 0.
BT A% € F(H,K), & A* € F(H,K) = C(H,K).
(@) =>Q1). HA REHT, A" cFHK),#HA=(A") BRE
T
1 k%64 e L2(E) LBSHET
Kfa) = [ ke fe)dy (5.44)

REHET, HF ke LHExE). #3% L, it {¢}R, XN L*(E) Lizk
EAHE. 4 eij(z,y) = ei(z)e(y), M {ei;} & L*(E x E) LAREEIER
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. FRAH Fourier BH

oo
k= E aijeij,

ij=1
ﬁl:Fl Qi = (k)eij)aiaj = 1a2)"'~ u eij(w’y) ﬁﬂﬁ&mﬂﬁﬁ%ia
ﬂ':' Ei]" i Ei]' = L2(E) —tﬁ—‘g%, ﬁ[ K= EaijEij %%‘;ﬁ%

§5.4.2 Fredholm I2it, EN T8

R ILEM B AR ERBER TN T ER. EZES
FrEies, AHEESE - RNENFIRERERNNE. —TEHET
AR R E T YR M LR PR E TS MO T RAIRL 77
BAEENE, B—FE, HFENHRETRAETHZERESH
o0

EX 5.4.6 ¥ H & Hilbert ZE[6], A% A€ B(H). FEE

p(A) = A e C| (M - A)~* € B(H)} (5.4.5)
N AWMTIRE, oA FHAKY ANENE HES
a(4) = C\p(A) (5.4.6)
HARHEE, o(A) TR KRN AL KES
op(A) = {\ € C | ker(AI — A) # {0}} (5.4.7)

K AWEE, op(A) FH AR A WIREESRHE.
Y Aco,(A) R, FIEFLzc H, HEFE
Az = Az.
R z BT A BAFIET. BH, ¥ Ao (A) B, M-ARE
——1fy, B A - A RFFEH, B AEp(4). B
0p(4) C a(A).
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MR dimH < oo, 4 0,(A) = 0(A4). H dimH = oo B, 0,(A4) BH1E
B o(A) METE. FVEFIREHEFENSH.
PTFRA€CH),ILT=1-A

S| 5.4.7 # T RHMEBETF, W R(T) = R(T).
ifBl HEHE 5.3.14 #,

kerT = R(T*)*. (5.4.8)
H HIFHF 26 IER 5
H =kerT & R(T*). (5.4.9)

4T = Tlggey, W T R 1-18, R(T)=RT). T RT) LAEX
T, O T-1. REE T REgg TE.
MEHEARR, W3z, € RT*), lzall =1, {E Tz, - 0. BF A BE
WY, BHFETH {2n,}), B8 Azn, o 2. TR
Tn, = (I — A)zp, + Az, — 2.
kg, Tz= Jim (1 — A)an, =0, FRUA 2 =0. F&
lzaull = Iz — 2Il = 0,

X5 |zn,ll =1 FIE.

3|38 5.4.8 % kerT = {0} B, R(T)=H.
B FIREE:. WEAR, LG5
Hy=H, Hy=T(He1), k=1,2,--.
MLEA Hi# Ho, HT £ 1-1 89, "I
HoQHy 2H, 2.
FR Iyk € H, llyell = 1, yx L Her, AT p(yi, He1) = 1. Vp,n €N,
E<]

”Ayn - Ayn+p“ = |lyn = Tyn + Tyn+p — yn+p“ >1,
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XERRK Tyn — TYntp — Ynt+p € Hnya- X5 AREYETE.

5|32 5.4.9 B AcC(H),dimH = o0, M A BHFHFH.
JEBA AR, &R, FE A ' e B(H). T
A=yl < IA7llyll, Vye H.
By
| Azll > |A™ | lzll, Vz e H.

B {z,} NIrHEIESE, N
|Azn — Azmll > |ATH|Hlzn — 2mll = V21477
X5 AMERYETE.

T 5.4.10 R AcCH),T=1-AN

(1) o(T) = {X|rea(D}

(2) R(T) = (kerT*)*, R(T*) = (kerT)*;

(3) dim kerT = dim ker T™* < o0;

(4) kerT = {0} <= R(T) = H.

WEBA (1) A-T)7' € B(H) <= (A-T*)"! € B(H), B p(T*) =
(XX € p(D)}. FERFE LBURSENE (1). h5IH 5.4.7 REs 5.3.14
Ep4g (2).

(3) FEkerT L, Tlieer =0, FTUA Alkerr = Ilierr- BT A RE
B, Hg|B 5.4.9 Hl, dim ker7 < co. [F]¥ dim kerT* < oo.

# dim ker T < dim ker T*, ) 3 EF250d] M C ker T*, LA R %§E
R V: kerT » M, T8,

V+T:kerT® R(T*) = H— M & R(T),
HH RV +T)=MeR(T)CkerT*®R(T)=H. V+T 118,
WE - EHFHER, m3lEs48%, RV+T)=H X5M
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RETFZEFE. B, dimkerT > dim kerT*. 37 dim ker T* >
dim ker 7"* = dim ker T'.
(4) % R(T) = H B,
kerT* = R(T)* = {0},
i (3) AT, kerT = {0}. iEEE.

X BHT R
z = Az +y, (5.4.10)
BHE
Tz =y. (5.4.11)
AR H FEETH, fEE 5410 B0 (4) f1 3) WH, REW
FhmT e
(1) FEMB—N ye H, H1& (5.4.11) FFEH—R
(2) B vy =08, FRITR (5.4.11) HIEFM, BSFRITERNH
3 (] R 57 4.
X —PEFRFR Y Fredholm A1 #—4.
% dim H < oo, T ZHEM, R (5.411) REHAROTRE, Lk
T EBEREBRITRMA. Fredholm SR T HHT A RFS
BET (0 1), 7E (5.4.11) IESFERAEE, B3 T _FE—5
#. EH 54.7 & Fredholm 4 HRERE R MR M.
TFHE%H Hilbert 25 [8] ERH il HiE.
5|3 5.4.11 # A€CH),AECA#0. %&
inf {j(AI — A)z|| | llz]| = 1} =0,
W X € op(A).
EBR ESE ker(M — A) # {0). HEXEMH, 3z, € H, ||lza]| =
,n=12,-, M-Az, 20 BT AREHT, 35 ,,, Azp, =
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z. TR Atp, = (M — A)zp, + Azp, — 2.
lzll = Jlim [Azn,ll =M,z #0.
B LR,
0= lim (AT = A)zn, = (M - A(A12).

FTLA z € ker(AI — A), BI78 X € 0,(A).

T 5.4.12 ® AcC(H), N

(1) 0 € o(A), BrdF dim H < oo;

(2) o(A4)\ {0} = 0p(4) \ {0};

(3) op(A) ZELL 0 ARA.

iEBR 513 5.4.9 BIR (1).

(2) HEEY A€o, (A), X # 0 BF X € p(A), Hat

ker(AI — A) = {0}.
BEME 541080 , R\ - A) = H. 8\ - A 2 1-1 Mg, £ H £F
PEF (A - A, BPREE (M - A)~' € B(H). ;153 5.4.11 40,
inf{||(AI — A)z|| | ||z}l = 1} = ¢ > 0.
thvze H,
l(AI = Azl > cllzl.
Vye H, & z=0\-A)"y, RALK, &
(AT = A) "Myl < ¢ Hlyll.

BrEh II(M = A7 < et

(3) FARIER. MEH A € 0,(A\{0}, n=1,2,-+, An #F Am(n #
m), 3 H An = A # 0, AL

zn € ker(A, I - A\ {0}, n=1,2,---,

JE=F
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() Vn, {21,22, - ,zn} BREMETCKE. FHELL, TRHEEAMNL
EH, BWER n BOL. BHE T € ker(Anpil — A) \ {0}, 7%

n
Tnt1 = Z aiT;, ]
i=1

n
Ant1%n41 = ATpgr = E a; N Ts,
=1

AT

ai(Ant1 — Ai)z; = 0.
1

n

BIFSBRE {21, 22, , zn} ARETRE, FTEL Antr —Ai)a; =0, Bf
Bai=0, i=12 ,niX5zn #0FE B {21,272, -, Tnp1}
R LRIETCRH.
(ii) id E. = linspan{z1,--- ,zn}, Wl E, C Eny1.3Ynt+1 € Enqa,
WR lyntill =1, Hyny1 L En. AT Vn,pe N, F
[AmitpAYnip = An ' Aynl|

1 _
Ynip — (yn+p - _—A?/n+p + A, lAyn) >1,

Sorr
XREE N Ynip — /\;ipAyn+p + ’\ZlAyn € Enyp-1. i{:@_‘;j A WEET
J&.

I E A, T T4 Hilbert 2] LHEHET A, HA=F
ATRERIE:

(1) o(A) = {0};

(2) a(A) = {0, 21, A2, -+, An

(3) (A) = {0, A1, Az, s A, oo, ) HFF A, = 0.

§5.4.3 Hilbert-Schmidt ¥
f£ Hilbert Z5[a] |, A#PIEHTHIENHETEHERNERE. R
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B REEHXFRER A, B LGB IERE R Ak, JtALK LM
TEME A BIFFIE(E, TXSEAEAEE LR A Fraf e KA (A, )
TERAERE ||z|| = 1 LS NEFRE. XS i #3155 4
Hilbert Z8 (8] L@ B 3L5ip EH T

3|3 5.4.13 % A 25 Hilbert 0] H FWEMETF, AeC,
W ker(AI — A) = ker(XI — A*), H ker(AI — A) & A BAT#494LF25 1],
B

A(ker(Al — A)) C ker(AI — A), A(ker(AI — A)*) C ker(AI — A)* .
JEBA A BRIEMRB, M- AHRIEMK,
|(M = A)e|| = ||(M — A%)z|l, Vz€H,
M ker(A] — A) = ker(AI — A*). I, # z € ker(\] — A), 1] Az =
Az € ker(\I — A), Bf A(ker(AI — A)) C ker(\I — A). XXM FEEH
y € ker(A] — A)L, Vz € ker(A] — A), BT
(z, Ay) = (A"z,y) = Mz,y) =0,

#i8 Ay € ker(AI — A)*.

&/ 5.4.14 # A ZH Hilbert W] H LMEMEF, I\ p B
A BIAFRHHEE, 4 ker(A — A) L ker(Ap — A).

MEBR  fEBR z € ker(AT — A),y € ker(ul — A), 1315 5.4.13 41,
Ay =qpy. TR

Az, y) = (Az,y) = (2, A%y) = (z,By) = p(z,y),

B (A-p)(z,y) =0 BRI AAp, WAz Ly.

BARHLEHT, XERAMHET, TRV € H,(4z7,2) € R,
EER

| Al| = sup{(Az,z) | [|z|| = 1}.
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Riﬂ A B"J%%* U(A) = {Oa )\la )‘2a i } ) ﬁ‘:‘:‘ A'n %iﬁﬁﬁ, )‘n -0
HIFFMEZ W RA T4  dim ker(A] — 4) < oo.

@M 5.4.15 AR H EEEIWHETF, W (Al f1 -||All P—
MERIFAEE.

B ZHA=0 BRAY A0, HEHE5317H, &
BT zn € H, 18 [(Az,, z,)] = [|All. IR (Az,,z,) = A, He
1Al = |All, MEBEAERB T ZiE )€ op(4). BA

0 < |(M = A)zall? = |Azal1* — 2M(Azp, 2n) + N2
< 2A%2 — 2X\(AZp,T,) = 0,
:5]:4 Jim [|(AT - A)za|l =0. BB 5411 &, X € op(A).

EH 5.4.16 ¥ A ZH Hilbert 2] H LW EBAERT, i
s Aas o A} 20 A BEFE R EIRAETARAEE, T A BH KX
iC Pn & H B ker(\, ] — A) IERBRE, W P,Pyp = PP, =0,n#m,
H o0

A=Y M\Py, (5.4.12)
n=1

HAPRHE B(H) MER THRNE A

iFBR B 5.4.15 M, FFEZE M € op(4), M| = 4]l &
E, =ker(\I - A), P, = Pg,. & H, = E{. f35|1# 5413 5, Ei B
AW AT, BTl Ho W A AR FEE. £ A2 = Aln,,
n A, & H» LERFRHET. '

MAE 5415 8, 3 T X € op(4), F8 Do = |42l &
E; = ker(\oI — Ay). 551 Bz = ker(A\o] — A), X2 # M. 4 P2 = Pp,, it
Hy = (B @ Eo)~. BN (|42l < 1Al 8 o] < [Nl BHIASE AR
—%| A PFSIEER R
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M) Ml =2l =5

(2) Ep = ker(AnI — 4), sl = Al(gr0--0E.) -
() H, FEa>0,]M] 2 a ZiEa=0 Be, € Ey, e =1,
HHh AREN, 3T {en,}, B8 Aden;, 2y Bn#mife, L em,
Aen; = Anjen;, HIL

| Aen; — Aen, | = A2, + X%, > 2a°.

BT {Aden,} BEARF], # a=0.

18 A - _f;l,\jP,-. % e B, 1<k <nit,

i=

n
(A—Z/\ij)z = Az — Mz =0,

j=1
5] d E1GaEzea--»EBEn:C__ker(A—Z)\jP}).
j=1
FEre(B10E o -0E) M Pz=0,1<j<n #&
<A - Z/\]Pj)x = Azx.
j=1
X (B @@ E,)*t K A WAT4LF20, Brid
“A— D AP

j=1

= |Al(g,@--@B.)t | = [Ang1] = 0.
HEEE.

H1 VA€ 0,(A)\{0}, B ker(\[— A) (FRHEIESHE K (V)10
Hrt m()) = dim ker(AT—A), i m(\) 7 X EE. HIh, 3 0 € 0,(4),
W ker A BAREEREN (), EA—EHR. 2

fe}= U {MMEQUEDY
A€o (A)\{0}

Fi
T = Z(z,ei)ei, Az = Z)\i(:::,e,-)ei. (5.4.13)
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& 2 TR EERAHEE B R RS, FUERBERRE
¥, SR E R BESES LR, BIHEAL (M| > (el > -, TR

A=) Nei®e;. (5.4.14)
=1
HAT AR IE SR {E R e X E HES R K, 21k
A >M>-->0, AT <A << (5.4.15)

B 5.4.17 B ARBANEHET, MUHREE (5.4.15) K,

il
At = inf sup (Az,2) (5.4.16)
Va-1 mevnl_l (IIZ,Q))
z#0
_ . (Az,x)
A, = sup inf , 5.4.17
" Vn—])l zeVi, (.Z',IB) ( :
z#0

HA Voo B HEE n - 1 EALETFZ0E.
B BEAA AR A BA%ER (5.4.16) HETXRER (6.4.17),
REE (5.4.16) K. VeeHz=Yafef +Xa5e;, B
(Az,2) _ 2 ATlaf 2+ 3 27 laj |2
(z,z) SlafP+Xlei 2
iE (5.4.16) XAMWH pa-
(1) ZEE AL < pin. VY Vooy 7E span{ef, - e} FMH n #0, 1
Baon L Vo, TR
sup (Az, 1) S (Azn,zn) Z)\ﬂa;l? >\t

LV, (1'71") - (.’L‘n,l'n) - Zlajlz -
z#0

Bi48 At < pn
(2) #AE AL > pio. B Voo1 = span{ef, - ,ef_}, R

(Az,z)
At = sup >
i rxlV,_y (iL‘,IL‘)
z#0

.
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3 &

LiEf— AN RESHTREHTFHURSLERMGR: FEHTHE
REETF.

2. iE#] A € C(H,K) 5 TR BEM

(1) ¥+ H PERE B, H A(B) £ K 15;

(2) XF H PEEAREF {z.}, {4z} 7 K PFHE.

3. % {z,} CH,zec H %R Vy€eH, Jgrolo(xn,y) = (z,y). iEMH:

(1) #F Ae L(H), WA Vy € H, lim (Azn,y) = (Az,y);

(2) & A€ C(H), WA lim ||A:1:: - Az|| = 0.

4. A€ C(H),{en} & H WIAFHEIERR SR, {EH ||Aen|| - 0.

5 A REET, MEHFZEME; B AM C M. iEH Al
REREHTF.

6. # A€ F(H,K),iE# A* € F(K,H), HA%R

dim R(A) = dim R(A").

7. % A€ F(H). iEB

(1) FFERHEIERCHE {e1, - ,en} FIFME 41, ,yn e H, #B A=
2 ei ®yi.

l (2) FHFETE A1, 500 € C, g5 = ey, Ml A BRIEMBETF, FHK
ap(A).

*8. ¥ An € L(H,), TR sup||4n|| < c0. & H = &L, Hay, iC
A= 0%, Ay JEW A REHFHRABERER B4 A, RES
F, A [|4al = 0.

9. iFHA §5.4 16 1 NS ETF K 2 L*(E) LWERTF, R
IEHER K =5 oi;Eij.
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10. % A € B(H), 2 ||Az|| > cllz||, V= € H, ¥ c > 0. iEBH
A€ C(H) % HALH dim H < oo.

11. 5L Q C R, # F & Q LAERTETTHRL. EH F
z(t) = f()z(t) B L*(Q) LWERFHESVERMR: =0, ael.

12. & A€ C(H), {en} B H WIIRHEIESRE, EH (Aen,eq) — 0.

13. # AeCH), T=1-A,VkeN. jiE8{

(1) ker T* Jy A 55 4k;

(2) R(T*) BA#.

4. F AREAREHT, {e} 53 MGAM) KX XNTF f e H,
IR Az = f HRL BN f L ker 4, IH 3 A7%|(f, )] < oo;
HRE Mz —RER.

15. HARBHIEAET, {a}, (N} WG419)K. FA#£0H
AN#E MV, WV feH 7RO - Az =f AHE—MH, B

z=2A"! [f + 3 A = An) "M (fen)en|
*16. i A € C(H),A = A*. %4 m(A) = inf{(Az,z)||lz|| = 1},
M(A) = sup{(Az,z) | ||z|| = 1}. IEH

(1) & m(A) # 0, [ m(A) € g,(A);

(2) & M(A) #0, | M(A) € 0,(A4).

17 AR H FHIEET, iEW

(1) & A #0, W A BLH—NEBHEM;

(2) HM R AWEZTARETENRE, BPAM c M, WM EXLEF
A BIFFETT.

18. BEHF (ai) G, =1,2,--), WE ,:Z: la|2 < co. fE 12 72
L, & St

A:z=(z1,Z2,--) = Y= (Y,¥2," ),
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Hbry = ia,’jmj, i=1,2,--- . JERH
(1) AJG c@®);
(2) Fay=a5, Vi, j=1,2,--- BOL, W ARRBIEHET .
19. %t AR H LAXWHT, HFE—4h A B ETHRE
H PR MEIERHE:; R
(1) dimker(AI — A) < 0o (VA € 0,(4) \ {0});
(2) Ve >0,0,(A)\[—¢,e], REBRME.
EH AR H EEREETF.



$E7°E Banach =g

H 55 4ERR R 22 18] BA AR ., P J7 AT AR R $ 2 (/] L2 (E) A1 Hilbert
ZHRA TR IRERIEANRE B HH#) MR XEZEGHT
BE UM VE R BE B4 Y, T B R UL th ARG A TE RO B
H: p(z,y) = iz — yll, HFEH |l = (=, 2).

HEHRIRE ENERZE, EMHINE ERERKES LK
TR, U EPHIITH Lebesgue FIFKEX L(E) fl p K]
FERBEE LP(E) (1 < p < oo) MITEEME S RA 57 4ERR IR = [0 0
W TR, RE L(E) PR SRR &
MA%E LP(E) PR RS, HRAREFRANME, NLRER
Y22 8] Banach 23 [H].

§6.1 Banach %=[q]

§6.1.1 Banach Z[EE X

EX 6.1.1 # X BE (Hx) KE=ZE, #T X FHITE o,
R —EENE R S —IE LR ol MR, WR

(1) EEH.: |z]|>0, H|z[|=0<=z=0;

2) ZARFEX: |z +yll <llzll + 1yl (Vz,y € X)) ;

(3) FKHE: ezl = |of ||z]| (¢ € K,z € X),
He K BE (30) $, X BE (8% KERE=R, ||z AT
R = WEEEHE.
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EUERTIR P — RN EEREREZNE, HRFVEERES
6. e EREETEX X FESER. MFoyeX, EXZTH
54

p(z,y) = llz -yl
BHEH, plo,y) WEEWESR EFZAE, i (X,p) 21
R E. UEAELURIREREE RN AN ERERZNE, H
FERH o(z,y) = |lz - yll KX

BATHRE, s NSRS, F5 {z.} C X FAWRET
T, pazic]

Jim ||z, — 2| =0,
X PO PR A IR TEBOR L, A Lim 2, = 2.

HTHEHE, FaA5IALU z AFL, r HERERDE U (z) =
{veX||ly—-=l| <r)} TR §.3FKIKEE R PIFE, AH B
A5, Borel o U8, LUK 254 S0 A0 T LA E 20 P RIS 25 18] PR
R (X, p) WEAFIHEURT], RERTEH.

TN 6.1.2 ZHRMRERTEZZE AL Banach Z[H], RidfEB =
fa].

#l1 FEKIKZEC. ®z= (zl,z2,-l-- ,Zn) €C™, BIHETEH
Jall = (Z |xi|2>2, 6.11)
M) C* &—4~ Banach Z5[q]. =
B2 2 COM) (M R—AEERAH). BA

[I£1l = max |f ()] (6.1.2)
B—ANE¥. BiFE C(M) B—4 B .
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#l3 LP(Q,p) (1 <p<oo)ZME. & (Q,B,u) B—WEZEE,
FROE L TTRES, T If(2)F £ Q £ p T XHEK f 2
it LP(Q, 1), B3 (2, B,p) L8 p KATREECER.  L2(Q, ) &
BRI SRORAASE R, IFEAE LT LA S R A R R,
RRA—AHR, St RAEEH 20 LP(Q, ) TiR— R,
X 1

1= ( [ irrue)”. (6.13)
WA || || R—TEH.  LP(Q, 1) B—4 Banach 2.

CHFARESHETY

(1) Q & R* #—A Lebesgue A[MI4E, p & Lebesgue WiEEHT,
B L2(Q);

@) 0=NB, pREMRE: p({n}) =1 (vneN). X
L) R 55 1ol < oo IR £ = (£}, B B P (R 5.1
4 4).

B4 LoQ,p) 2. & (Q,8,p) B—MUEZR. f) &L
p MRS, MR f(z) 57 Q LM EFEE o LFLLHESE,
WIFK f(z) & @ E—PAEAERTRER. Q0 L—VIFEFR TS
¥ (p LRSS BB HNFE —ER’ ) feEiclE L2Q,p). X
R—AREZE, ERENE

= inf ) 6.1.4
(¥l ,,Fgc)ﬁo(zesf?p'folfwl) (6.1.4)

WA IRULICAE ess Slelglf(iv)l- 0| B, Lo B—1
B 7= [H].

L>(Q, ) BHRABERFHIEE:

(1) %4 Q B R™ $1fY Lebesgue A RIS, p R Lebesgue M BT,
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MR L*(Q) ;
(2) %Q=N, p BEIMER, ERE—VHFFF u = {un}
HRH R 1>, HEHRE |l = S‘if;lunl’

B5 CKO) ZEHEL. BQER FERFXE, keN, CHQ)
#7 0O LEABHED K ES RS R R RS RARNREER. T
B(ek 54

£l = max max 0% f(z)] (6.1.5)
TR— Banach [, Hd o REEHF, 0° REZERT. HEX
W, (4.3.16) &

Bl 6 E{AFIFK=E H™P(Q). B QR R FHERHAXE, me
N, 1< p < oo, ¥F C™(Q) FHIRE f, X

1

W fllmp = 6% f(z)Pda ) . (6.1.6)
RAEBRIE, || Imp BHEE, HE C™Q) Kl llnp FRZEEH.

ERAZEWAEREZE X , TUREEREL, BlE—1%
ERRAERTESE X, X WTRESE M X AUy % T .
% Cm(Q) M4

S FeCc™Q) | fllmp < o0}
WM (6.1.6) 32&L, BIEMRSLSEFRYRAFIRENE, iTF
H™P(Q). EAERBO RS R E N A BB 455 p = 2
B, H™2(Q) MEITHE H™(Q).

§6.1.2 £hiEMTE=(E LAYRFG
B TEEUS AT LA R R, T AT AR — M st AR
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TEHAETRESFBHHF A BSE. BB R WA TEEFR N BEAH S
g, H#UWaE X, WT3EX.

EX6.1.3 &L 5| REEEEH LA NAFEER. #Y
n — oo 0,

lznllz = 0 = [|znlli — 0,

B2 B I I 3. Gn3R (- Al BE L D SRTTEL |- 1l SXH -l 5%,
AR (-l 5 - N2 4

RS 6.1.4 AT |||l K-l B, BAENFFEEH c>0,

5718
llzll < e llzll2y, VzeX. (6.1.7)

B Aod RBARM. ik L4 ARIEE. #F (6.1.7) R
RESE, WX Ve e N, 3z, € X, F18 |zalli > n |Jzall2. 2
en = Zn/||Zalli » W [lealli =1, X

0 fleallz < 3

FI llealla = 0. FA (- flo H -l 3&, FBFEL lleallh » 0, XBRRF
B

Wi 6.1.5 X LEgTEsl-1h 5 Il . EHHESUELLR,
TR a1, >0, £
a llzlh < llzllz < ez llzlli, VzeX. (6.1.8)

T 6.1.6 FIFEREZE LETHANEHFN.
B R X BREFHKAHENR, dmX = B K X L1
?@ﬁ- {im'—‘gﬁ.g €1,€2," " ,€n, X;«l- Vz € X, ﬁ

n
T = Z e
j=1
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L= (6,6, &) €KY, TRRHF T 20 ¢ 2 X B K" RN
¥FEm. EK Lk

el = (Z |£j|2)%

B—AEY. 8 el < 1 Tall, BRIl & X Liy—1-H% %
EN-E -l 4

e 0= (3 > lesI*) ", B Schwarz K% 578
=

el < Y lIgesl = D 11 llesll < Ce (Z |§j|2) = Ca lzll4 -
ij=1 j=1 Jj=1

c TLURRBIREY o = 2(6, &) , CRELRY, AFEH

loll = F(E, - €n) RHLERH. 20 K" RIRAIR S = { € =

€. &) |6l = 1} RGBS, 7 S LBIE f(6, &), SES:

LR —EERNE, W S LHEWNTHE o >0, TR
@) 2

Ve X, 4E=afllellr, W FGIE S £ BIFI e, A

i}

lzll > e ljllr-

S 0l 0 &R X MBS TRETI-hE
- Il 54, BRAR (-1l 5 111 %4

AZHERY: AAEHRASEROH AT RLEREZ AR L
REME, fEHIDLREMN. GITRRERIEZE LR Banach 2
], KUEREEMGEEEFETERLENTZME.

&8 6.1.7 B X BENERHERETHE. Fee, - ,ea BXH
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%%E@r‘ﬂﬁzﬁ., mu V:EEX, ﬁ& (A17’\2)"' JAn) eKn s ﬁié
E:(glv"' 7€n) € K" }

T — 2": Aeil| = min{ T — i &e;
=1 i=1
(6.1.9)

WA AER e, en REHETRH. T €= (6,6, &)

ek, %

ﬂa=w~zxm.
F(&) B K" Loy#gm¥, H
F(¢) > Z&ei = l=z||.

% PE) = | X e
e >0, {#18

BRPORK -8 WAEHE6.16,

P(&) 2 c1 [I€]l2-

BrEA (|l — oo BF, F(§) — oo, TREH F(§) HR/IMEFF
7E. BIAEAE A e K*, {48 (6.1.9) AL

#F Fic M =linspan{ei, ez, - ,en}; To = é/\,‘ﬁi , W] (6.1.9) &
TS -
plz,z0) = p(z, M). (6.1.10)
B (6.1.10) Rz € M RN o 7E M LIBRAEEITT: M, A, 5 An
R AR R

FIP 6.1.8 RWRWZEN X RETEHASLERMER, X 8
BRIBRTE R B

B L EH R X REFEREKESNE, BURE S, =
{zeX ||zl =1} RARME, HARFIES.
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o B X WBRLIERTE S BRAVEW. MEE S ERTHFT
RAETRM B’ (21,22, , 20}, WRENHERER M, KA X,
M4 3zn €8, R

[Znrs —@ill 21, i=1,2,,n.

XERRNER yE M, , HGH6.1.7, IzeM,, F5H

lly — 2l = ply, Mn) ££ d.
Ao =wy-2)/d, BR 21 €51, FH
lenes — 2l = Sy = (@ +dz)l| > gd=1, =12 .n
B, MR X RESTAEN, EALEKE S LR A
(22}, BHIES (20 — 2ol 2 1 (n # m). B Sy BEARIIEM,
FHEF EIE X R 974,

Wit 6.1.9 KM ZM X RAFEN TS LEEMR, X0
B —ANE R ASRRSIE.

§6.1.3 FRMEMHAT

X 6.1.10 W X MY REAHREZNE, TEXJY WLk
BE. MEEERE M >0, 8 |Tally <M |lzllx, Vo € X RIL,
W#H T REFREET

40[R Hilbert 226 LM HF—#, T BHTFHEENE XT
X B Y WRHEET T, mEh

Tp = 79 = Tz, = Txo,
SFR T 75 oo AbHESE. W T 765 SUR L AbAb i SEM FEA BB IFR,
THEEEESE. SRNREET T RESN Y BRY T RERHN.

£X 6.1.11 fl B(X,Y) Ri—HH X 8 Y WHEFAEH T



284  # 7% Banach ¥

2k, Fie
IT|| = sup ||T=||/||z]| = sup [ITz|l. (6.1.11)
=0 llzli=1

¥R A B(X) RAR BX, X) AR X* 7R B(X,K), B} X* %R X
EWAERLHEE R
£ B(X,Y) LM EREEH
(a1T1 + a2To)x = a1 Tz + axTez, Vz e X, (6.1.12)
Hit ar,02 € K, T1, T2 € B(X,Y), W] B(X,Y) B—A LA
FIHE 6.1.12 ¥ X RALWREZE, Y & Banach ZEH,
B(X,Y) # || - || WM —4 Banach Z5[g].
iEBR SEERA (1T R7E%. 4 (|7 > 0 A,
IT|=0<=>Tz=0, VzeX<=T=0
Ty + Tall = sup{ |The + Toal| | l|=lf = 1 }
< sup{ |Thzll | llell =1 } + sup{ ||T2z|| | ll«ll =1}
= 1Tall + [IT2ll;
laT|| = sup{ ||aTz|| | |z}l = 1 }
= la|sup{ ||Tz| ||zl =1 } = |a|l|T|.
FER &M & (T, B—NEEF), M Ve >0,3N = N(e), 4
Vze X, FHAREXML:

Tntpz — Tnzl| < e llzll, VPEN, n>N.
FRT,x—-yeY. itlby =Tz, NEFEHY, TRHEN. ZIEHLAR.
#Ha b, IneN, HE

1Tzl = {lyl| < [|Tazl| +1

< (ITall + Dlfell, Yz eX, |l =1.
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BpAR |IT|| < || Twll + 1.

TEEINTHEZRE B(X,Y) LA=FHP, =Rt

EX 6.1.18 & X, Y BERHERWEZNR, T, TeBX,Y), n=
1,2,

(1) % ITn —T| -0, MF T, —ﬁl&ﬁﬂ: T, T3 T.
XETHR T 8 {T) B9 —BHRR;

(2) #H(Tn-T)x|| >0, Ve X ML, MWK T, BEKF T,
LA T - T BUEH, s- lim T, = T. 3XEHR T 24 {T,} #93RHER.

3) & f((Tn-T)z) =0, VeeX, VfeY* B, WH T, 5
WST T, 184E T = T. XBHR T 24 {T} BISSARER.

BR, —HHH = BEN = T, BX=FREEFEY
BME—i. LR=FSES BIS T EELER T ER B(X,Y) L
B =FARRE M. TR—BMIMNCEEINE, BIRTMUFHHTNR.

BT (BT % 1 LABERBAT
T:z=(x1,Z2, " ,Tn, ) Tx = (2,23, ,Tn, -+). (6.1.13)
o1, =17, W
Tot = (Tns1, Tngz, 7)), VT = (T1,22,---) €12
Ym0, [Tutll = (£ lewnP) " - 0, B T o 0. 32
en=(0,0,---,0,1,0,--+) , BA Thent1 = e1; I H |lenll = 1,Vn. Bk

ITall > [ Taenssll = 1, X357 T AT BRI BET

Bl 8 (BWMTABRES) FENER X =Y =12, ZEAHER
BT R: 125012 Vo= {x,22, ,&pn, -} €12

R:J:HRJ‘:{O,Il,x%”' 71:111”.}'



286 % <% Banach £

it R, &= R, TRA
an = (070; ,0,131,12,"').
(.

B, MFEEH < € 2, ||Raz|| = [jzll, AT Rn » 0. HEXTHER
f € (l2)* :lzv ia f = (yl’y2"" :yn”')a m‘]ﬁ

|f(Ro)| = | ) yn+ras
k=1

00 3
< (zy,m) llzll =0, Zn— oo,
k=1

Bl R, — 0.

> =
LERS$, Vz=(ab), &
izl = la| + [0} ; l|zllz = Va? + b%;
llzlls = max(lal, [b]) 5 lzlls = (a* + b%)/2.

(1) 3E# || - |l i =1,2,3,4 £ R* LXK

(2) EH (R2,]-)) (i =1,2,3,4) &2 R R BAIREETE;

(3) BLO = (0,0), A=(1,0), B=(0,1), iR LARNFRRF L
TRt AOAB =K EE.

2. & C(0,1] FF (0,1] LESHAFHEE «(t) KK 2
llzll = sup{ |=(t)] | 0 <t <1}. iEMH:

(1) |-l & C(0,1] Z[a_ LATEEG

2) 1° 5 C(0,1] —A T2 RSERH.

3. 1 C'[a, b] 14

b 3
lells = ( / (|x(t)|2+|m’(t)l2)dt> . VzeClab]



§6.1 Banach % [d 287

(1) KiE || - |l & C[a,b] EHITEEG
(2) [ (CHa, bl 1) BREEE?
4. £ C[0,1] #, Xt zeCl0,1] %

1 3 1 N
el = ([ leat) s ol = ([ -+ itoPa)
ERA || -1l #0 || - 1l 2 C[0,1] RRASEHEEK
5. MEMATER ||z|| BAETT = HIELERE
6. 7£ C™ g IR ||| = m:ja.xlzd, IERE & B Z[H;
7. BRI 3 FE X TEROHR R E X 6.1.1 W=
8. W X1, X, RANREREZ ), @ XFHZENR X = X, x X, =
{(z1,22) |21 € X1,72 € Xa}, BR X b X1 5§ X, WH R/RFHAZN.
MEREEHIT:
a(z1,22) + B(y1,y2) = (az1 + By1, azz + By2),
o, B €K, z1,51 € X1, T2,y2 € Xo, FHFRUNEEK
(21, z2)|| = max(l|z1l1, llz2(l2),
Hodr ||l F -l RR X, X, TR ER: R X, X, BB
2|, M4 X W B 2.
9. ¥ X BRAMRIEZEN, E¥ X & B ZE T SERMZ,
Vi{z.}C X, & ni:;l ([l < o0, I 2 zn WO

10. £ R2 #1, Vz = (a,b) € R?, & X |z|| = max(|z1],|z2|), X &
WEH; Hi e =(1,0), z0=(0,1). RaecRES
llzo — aesl| = min llzo — Aeall;
XPER o BREME—? EM G RAEILAIRR.
11, () % X RAMREEE, ME X MHAKETZER.
SHFz,yeM, Ez-yeM, a5y %M ¥ X FREESH
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Nk, BE-IMENEEE—ITHFWEER, HXFHEEHLSEHRY
BEH X/M RR, FHRAEZME.

(1) [zl € X/M , KiE z € [2]) WRALBERME [z] =2+ M.

(2) & X/M PEIANIMESPREZHMT:

2+ Lz +y+ M, [z, [y] € X/M;
ofz] e x + M, [z] € X/M, a € K,
He o My HRIRARFNME [2] 7 [y] FRE—TR. NHABHEHK
| (] || = inf{|lz|| | z € [z]}, V=€ X/M.

R (X/M, |- ) B— 1R EZE.

(3) FBAVz e [z) FH

|| (2] || = inf{l|z — m|| | m € M}.

(4) EXEYH ¢6: X - X/M K ¢(z) = [2]. IEH ¢ REMIELE
BT

(5) V(z] € X/M ,KiETy € X {15 6(y) = (=], Hllyll < 2|l [] I].

(6) # X & Banach Z2j§], iEB X/M {2 Banach ZE[d].

(1) ®X =C[0,1), M ={f e X| f(0) =0}, iEH X/M 5 K %
BE R

12. M FEEH A€ B(X,Y), k¥

(1) Al = sup{||A=(| | ll=ll < 1};

(2) 1A}l = Sup [ Al

13. JEHI T € B(X,Y) ROVLERMR, TRAUHT, B X+
EREVS N Y PHEFH;

14. X FERHM f € B(X,RY), iEH

(1) (Ifll = sup{f(2) | ll=ll < 1}
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(2) sup{f(z) | llzll < 8} =dlIfll, ¥é>0.
15. & ¢(t) € C[0,1], 7E C[0,1} LENZ &
#( = [ s vsecou,
K (|2l
16. 8 T: X - Y REKHT,
(1) #TeB(X,)Y), KiE kerT & X fyH&RHET =N,
(2) & f & X EMK¥EZR, KiE
f € X* <= kerf RFALMT =M.
17. X,Y RAFHESERIEZER, T & X B Y RS, iE
BT RiESEN.
18. Sp & LP(R"),1 <p < oo BIHHWHT,

(Snu)(:l:) — {U(z), la)l <mn,

0, lz| > n,
Heruwe LP(RY). iEH S, BMKABIERET I, (EA—BUHE] 1.
19. i% H £ Hilbert 5[, {T.) CBH), T, ~T,HVzc H, &
| Tnzl| = || Tz||. VEB] T, 3RUCELE] T

§6.2 Banach Z[A] L HREHHE T

F—FELMET Banach FH LERKEFFHOME, HET
THHITE. X—FREBEEANBH X Banach R LHERRUER
FRIEL.

§6.2.1 WY EIHR
WX MY BEHREEE, TR X 3 Y (&ust, W1 2%
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SHTHRSLERMER, XTREFPEEFRU, EMFERT U =
fzeX|Tze U} B X PHFR. H T R—XNH, NakhsE
R(T) LIRS T W#iBRgt T - R(T) » X. TRHATHE T BiELE
B, HRESVERGR, THRSR X FUBRY FFBTU. HTA
Wk T T, HEERS T X - Y BIFBRS, WREWHIF
SRBRGT T £R.

FIP 6.2.1 (FFWLAHEHE) 1% X,V & Banach Ji, T € B(X,Y).
T RWE BTX =Y, U T RIFBS.

TR E B UE B R B PEIBESA Baire M. AREAS
HERE RS Baire AEH. FFBLSTE B AEST RS, A EEE A
BEME D.

IR 622 MHFFEIE ) i X M1 Y & Banach Z[H], T €
B(X,Y); & T &——¥#y, W T-' e B(Y,X).
AFBA  fJFBETEHEM, VX hHE W, TW hY FHFR.
Al B(zo,a), Ulyo,b) #H51FKR X MY FFR. M2a36>0, E1
U(0,6) c TB(0,1), Bf
U0,1) C TB(O,%—),
BE
T-U(0,1) C B(o, %);
B VyeY, |lyll<1, &
Tyl < 1/6.
MFVyeY,e>0, iBy=y/(vll+e), lgl <1 ¥y RALIIR
FR, HEAFRESR

1Tyl < 3 (sl + ).
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Le-0, 1B
Tyl <5 lbll, Vyey
L. T T € B(Y, X).
EIE 6.2.3 (BOEMEE) BAMEN X EARAEH -
A -l R X FXPIATEEAMIR Banach 2, TH |- I b
-l 38 - 255 1 O %54
S ARERNT 1 X o X SRR (51 B (X, 1))
MARRT. BiER, 30>0,
Mzl < Clialla, ¥z e X,
U T RS, 1 R—— WS, MM TR, CHEET [
WRARH, B Ve X,
h="lla < 7" el
REp lzlle < 1T lelh

§6.2.2 HIEREE

£X 624 WX MY BREKMREER, FEEF/RFERZME
XxY={(z,y)|zeX, yeY )} #EH

(z1,31) + (22,y2) = (T1 + Z2, 71 + ¥2); (6.2.1)
a(z,y) = (az, ay), (6.2.2)

X xY MB&HE=m. &XHEH
I, )l = lizli + llyll- (6.2.3)

XA X x YV R
EX 6.2.5 4T RENEDT) CX LB Y HEREHT,
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Gr={(z,Tz) |z € D) }, (6.2.4)
R Gr AT HEIR.
B, Gr B X xY RREETZEME.

FIE 6.2.6 (MEKEME) ¥ X M Y £ Banach [, T &
D(T)C X BlY MARKHTF, DT)E X FHMASE. FHGr B X xY
IR, W T RESER.

iEBA % D(T) &HIM, D(T) ek X WALHEFZEE LA
VE X Banach Z218]. XAk Gr BHAK, Gr EJEH (6.2.3) T & Banach
2@, X P:Gr - D(T), (z,Tz) » z. HH P B——HHERX
HHF. MAFTFEEM, P D)~ Gr REEN. XESGEL
BUHEF Q:Gr oY, z,Tx)»Tz. TREAT=Q P 'HT &%
ZEHY.

M 6.2.7 % X MY & Banach 285, TEDT)C X FY
WEREET. MTEEW (2.} CDT), il oo >z, Tz, oy 7B
reDT), Ry=Tz, KT RAFEF.

B EESWET T #HE LS E UK D7) #3465 D(T) £, B
AN ESEREET T 0 B RRAE A E VR, TREMEEEK
HETFLREAEF TR—BROAREETFRLRESZET.

B EEMAETFT=4, BEREXEDT) =C0,1CC0,1]
E, BUSETF C[0,1] lIRHEF. REH sinnt, N

||§Esinnt” =n || cosnt|| = n — oo,

F T RERET, NTIARELEHE T ZiEW T RART. Rz €
C'[0,1], zn — @, Tzn — y. EF, CO,1] THRSFENTEH K
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W MFVveelo,1], H
t
onlt) = 20(0) = [ (5)ds,
An-ooo, B

t

z(t) — z(0) = /0 y(s)ds.
EHi € CH0,1], HTz=y.

1 6.2.8 T RAHTHASLERMRE Gr RAK.

i8R B iE 3, € D(T), (20, Tz,) = (z,y). BH T RAH
F, ze€D(T) Hy=Tz, T (z,9) = (z,Tz) € Gr , ¥ Gr B
4.

o % Gr RAM. & zn oz, Tzn oy, B4

(zn,Tzn) = (2,y) €GT,

XEH e D), y="Tx.

B 6.2.8 T H, MEMGEHEE TUASGRM: EEH 6.2.6 K4
T, # T RAETF, W T EEgd. BikE YESERATFEENART
RELHET.

§6.2.3 FI§FEIE
IR 6.2.9 (GESFEH—BAEREHE) & X,Y B Banach &
|, WcB(X,Y) mg
sup [Tzl < o0, Vz€X, (6.2.5)
TEW
MLEEEE M, FB|T| <M VTeW.
Bl XMFVrzeX, X

lzllw = llzll + sup ||T=| .
Tew
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Sk, |I-llw 2 X LoEE BRI -w BT |- - Z&iE (X, )] lw) &
#& Banach ZZ[A]. BXTFHEH || - lw, {zn) BESRF], BIY n,m - oo
B, ‘
[|Zn = Zmllw = ||Tn — Zm|| + sup ||Tzn — Tznp|| — 0.
Tew

FRIzeX, #B|lzn—z]| 20 FFVe>0,IN=N(E), #5
% n,m> N B,

sup [|Tzy, — Tzm|| <.

TeW

AT VT € W, & Tz, — Tal| < e, %n> N BRL. TR, 4
n — oo B
|zn — zllw = |lzn — || + sup |Tzn, — Tz|| — 0.
TeWw

RBESEMEHEHE, ||-w 5| FH. A3 R M, EFRvVreX
A

sup ||Tz|| < M ||z||.

Tew
RS EIHER T <M, VT e W BIL.

F1 HEE629 M
ngx?v IT|=cc =3 z0€ X, #1 ;2&[|Txo|| = oo0.

HOZ T BB “ Sy g A S E B AR (6.2.5) FTRBUERL: Yz €
X,3IM, >0, 75

Tzl < Mz (lzl| , VT eW,
CEREETHR W ASER. MEESRIE. FES ¢ BEIH,
%75

ITzl| < M |lzll, YT eW,
CEREETE W —HAR. BAEEAHMEEG, RIELSER
HE—8AR, WEHENKY —HAEREE".



§6.2 Banach Z[E F WA RLMEHKTF 295

*2 FHEKREEE 6.29 BIEH A, EEPZEE Y KRR
{4 7T LAV O SR R 22 ).

it 6.2.10 % X 2 Banach 2F[H], AC X*, W AREREDN
FHVERMGFR, T VreX, :;lelg 1f(z)] < 00.

i EW X = B(X,K), BUE AL

E3R 6.2.11 (Banach-Steinhaus F¥) ¥ X,Y & Banach &
B, MEXHHEFR ®Th, TeBX,Y)n=12--) WT,
BB T T RS LEFGR

(1) Tl HH

(2) JL“;OT"Q: =Tz, VzeM.

ifBR LMl EFT,-T, WVee X FTox->Tr, EEHET
it (2). FAXMTF W = {Tn}, & (6.2.5) BoL, WIS EEBLER
(1).

oM. BV €N, |Tull € ¢ FERE—T z€ X, XF
Ve>0, Blye M, {78

llz —yll < m
X 3N =N, 8% n> N,
1Ty — Toll <
FEY n> N A,
| Tnz — Tz|| < [Tz — Tnyll + 1Toy — Tyl + 1Ty — Tz||

€
<clly —ali+ 5 + Tl Iy —=ll <e.

3 EHE6.2.11 FERTEME Y QT REAM T ARG AR R
22 ).
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§6.2.4 [H
EIR 6.2.12 (Lax-Milgram E®) ¥ u(z,y) & Hilbert ZFla] H
ER— IR, W
(1) 3¢>0, (% Ju(z,y)| <cllzll llyll, Yz, y € H;
(2) 36 >0, {F18 |u(z,z)| >4 ||z]|>, Vze H,
MLLFHEE—NEEEYNERENET AcB(H), HE
u(z,y) = (z,Ay), Vz, yeH, (6.2.6)

g 1
A= < 5 (6.2.7)

B e 539, FEM—MHET Ac B(H), HH u(z,y) =
(z,Ay), Yz, y € H. HEIEH A B——¥#y, NH Banach FHFE
EH, A™'€B(H). it

SIA 2| < [u(A™ 'z, A )| = (A7 e, 2)| < lzl| - 147 2l
B8 sl|A~ x|l < llzfl, Ve X, #||A71| < 1/6 WAL

%iE ker A = {0}. & y€kerd, N

u(zr,y) = (z,Ay) =0, VzeH.

Mz=y, HBREEHE (2, H

8 lyll* < luly, y)l =0,
Hig y =0.

HiF A RS FyeRA?*, MVzeH,

u(y,z) = (y,Az) =0.
BB e =y, &G Q) , BBy =0, B R(4) 2 H ALK
VzeH, Jv,€eH (n=12,---), f§B

lim Av, ==z .
n—o0
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fiA&M (2), VnpeN A
8llvntp — vall? < [W(Vntp — Vns Vnap — vn)l
= [(Ontp — Vs Alnsp = o))
< Iontp = valllAvnsp — Avall
Bp45
[ntp — vl < 1 4vnsp = Aval = 0.
T {on} REAF]. FH 30 € H, Bilv, v, Bl AWES
H, B Av* =2, # R(A)=H.

3 &

1. #& X 2 Banach Z[H, Xo £ X WHATFZME. XEXBRE
¢: X+ X/Xo Kbz [z], VzeX, Ho [z] BRE z A,
EH ¢ RFFBLS.

2. i X,Y & Banach %], U € B(X,Y). BHR Uz =y X
—AyeY HreX, ¥HIm>0, FH

WUzll > mllzll, VzeX.

JERR U AEgN U, HA U < Ym.

3. ¥ H & Hilbert 23], A€ B(H),3H3Im>0, {##E

|(Az,z)| >m ||z||®>, Vz€H.

B 347! € B(H).

4. % XY RAHRHEENE, DR X WEKTEH, A: DY
RRYERST. LM

(1) MR AHEg, DRAKL N ARAET:

(2) WE AZEEARMAET, WY EREAE D H;
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(3) IR AR—MHHET, N A~ WEAHET;

(4) MR X 52%, AR—HWHET, RA)EY $HE, ¥
H A #%, B4 RA) =Y.

5. Banach ZH|PH—MTH S HABERH. HVrie X" F
sup{|A(z)| | = € S} < oo. iEH] S RARM T LERMN, SEH
HFH, BP sup{|lz]| | z € S} < o0.

6. % X,Y & Banach &[], ACB(X,Y). HEVzrze X, geY*,
A

sup{ |g(Tz)| | T € A} < c0.

WERR A FE B(X,Y) HAEH.
7. ¥ X,Y & Banach 8, T,T,€ B(X,Y), n=1,2,---. %
Tn — T, iEH {||T0||} RER S
*8. SN B ETIER (C[0,1), |- L) A& Banach 28], H

1
1l = /0 FOlds, ¥ f e Clo,]

*9. Gelfand B|H#. % X J& Banach 28], @ p: X - R HLE
(1) p(z) >0, VzeX;

(2) p(Ax) = Ap(x), YA>0,z€X;

(3) p(z1 +22) < p(z1) +p(22), V21, T2 € X

(4) %z, -z B, lim p(z,) > p(z).

n—+oo

EBH: I M >0, 8 px) <M (z||, VzeX.

10.  Gelfand 3|FEEB 3L EH.

11. ¥ M B Banach ZF[d] X MFAF23E, 1>e>0. iEfH: f77E
ceX, WEEHVyeM, |lz+yll > (1 -ollall. W z & e EX
F M.
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*12. i% X,Y & Banach Z3[6], A € B(X,Y) RS iEH: mREY
Hoyp o0, WIe>05z, > 20, 8 Az = yn, B llznll < cllynll-
13. % A € B(H,K), B € C(H,K). # R(A) C R(B), it¥ A €
C(H,K).
*14. % A € B(X,Y),R(A) RAFZE, H dim R(4) = oo. ik
AEC(X,Y).
15. # X,Y J& Banach 2], X& T 2 X 3 Y WHALHHET,
D(T)C X, R(T)C Y. iEM
(1) kerT & X HyHAL¥ET 2],
(2) kerT = {0}, H R(T) B Y FHABH RS LEFMHRE, Ja>
0, €78
llzll < a|ITzll, VzeDT);

(3) R(T) B Y +HRBM S LEEMR, Fa>0,
d(z,kerT) < a ||Tz||, VzeD(T),

B d(z,C) Fr o Bl X T C HERE.

16. % a(z,y) R Hilbert 2] H Ea— P IFINEHE R, WE

(1) IM >0, 1% la(z,y)| < M |=llllyl;

(2) 36>0, 8 lalz,y)| 26 =]
B Vfe HY, BEM—MTE yreH, R

a(z,ys) = f(z), VYzeH,

i H vy ELERBT f.

17. # X,Y £ Banach 28], A, € B(X,Y) (n=1,2,---). X3¢
Ve e X, {Anz} Y ik iEH: IAeBX,Y), R A, &
e HF A, H ||All < lim||An]].

18. 1< p<oo, H1/p+1/g=1 MmMEFF {a}, EH
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Vo= {&} €, fRIUE D arle W, WEBH {ar} € 19. XF&F
f:zm Zakfk,
I fFER P LREZR, B

— q

ww(;mﬂ-

19. % X & Banach ], ER X S8 BMARHEHT, E’=E,
H R(T) #l ker E ZH#. iEHH E BEZEN.

20. ®1<p<oo, () B—THEE HVfel,

(Af)(E) =Y i f;

SET P #riy Af , FEBH A € B(P).

21. W (X, Q,p) B o ARMEZRE, 1<p<o. &

K: XxX-oK
B OxQuREE. &V felP(n), B klz,)f() € L' (p), TE p ae. §
x EAor, 3FH
K1) = [ wan)f )
Q

EXT LP(u) 89 Kf, B8 K & LP(p) LA RLHEHT

22. (Hellerger-Toeplitz #pd) % A & Hilbert /8 H |8 L
HHTF. & (v, 4y) = (Az,y), Vr,ye H, iEH ARFFH.

23. i H B[4 1 Hilbert ZH], {z.}2, RIEIEXE. 4
{yn} C H. iEBALL T 0B EH

1) (z,yn) 20, n 200, Vz € H;

@) (lyel} HREEYm=1,2,, lim (@m,vm) = 0.

24. % H R Hilber 22/8], M BR—ATHFZE. &

n:H— H/M, zw (z],

W on £ M- EERERE ML B H/M FEA.
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§6.3 Banach Z[A] LRy ESELHIZ K

§6.3.1 EHLMZRNFENE

B X REEREEE, TR X ZEH (HEH) 8 K WEHER
F, W T RRH X L (RE) ZR. ATHEIERSHEREZR X b
REFEETMNESEREZE. BT K E—/ Banach 2], RiEEH
6.1.12, @k X FHESELHT K B(X,K) = X* #f—1 Banach z=
. R, EEKEZERREFRFREZR. TEHATRENERX
iz, REFTRENEFREEZR.

SEHE 6.3.1 (Hahn-Banach F38) i# X BRELEKUEREZEME, Xo
B X WRETFEE. & fo ZEXIE Xo LEMEREMZER, W fo
TLAESREIE A2 E X L ARFUEEAE. HER, X LEERF
RHELIZE fWE:
(1) f(z) = fo(z), Yz € Xo EHFLM);
2) lIfll =lfollo (BRAEHA)
o | follo TR fo TE Xo LHITEEK.
iFE EBlyoe X\Xo. i Xy ={z+ay |2€ Xo,a€eR' }. B
FHE fo AL X1 ERRETZE £ -
fi(z + ayo) = fo(z) + afi(w), Vz € Xo, € R, (63.1)
ARAERE fi(vw) ME. HRERMGHE, Ve Xo, aeR,
|f1(z + ayo)| < 11l Iz + ayoll = |l follo llz + ayoll.  (6-3.2)
BHa=1,VyeXo, A
—1follo llyo +yll < frlyo +y) < llfollo lly + ol - (6:3.3)
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WMa=-1,VzeXo, A
=1 follo llyo — 2l < fi(—yo + 2) < || follo llyo — =l- (6.3.4)
A% (6.3.3) fl (6.3.4) FM T THAFERX: Vy, z€ Xo
fo(2) =l follo llyo — zll < f1(%o) < ~fo(y) + |l follo llyo +yll.  (6.3.5)
HTRRBREESAEX (6.3.5) 89 fiyo) LB HAUH

sup { fo(z) — Il follo llyo — 21} < inf {-fo(y) + |l ollo llvo +ylI}. (6.3.6)
2€ X, y€Xo

R ERXREYRIER L. XRER, Vy, z€ X0, A

fo(y) + fo(2) = foly + 2) < |l follo lly + |

< lifollo lly + woll + [l follo Hyo — =lI.

R Vy, 2€Xo, B

fo(2) = |l follo llyo = 2l < —fo(y) + I follo llyo +9ll.  (6.3.7)
BRXERRX (63.7) HETXRER (6.36). FRERRZE fily) AA
X (6.3.6) FIRAPIEME, BMAED (6.3.1) XEX X, EMARHEIZE
fi, B fo WEH. HERZEIEH A=l follo-

B, A2 Ifollo BARRL. MBI f1(vo) R, A% (6.3.5)

ML, HORER (6.3.3) 5 (6.3.4) L. M a >0, HAZER (6.3.3),

Eajlae Xy, &
(zo)

< o follo

[fi(z + ayo| =

= + 0| = llfollo llz + awoll -
Ya<0, AAR%ER (6.3.4) FEAE|fi(z + ayo)l < |l follo llz + ayoll.
FR 11 < Mollo » 3 A1l = 1 follo-

KK, BT (6.3.6) RPURABHE, FFEME f (o) Bk—BR
W, PR ROEE — R R — B FIBREHE fo EHEIEA
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X k% XTEH Zom 31, HHEX

XARSEAET M, Xo C Xa C X, }

FE L (Xa, f)
I lxa = follo, L4 = € Xo B, f(2) = fo(z)

(6.3.8)

£ FRIIAFEERR: (X1, h) < (X, fo) B Xi C X, HFEY
2 € X\ B fo(z) = filz), TR F WEFH #SEFHEE—1T2
FTH, BREE

Xs | J{ Xa | (Xa,)eS},
HHY z € Xa,(Xa,f) €SB, & fs(zx) = f(z). BT S BEFT
8 ASIEY, XsO Xo, fs TE Xs EWME—FE, WA |fsll = llfollo
FR (Xs,fs) € F, #HR S W—4 LA B Zom 58, FAEHHF
ERATE, RGEH (Xa, fr)-

WEW Xa = X. FIRIEE. MERR, TBLREE—BRIER,

T

(Xn fr) € F, 118 XA G Xa.

T (X, ) 3 (Xnr Fr) X5 (Xn, fa) BIBRKHEFE. B XA = X.
FRIFRGEZEH f TBA fa BT

FIE 6.3.2 % X BEAHREEME, X, R X WRETZERE.
£ fo B Xo FARBYZ R, B4 fo TUERTBENZRE X LH
BEBBEAE. REMN, X LEEAFREZR fHE

(1) f(z) = fo(z), Vaxe€Xo EHFKM);

) £l = follo BRIEHAP),

A || follo & fo & Xo LEITEEL
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WEBR X BREAWZEN, MR Xo BRELRETFEN,
/q.\
go(z) = Refo(z), Vz € X,.
M T [Refo(z)| < [fo(z)], #IIRefollo < [Ifollo- HITF fo RE LR,
go(iz) = ~Imfo(z). HEM 6.3.1, fFE X LW LT H g, H8
g(z) = go(z), V7€ Xo; (6.3.9)
llgll = IIRefollo- (6.3.10)
RIEL f(z) = g(x) —ig(iz), Vz € X. BFERK (6.3.9), X T Vz € Xo,
f(@) = go(z) — igo(iz)
= Refo(x) + ilmfo(z) = folz) .
XVzelX,
f(iz) = g(iz) —ig(-z)
= i(g(z) - ig(iz)) = if(z).
AT f REAFKEY. FTHEIEH X LRESKGREL. BR (If] 2
I follo » RESEH |I£]l < lifollo- %4 f(z) # 0 B, i 6 = argf(z) , A
wWEER (639), Vze X, B
(@) = e f(2) = fle” )
= g(e™z) < |lgll le™ || < lIfollo 12! -
HABEEASSRLRENER f(e 2) = [f(2)| BT AZE. FTLU
A< 1 follo- '

Hip 6.3.3 % X RAHRERTNE, M TFEENEF € X, &
FEfeX WE
Ifll=1, f(zo) = llzoll - (6.3.11)
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iEBR R 4R TZEE Xo = {Axo | A € C}. HIE Xo LEX
LRWEIZE fo mF:
fo(Azo) = A [|zol| -

M4 folzo) = llzoll , FFE. Il follo = 1. HKEHE 6.3.2 F[F 3K fo BIBAZE
B X EmEREEAE, FRBZ-ITARKMEEZE f BF (6.3.11)
A BT

#id 6.3.4 AKUWEZE X LERBEWELEREZ K.

JEB @ Vzy, 20 € X, 21 #T2, WL To=21 —2%2. TRIfE
X% fll=1, H f(zo) = llwoll # 0. B f(z1) # flz2) , ¥ f A5
P 1, x2.

#it 6.3.5 % X REHREERE, zeX, N
llo|l = sup{ [f(@)| | f € X", lIfll <1}, (6.3.12)
HEgAaEAE
B id a = sup{ |f(@)||f € X*, Ifll <1} FTRE fe
xX* fll < e, 1f@)) < ISzl < llzll, B o < |l @R 6.3.3
A, 3fe X WE Il =1 fl@) = llzll. X =l < o, 8
lzll = o = f(x).

Wit 6.3.6 % X RAWRIEEME, zo€ X. W zo =0 WRIL
BEREMAE, VfeX*, f(zo)=0.

*IP 6.3.7 X BAHREZTE, MEX HWAXNETENR. &F
o €EM, H
d 2L p(zo, M) >0, (6.3.13)
WAL f e X* BETHIRM:
(1) f(z)=0, VzeM;



306 # ¥ Banach Fd

(2) f(xo) =4d;
@ lifll=1.
Bl FE Xo={z=y+Axo|ye M, €K}, ¥ Xo LEX
KIEZ R
Foly + Azo) = Ad. (6.3.14)
B, folmEHME 1), (2). X
|fo(y + Azo)l = [Al d = |A| p(z0, M)

1
<hi[Lven]

= |jy + Azoll
E M (| foll < 1. 4K Hahn-Banach EH (B 6.3.2) , ¥ fo RAEERH
fex , BH fHWERHQ), @ XIfll <L
HE(fll>1 THRAEX, Jz.e M, #E
(@0, M) < plao, z2) < plzo, M) +
Bt
|f (o)l = [f(zo — za)| < [I£Il llzn — zoll
<0 (plao, M)+ =)
Ansoco, BT flzo) =d, B (Ifll > 1. L.

HEBTH, H#SEXWH—NMFH, z0#0, Mz € linspan§
YHMHVfeX, RESCkerf, BA o € ker f.

§6.3.2 HPFEILUREHRT

EX 6.3.8 # X B—MRERMESME, X LFAEEAEEZ
PR EARTETL L
£l = sup{ [f(z)| | = € X, |zl =1} (6.3.15)
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THI— Banach 28], #HA X @yILHE=E(E).
B 1 LP[0,1] f3LHZEE (1 <p < o0). & g & p W3LHuEL, B
1 + 1. 1, p>1,
P g (6.3.16)
q = oo, p=1.
YF Vge LI0,1], I Holder RERX, Fp>1,F

< ( /0 1 If(w)l”dz')%( /0 : |g(x)|qu)% ;

1
(z)g(z)dz

Hp=1LF 1 1
[ || 1@o@ia| < essow lota)l [ 17(@)1ds.
0 0
4
/ f(@)g(z)de, VfeLP[0,1]. (6.3.17)
FRF, € (L7[0,1)* ,
”Fg”LP[o,l]' < llgllze[o,1]- (6.3.18)

BRBst g — F, BoKE L2[0, 1] LR A LP[0,1]".

HXARR 4.111) M1 (4.1.12) &, g F, REEH. TREXRKX
(6.3.18) Lff FRSR. HEL L, FANEHABS g~ F, W, BT
F4EW F e LP[0,1)%, 3 g € L0,1], 7%

F(f) = /0 f(@)g(z)dz,

A
“9”Lq[0,1] = ||F||.
STHIE BB R E T U S KRR,. WERREEW (ZRIMH
) EME 128 . FE
LP[0,1]* = L7]0, 1]. (6.3.19)
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E—H, % (X,0,p) B o HREEZE,
LP(X,Q,p)* 2 LYX,Qp), 1<p<oo. (6.3.20)

B2 Co,1] HEEMKFR. &

BV[0,1] = {g 9:[0,1] = C, g(0)=0; Vt€ (0,1)
g(t) = g(t +0); Var(g) < o0

} , (6.3.21)

e Vas(g) = sup z l9(ta1 — 9(t,)| RN BB g BOBE, XEA L5
p2

RN AL [0,1] 41
D: 0=t <ti1 <t < <tp=1

FEPHy. BV[0,1] HEH g RAFREERY. & BV[0,1] LRUN
¥
llgllv = Var(g), (6.3.22)

A4 BV[0,1] &—4 Banach %5[H].
F Vg e BV[0,1], &

1
R0 = [ 10000, (6.323)
FRA BB NSRS (Stieltjes) B4y, W F, € C[0,1)" , 3£H
1
IF,Il < / \dg(t)| = Var(g) -

EfBLs o — F, ¥ BV[0,1] LB C[0,1)".
MLGES, ¢ o F, REEHRS. RN, XEEN F e
Clo,1)*, & Hge BV[0,1], KB
1
F(f) = / F(H)dg(t), ¥ feCo,1],
0

#*H
HEW = llgllo -
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S E B R T B AR . IR B (22 RAHT
XY EME 130T TR
C[0,1]* = BV[0,1]. (6.3.24)
T i, W M 2 Hausdorff 250, WA C(M) 7eRATERK
171l = max | £(x)] /2 Banach 2204, JL §6.1 61 2. a3tz
B 1 0% 4 AL A 2] C(M)*, BT Riesz FoR R FE.
FIE 6.3.9 W M Z—4 Hausdorff B725[H], NXT 28 C(M)*

B AET— A TC R S, AWE—H S Baire M52 X8 BIAERE M
L5 MM BER o, EE il < oo, W

(f, ) = /M p(m)du(m), Ve C(M); (6.3.25)

WA= 1ul (6.3.26)
HA || =
HIRTE M = iL:Jl M;, {M;} & M WEAMIH Borel FJHIF4, LA
FAERH o e K, WERZM ol <1
EX 6.3.10 I X BREMREERE, X WILEZRFA X @
EEEEE, o X

Y fe X Bt, AEHBIE f(z) = (f,z), UEY f 5 = AR
. VeeX, MUEX

F.(f)y=(fz), VfeX" (6.3.27)
GiE F, 32 X* LR — Rz E. hiR 6.3.5 A,
|Fell = sup{ (f,2) | fe X*, Ifll<1}=zll.  (6.3.28)

PRBRS 7z - Fp M EHRBET, (6.3.28) AFXH « B X B X ME
SEEHRAN. TRATAREH.
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EIE 6.3.11 ZMAMNTMR X SERME ILE=E X f—1
T [E) SRR A A

Mg, Xz 5 F AMXA, WERER X C X*.

EX 6.3.12  WIR X B X HRBG - BWESTH, R X
EHRZEE, I8/ X = X

DR E K42 E %R Banach Z[H], {HRZ AR,

HATE R ERH R LEEEAEFITR: %1 <p <o
B, 2E LP(X,Q,u) RERE; HEREYp=1H o if, ARBKH.
LYX,Q,p) BFEFEZREE L°(X,Q,p) , T LO(X,Q,p) KIEEZE(E
B LY(X,Qp) KB

§6.3.3 I4EHF

A TRAFESAPHEEEEESHRET. — D oxm K
A= (ay;) TUBR K™ - K® E@EHHET, HEEER N mxn 8
B A* = (@) & Kt - K™ LB ETF. EHE

(Az,y)k~ = (2, A"y~ ,
Vye K", z e K™

EMX 6.3.13 XY BAMRIEZENE, TeBX,Y) NEHH
FTr Y > X* WA THHEETFRIE, VieY, zeX,
T*f(z) = f(Tz). (6.3.29)

VT e B(X,Y), T* BRY—FEM, 3FH T e B(Y", X*). #EL
E, viey, &
gz)y=f(Tz), VzeX.



§6.3 Banach A F thi L& HT & 311

WgeXx* Blgl <IFINTI. MR f — g BERVEBSTH, BIER T,
BMEXTf=9,
NT* £l = llgll < IITI HIFI} -
B |7 < T, T*eB(Y*,X*). $HELk, XTH|IT =TI, X
RETHWEH.
I 6.3.14 WA+ T — T* & B(X,Y) 8| B(Y*, X*) WEIER
.
JEBR BRA « BAREKMER. HEER 6.3.5 A,
IT|| = sup { ||T=|| | llz]| <1,z € X }

= sup sup {|f(Tz)l|z€ X, feY"}
lzl<t 1 £l1<1

= sup sup {|(T"f)(a)l|z € X, feY")
IF1<1 []=]i<1

= sup ||T*f|| = IT"|I.
Ifli<t
B3 AX=!=Y, TRAEFBHET
T(on,az, ) = (0,a1,02, ). (6.3.30)
W T*:1° > 1 BREFBHT
T*(€1,&2,---) = (62,83, -+) - (6.3.31)
B |7 = |7 = 1.
#l4 ERR LAWE, K(z,y) & ExE EZTFHFAR
¥ EXHTF
T:uw (Tu)(z) = /EK(:c,y)u(y)dy, Vue L*E). (6.3.32)
W T e B(LAE)), }HEMNIRAT
(T*v)(z) = / K(y,z)v(y)dy, Vve L%(E). (6.3.33)
E

T T* ETUSREMIIET T = (7). RBEX T €
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B(X*,Y*). A X CX*, Y CY* FHEMNYERBHFHIALH U
mv, A
(T"Uz, f) = (U2, T*f) =(T"f,z)
=(f,Tx)=(VTz,f), VfeVY* zeX.
MTAH T*Uz =VTz, BT BT 1E X* LY R TRETER
BB x:

x Yy x r —— Uz
I e
y — Yy Te —— VTIx

KT ik e B

EHE 6.3.15 X, YV RAHBHEEME, T e BX)Y) #H4
T € B(X*,Y**) B T 7E X** LaviEsh, FHE 1T = 1Tl

3 B

L% X REKEER, p X LW — N LEEE. 58 p i
B: Vz,yeX, FH

ol hnte:  p(e +y) < p(z) +py);

IEFFRYE:  p(Az) = Ap(z), VA >0,
M p B X E—MR&EMZE. IEH

(1) p(0)=0;

(2) p(-z) 2 —p(z) .

2. W X BHEHES = = {0} 2EARBLTREZR, HTEHE
HMEREEHERRALRE XL, FEXL

p(z) = n@an, V= {an}€X.
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EH p(z) B X LB—MREZHEZR.

3. ] X BRELHUZEN, pR X LREWEZR, Xo & X W&
T2, fo Rk Xo LRI—PNEREZR, WE fo(z) < pla) (V2 € Xo).
EH X EE—AEREZR f, R

(1) f(z) = fo(z), Vz € Xo;
(2) f(=z) <plz).
4. ¥ p BRELHEZR X EH—DMREEZER, 20 € X. IEH
fE X LA LRI f, WRE f(zo) =p(z0), SFHVzEX, A
f(z) < p(x).
5 1% X BRES&HZEN, pR X LE¥, We
p(z) > 0;
p(Az) = |Alp(z), VAeC; (6.3.34)
p(z +y) < p(z) +p(y) -

Fp & X El— R 8 Xo B X WAETZEE, fo & Xo ki
KT R, FEWBE |fo(z)| <ple), V€ Xo. EHE X EXF—F
LHEZ R f, W

(1) |f(@)] <plz), VreX;

(2) f(z)= folz), VzeEXo.

6. % X RELHZE, pB X LH¥HE HFVeecX A
p(zo) #0, IEBIRAE X LRSIEZK f, WE:

(1) flzo) =1; (2) 1f(@)] £ p(z)/p(0), VzZEX .

7. % X RAWRESENE, Xo 2 X WHATF=R. EH: MF
Vze X, H

p(z, Xo) = sup{ |f(z)| | fe X", Ifll=1, flx, =0}
8. B X RAHMIZNE. BE X + n MRETLXKIT 01,72,
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')wn%Kan/‘\ﬁcl7c2a".jcn; URM>O- ﬁE%’ %T#E
fGX* 9 ?%E ”f“SMa f(zj):cj7 j:1)2:"'yn: M‘?ﬁﬂa?ﬁx“r
V/\laAZf")/\nEK,%‘

ici| <M

9. | z1,22,- -,z BRAERMEEE X FLRETKT, EH: FF
T fi,fa fne XY, BB
fi(z;) =6i5, 4,j=1,2,---,n
10. IR 1 = ('), B () # 1%
11. IEHIB) 3 56 4 L.
12. EFH R 4E Banach 22 [B]0 R H X H.
13. iE# Banach 25 X BHRKLHEMM X* ZH KK
(R & X # X, WHFE X LHERKHEEZSR, £ X £X
%)
14. ¥ X /& Banach 25[8], M & X BWHFZ=HE. i©
Mt={feX"|flu=0}
W X/M PEREHIZE, EX (1) € X WT: =) (z) = I([=])-
IERA m & (X/M)* B M+ {5 EERH.
*15. & ¢ REKREHRR lima, HEHEF] {0}, CHTH Co 2
B A IR 0 e R k. IEW:
(1) ¢ &1 ¢HF=0, FEHRE Banach Z2[d];
(2) (co)* 5 ' %EERM.
16. #% n > 1. iE8: 7E [0,1] A—HUEE p, EHMNEEHIE
WA

/Opdu Zz’(’“( )
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17. # X & H X Banach Z[6], Kik X A FZEERA R
.

18. & M J& Banach Z5f8] X WA FZEME, p: X 2 X**, 0: M >
M RERRE, Mo X BN EB FESERT 6,
i T 7 BRI B

X —£— X+
d K
M o 3 M*t
HAEH ¢(M™) = (M)t ={fe X | flyr =0}
19. # ge L7[0,1], p> 1. &

/1 f(z)g(z)dz =0, Vfe Cs°[0, 1,
0

WEB g =0, ae. .

20. Hahn-Banach EEJLATER. i%¥ X &L Banach 7;?3'[‘5], fex*,
Hi% f % WHEBEMacR, {zc X | f(z) =0} KARTE, B
X HRHENEBE {(zeX | f@)2a}H{zeX | flz) <a} &
¥ By & X AR, 0 € 0B1. f KA By MYIT A zo, HHA
Wz e B & f(z) < flzo), WEHBTE { z € X | f(2) = f(z0)} KA
A xo &b By WYIEE. EHIES—E 5o € 0B WA —AYITHE.

21. i M J& Banach i) X W&HTZE. & M FEHEN,
IEAFEER fe X, 8 f(a)=0,Vze M.

22. {EBY M RIATFEMEE, (MY)t=M.

23. 3% X, Y & Banach 23], T € B(X,Y), Xi&# T ' %, H
T-1 e B(Y, X). iEH:

(1) (T*)"! %7€, B (") ' e B(X*,Y™);
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(@) @) = @y

2. | X, Y, Z & Banach 25/, T € B(X,Y), S € B(Y, 2). if
BH (ST)* = T*S*.

25. # X, Y & Banach A, T & X #|V ¥9&HHT, X
VieY* zr f(Tz) B X LHRERFIZER. EW T BELEH.

26. ¥ X & Banach Z=H], T € B(X). iEH:

Ran(T)* = ker(T*); Ran(T*)* = ker(T); Ran(T*) = (ker(T))*.

§6.4  Banach ZS[A] Byt S 2 Bk

TEHITRRRE S, E8ERSFILERKTH. HETTH
Banach 23 8] 03X — ¥R A TR AL, X & 974 Banach %58 5 G55 4
Banach 2 RAR HZ —. {HRFHETFHEZEFIIAFKAST +
SRS, TEX BRI SE T, Lok 97 e 28 e eh M BT L
e B TCAT AN

§6.4.1 FHUHS * MK

E)‘L 6.4.1 ﬁ X 7%~/l\%‘lﬂsﬁ?ﬁ§lﬁj; T, Tn S Xa n= 1721 .

EMT VS X HE
Jim f(a) = (@), (641)

W {on) BWHE ©, T 20 — 7, 20 — ¢ B wlimz, = 2. XAtz
FrAE S5 {zn} HOFIIRER.

HEAER, 5B z, » o FEEHRH) A {zn} BEHE| 2,2
FrAE s 3 {zn} BOTRIRER.

HFf 6.4.2 PRMEFELHE—. FREHE T T
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W8 (1) Bzp—z, zn—y, BIVieX, &
fl@) = lim f(z) = f(y),
8 f(z — y) = 0. 83 Hahn-Banach EFEMHEL 636 %, z=y.
(2) BRapn—z, MVYfeX KH
[f(zn) = f@) <Nl llzn — 2]l 0 (n— 00).
Bif8 lim f(zn) = f(z), Blzn — .

& dimX < oo, F[WHEEBAEN. B LEmEm, RE
IEBZE dimX < oo %RfETF, HWHEERBA. H erer, - em B
X —HE R fieX, j=12-,m, {8 file:) = bij, i,j =
L2, ,m (ME—FWIFFEIH). FRMFERETze X, A

z = fi(z)er + f2(z)ez + - + fm(T)em.
& XHHEH ) 1
_ 2\’
lielll = (;m(z)l )

RIBEFL6.1.6, |||l 5 X LIEEHEFEM. 58 2, — o, BV Sfe X,
ﬁ f(xn) i f(iL') H\m nlibngo .fj(zn) = fj(z)’ J = 1a2:'” ,ym ﬁfcﬁ 5X
UL zn HHATRBETF ¢, & lllen — 2ll] - 0. HTEHFNE,
|Zn — 2| = 0 (n = o0).

{HEY dimX = oo BY, FHUSKHR LA R

11 #F L?[0,1) #, # z, = sinnnt , HRIE Riemann-Lebesgue &
H,

1
(f,:cn)=/0 Ff(t)sinnzt dt -0, V fe L?[0,1],

Bl z, = 0. {H (lznl = 1/V2, AF[REH zn — 0.
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EI 6.4.3 % X B—4 Banach 2], ® z, 7, € X, n =
» W {zn} FHWHE] = WS DERME
1) llzall BF 5
(2) ¥MF X FH—AIHAEFE M LY 7, HA
Jim f(zn) = f(2) -
iR HAHE =, ﬁ)ﬁ. Banach 2 [H] X* FMHRKEZR -
(2n, f) £ f(zn), VEX".
M. Banach-Steinhaus ¥ (EH 6.2.10) , BIB45L.

I 6.44 W X £— Banach ZF[H]. BE z,z, € X,n =
1,2, & {z,} HWHF =, 4

(1) {zn} BARH ;

(2) z FEH {z.} EROEEFEEBALS

(3) llzll < liminf |z, .

iFBR (1) BPEEE 6.4.3 Y (1).

(2) FRIEYE. 8 M = linspan{z,}. & s €M, 0|

d = p(z,M) > 0.

R 6.3.7, 3 f € X*, {8 f(zn) =0, n=1,2,---, f(z) =d. HH
T, =z, f(z) =lim f(z,) =0. X5 d>0FF.

By Vfe X, K

Kz, £)] = 1f(@)] = lim|f(zn)] < lm [|f]] lzall = | £l lunllmnll
L 6.3.5, B8 [|z]| < lim ||z,

FOEHE 643 HEHE 6.4.4 P X HRBFMF T LEE MK
P T 2 1.

X* B—4 Banach 258, 7£ X* FHRWAERABSE: R
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S, g X EMBR f— f, B M FVvere X,
g

7 (fn) = 27 (f).
EXE5 X HWEMNER: XxX* K, (zf)- fz)=(fz) F7
¥z BAESNE X LMEEZE, Bz e X, 8 X ATRHRAE X,
B L 6.3.5 AT MEARSEW. TRE X* LIET5 A HEHRE
B 55— PR

EN 6.4.5 & X REHREEN, f, fneX, n=12,-- . &
MEg—treX, HF Jim fo(2) = f(z) FR {fr} 55 = WHE f.

JOHE wlim fo = f B fo <5 f. XEE £ BRHEF {fn) BIFS + HRER.

REEE LATH X LRSS &5 « s, MHY X 2—1E
X Banach ZE[a]AT, 5§ * W5 UL

FIE 6.4.6 ¥ X B—4 Banach Z/d]; Xi& f, fn € X*, n =
1,2, W w*- lim f, = f WEFT MR

(1) [fall BH ’

Q) XTI RETEM, A

nli_}n;Ofn(m)::f(z) , Yz eEM.
HENATEHE 6211 TVY = K 1§EE.

I8 6.4.7 ¥ X B—4 Banach Z3[d], N X §yBALIABRESSMA
.

B B zn = 20, llzall < 1. IR 6335, 3fe X, WE
f(zo) = |lzoll , BIflI=1. F=&

llzoll = f(zo0) = lim f(zn) < |Ifl] limsup ||zn[] <1.
n—oo n—o0
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E W 7o tIE AL FAER.

EIE 6.4.8 % X & Banach ZFM[E], W X~ fEALLHABRES « IH
.

iR WS, fae X5 £ 25 fLTRNfN <1 FRMTFVzEX,
H

@) = lim |fa(@)] < llall timsuplIfll < Jiel],

BOIA < 1 EEARIE.

§6.4.2 S5IEM5H « FIEM

SIBESICSBPE LA B 55 « W R B i Z — R AT A H S0 & 5
R

EX 6.4.9 ® ARKUEREZE X YFL, & A PEERS
BT, N ARFIVEN. ®RBC X, & BPHEES
FIH—A 5 « BCTFFI, WK B R5 « 5IRH.

I 6.4.10 # X RUSRERMEE, Ba X* FEEERE
B3+ 5UEH.

R {fa) 2 X PARE, REEUHES « WHTHIE .
B X T4, bl X B EETE (o). BH (£} BR, B
AR

{ falzm) |7, meNY}
SHE— A EEN m RE RN, FIMARENET LTS (£, ), &
BHFES m,
{fnk(mm)}iil
HUSHF]. X {on) 76 X AEEUR {2} BF, TBHTF Ve
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X, {fan @)}z, BEHES. IE Jim fo(2) = Flo). F BRBLH:
t, JFH
()| < ljall lmsup | fn,ll, Vo€ X.

M F e X*. Bj4% w*-lim f,, = F.

3|3 6.4.11 % X RAWRMEENE. # X+ BY4M, WX A
B2 w4

EBR i {fa) B X WRETFE 2= f/lfall i8St ={fe¢
X | fll=1}, BR {gn} & S; WFABETHR. EHAH llgall =1, WL
HW zn, € X, 57

o=

lznll =1, gnlzn) 2
it Xo = linspan{zn}, Xo RS (c. MEERBBLELAEE Xo
). IEH X = Xo. MERR, MLEEE ©o € X\Xo. FEHB
llzoll =1, WMERE63.7H, 3foeX, g

lfoll =1, folz) =0, VzeXo.
TR foe S R

llgn — foll = Hﬂ”lgl lgn(z) — fo(z)|

> |gn($n) — folzn)| = gn(Tn) >
X5 {gn} 7E S FHETE. M X A5

Wit 6.4.12 i X EH A4 Banach ZH], W X 7 FHERE
HER.

iEBR EN X = X RAAMY, sl LREIER X .
HE 6.4.10 51, X FMERERS « FIEM. MY X = X B,
X RSO E X LiE « 8, ¥ X WHRREHSREN.

BN =
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538 6.4.13 & X, &£ H X Banach %6 X WHFZME, M X,
HmRE AR

B ERBAME A Xo » X§*. ¥z € X0,V e X§, 2
#(fo) = folz). MEEIE: Vzo € X, Iz € Xo, 1§18 20 =17

MFVYFeX*, g flx, K f7E Xo LHIBRE, EXBHT: f -
flxo- Bz € Xo B, f(z)=Tf(x). BH flx, € X5, &H

If1xoll < NAI-
FRAT € B(X*,X3), TRz2=T*'2%0€e X BT X AR, JzeX,
fE15
z(f) = f(z), VY feX".
SiE z € Xo. MERR, HEH 637, Ife X", ER
f(Xo0) =0, [f(z)=d,
Ho d = p(z, Xo) > 0. NI Tf =0. {HR
0=20(Tf) =T"2(f) =2(f) = f(z) =d,

B8 FEIES T z € Xo.

N3t F—4 fo € X, , H Hahn-Banach P, 3 fe€ X*, f#
% fo=Tf T2

20(fo) = 20(Tf) = T*2(f) = z(f) = f(z) = fo(z),

XBIEAT 20 =7

I 6.4.14 [H X Banach %[0 X WA RERFHIIEH.

B # {zn} & X PHF . D

Xo = linspan{z,} .

5IH 6.4.13 BHEH, B X HRETH Xo HER. XBR Xo A4
XL 6.4.12 8, {z.} & Xo PHIE LT, BFETH (2.} &
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Xo FRURHE 20 € Xo. BV [ € X3,
Jlim f(zn,) = flzo) .
MYEEH fe X, BNz, Tn, € Xo, k=1,2,--- , 8E
Jim f(zn,) = lim flx,(zn,) = flx,(20) = f(z0).-
BT o, ~> 7. EHEABIE.
#i% 6.4.15 % Banach Z5[i] X @M SAIERET HFIEH. B
VBRI ER I AR B AS A B T 5, HARBR e SR BR .
Bl AEBBEALER A AT {20}, ERAFE. HEHE6.4.14 5,
BT zn, = z0. BHEH 6.4.4(3) A,
llzol| < lim [jzn, || <1,

k— o0

Bl zo TEHIERA.

3 &

1. % {zn} C Cla,b], z € Cla,b], H z, — z. LB
nlgr;() zo(t) = z(t), Vi€ |a,b].

(B s 8. )

2. 7F Banach Z5[8] X FF z, — zo, 1EBH lim |}z,]| > ||zo]l-

3. % H & Hilbert 58], {e.} & H MIEXA—%. EWE H +
T, = = TS BEFMR:

(1) %F {llzall} HH

(2) (xn,er) = (zo,ex), n—00, k=1,2,---.

4. W T, & LP(R) (1 <p<oo) B HHFBHET:

(To f)(z) = f(z +7n), VfeLP(R), n=1,2,---.
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WERA T — 0, fER (I fllp = [ fllp, V f € LP(R).

5. B Sn & LP(R) (1 < p < co) Bl H HWBHH T

(5 £)(@) = {f(z), ol < n;
0, lz) > n,

H fe LP(R) BEEM. iEH S, MUK TEHERT [, BREA—H
BeE 1.

6. ¥ H & Hilbert 2, FH&RME H F 2o, = 20, yn = Yo, EMH
(Zn:¥n) = (2o, %0) -

7. %€ Hilbert 28] H #, iEW z, - z W VERHGFE:

(1) Nlzall = llll;

(2) zp =~ z.

8. JFHIZE B )X Banach Z[A+F, BEMEFEESHFRERSEN
.

9. yiEBA Banach 23 [A] A (ARG AR, BIE M BHIMER, {z.}
CM Bzx,—=zo, 20 M.

10. % X B H X Banach 2§, M R X HFHERAMLME. XMT
VfeX* iEH f M LRBIBRENE/ME.

11. FIf §6.2 I 12 AL IEH G574 Banach 2 [H]H#
PLERR R BB,

*12. % L=[0,1] HEHHHHEH (Ifllco, V5 € L=[0, 1) LA RAEHN
L0, 1] BxtH@ZS(ElE w* #¥h. H® C0,1], IEMA C[0,1] 7 L=(0,1]
FK A —MEFMNER A T K S — R AR R .

13,4 fa(0)= % &, EREZ L2 (om,m)

w

fN——>0.
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14. £ D & R” B8, Vze D, 2 A, € C(D)* IF:
A(f) = f(z), VfeC(D).
EEEG A= {A|]ze D}, UEBHFH T :D oA z— A, ER——
#. 7 C(D)* ERFH « h, iEHABS T BXUTELEH.
*15. % X,Y & Banach 2], AR X >Y MAHHET HFA4HK
X FEARUHRAFTIBREST R Y FRSBEHSET, EH A RFHE.
16. ¥ X,Y & Banach Z[H], AR X oY &R+ HEEXH
Y WS INT A BiELR, RFEERFAINENLT A BREENG?
($R: HHE §6.2 JFTPE 558.)
17. ¥ 1! ®aRM S = {(m,n)|m,n € N} EFFALRE «, HE%K
1%
Izl =) le(m,n)| < co.

Ao & S LFTEXHMLER v, WREMF: B m+n > oo,
y(m,n) = 0, A |lylle = suply(m,n)|. X4 M & I' 61 BTH 2L
FTHRWITT = HRHF 28

z(m, 1) =Zx(m,n), m=1,2---.

n=2
(1) iEH I* = (co)™;
(2) iEH M 2 I' FRHAFERE RT IH).
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TR E EHFER. A Zorn A Zorn 518, HMA Zorn 5[
TR FXRR.

EX1 RXHY BEACHRIMEE. MF XY HE—-NFRE, HH
X xY W—PTXRR. (X x X EZTERMHEN X LHZTER.) 24
zeX,yeY, MR (z,y) € E, ®icH zEy.

Bl1 BR =RxR={(z,9)| z€R yeR}. & E={(z,9) | z <y},
MR EM/PTFHEFRR, BERZITKE 2By,

Bl2 %X BATERE, X LFRNASTERRE X WA TRTRE
E={(A,B)e2X x2X | AC B}.
F#& AEB < AC B.

Fl3 WX RHEES EE={A4 B e2Xx2X|3 —3t%:A—- B}, |l
2X FMTTER E R X FFHREHNELR, Bl A~ B < AEB.

MF X xY LN ZTXRE E, WuLIERE—MFIEBS:
xe: X xY = {0,1},

m xe(z,y) =1<+= (z,y) € E <= zEy.

BRE 5 xp ZINHHEEHRK—— KR,
LR FAEHE « <7 XRTHEBRRMRHR, TRL—BRE LHF
KA.

EBX 2 B X BREE, WHREANERUTFAEN ITRA:
(1) BRE#: VYa€ X, aEa;
(2) EX#K: # aEb, bEa, Nl a =0b;
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(3) 5@tk & aFEb, bEc, Wi aEc,
R ENX EHFRR, FFHFS « X7 BREMFXFR. Ha b HHEMNY
(a,b) € E. % {X, X} HWFZHE, WHFZHE; FELBRTTREXRANES X
WHA FREIRTH.

X7 HARMRFAEN I TILRA. o b RAFMHER b - q,
THEEH a #b 8, WETAER a <b, Hb> o (XRRAFESRRFRR
MTEZAL.)

EX 3 SERFER (X, 2}, EVebe X, EaXbK b2aWEFH
—MROL, B {X, <} RE&FZE, X REFRE.

KRESFHR X, N X PEEATTRBELBITF. B Vo,be X, f a <
ba=b, 5b<a=F2H, LHEHANE ML TREFREPHFRAN
£ R EXR/PRFRRE B RS

B4 WX FHEEXR CWRIFARE, & (2¥, C) —RRFEHE,
2X RIRFRE.

MF X x X EBRE f: X x X — {0,1}, HHR

(1) Ya € X, f(a,a) =1,

(2) # fla,b) =1,f(ba) =1, M a =b;

(3) & fla,b)=1,f(b,c) =1, f(a,c) =1,
BFR f M, (X, f} IFZE. BT X EZEXRS X x X TS
B——R, HENXTERL, FUHEFEXRR 3.

SHFFEE (X, 2}, KX WEETFEBAIXWEFTFR MR (B, X} &
2FEE, WK BEX HEFTFE BRARX H2&FFE H X ¥AFE
HA® ANRFTER, S AR X WBREFTH

Zorn ¥ BMIFRERXEFFHR

ERERP, H—B5 Zomm PESNHAE (WMEBLHE). MEAEEK
TIEH TEHERNEHE, —MRFHHN Zomn F/H.
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EE, RFENBRKEFFREITUASE—. FlMEREBHSE N WHTF
Va,beN, R o & b HEF, RiCalb. N EHERXR | " WEFAE, &
{N, |} BFz=HE. ER—AREp HH {p*| k=0,1,2,---} & N#EKE
FFE.

BEMFBEBXMEFFEBCX HaeceX,HFVeeB, Hz=<akl
3, Mk a B BE—4 LR, HbeB, T Vze B, H z bR, WHKbH
B BB AT, # Va € X, MTHAE X TS o KEFHTTz , WH 2 <,
W#F o X X B—MERKTT.

EH 4(Zorn 538) # X HEZWMFR, H X WETLFTFRE X F
ALER, WX BHEEKT.

8 B Zorn AEE, X HRKLFTH B meB#EMHF, B HLA
a € X. kMW o & X H—MRAT. ARIEER, WR o FR X gitickoT, W
Jbe X, a<b FR{}UBE X H2FFHR, HBREVWETH X5
B R X hBREFTRIETAE.

TEHER B RS R B EREFH, IMEMPAREMAE LR
#K/.

BERE X, WM 2% 52X WEUTAM: ¥ ACBCX #BF
f(A) C f(B), trtsr f & 2X EayBiAmst. Bl o B X H5 LH—DB
giet, EESE 22X LA RERE f(A) = {p(x)lz € A}

315 2X LiymiAmE A ARSA.
iF88 & f B 2X hemifms. 4

F={Ae2X| Acfa)}, E= | A
AEF

HirH E & f IARsH. F VYA€ F, AC B, # AC f(4) C f(E), AT
E C f(B); dassiits £(B) C f(f(E)), S8 f(B) € F, AT f(E) C E. Bt
f(E)=E.

FH 6 (Bernstein) WAS X MY BPHE | XIS YH|YISIX],
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W X|=lY|
A HEMAGR, FE—BRE X >V A—BHg: Y - X %
IERLFLE X Bl Y M——WB R 8 ¢(4) = X\ g(Y \ f(4)),v & 2* Z
2X fy—ivrst. BT
ACB= f(A)C f(B)=>Y\f(A)DY\ f(B)
= g(Y'\ f(4)) D g(Y \ f(B))
= ¥(4) C ¥(B),
By & 2X E—AmiEpuy. W3IE 5 A, FEEe2X ¢(E)=E,
E=X\g(Y\f(E), X\E=g(Y\f(E).
B f & E B f(E) L——Wust, Mg B Y\ F(E) Bl g(Y \ f(E)) ——

BT HA
o) — { f@),  z€B,
'@, seX\B,

WhRXEY E#——WHRE

ERT7 R X|=a,|Y|=8, Wl a<p, a=p,8<a Z&FFLHH
AL (APss—#E® 1.2.7.)

B RETE#H oa<BEBLaFELE-ITHRIL RACBCX, 3
Fist fAoY, UKk g:BoY, FEVee A g(x) = f(z), W g B f 1E
B LR, fRgTE A LMRE. € XRE

F={f:A-B| fR—WRS,ACX,BCY}.
WaeX,beY, %4 fla)=b B A={a}, B={b}, Wl f € F. & F 4%.

f£EF LEFFRRZ T MR fge Fg B fHEHR MNfg9 5

R {F, <} BRFZE. T F PEEEFTFH

Fr:Fi={fi:A — B, | fi B——WBS, fi € F,ic I},
EX f:UA — UB IIF: Ve eUA, Jiel, e A, fla) = fila).
SR f BEA f 7 VA bR, TR feF, Hf B Fr LR, &h Zorn
5%, FEBRKT
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wgNM-—- NB——FRE, MCXNCY N
|M|=|N]|.
THEHIEE M # X, N £Y AGEFERL. ARIEY:. 8 a€ X\M,be Y \N,

IS
o) = {g(z), zeM,

b, r=a.

Bt h & MU{a} BI NU{b} 89—, he F A £ g WEHR. Hg<h
X5 g R FHRKTFE BHEARAFUTHRATE:

M =X, |X|=|M|=|N|<|Y[;

s
N=Y,|Y|=|N =M <|X|



% B Tietze ¥ 3kEIE

WFRR F—MEZHB. VzeR", £
d(z,F) = inf{||z - y|| |y € F},
Brd(x,F) AR « BIAR F WEER. KNFEE—HR yo € F, 18 d(z, F) =
llz ~ yoll. B F1, F> & R" WM EZHAR, K
d(Fy, Fy) = inf{||z — y|||x € F1,y € F3}
ARG R E R HER AE R 5 R YA - 1TRAFN, WLFE o €
R,z € F, {18 d(F1, F2) = ||z1 — z2]).

I3 1 ® A, F &R FEAERMEZMAR, W—EFE R® FFE
G1,Gq, HE:

(1) GiNGz =0

(2) FiCGi, i=1,2

iEBR XHTFEEE = € F1, T p(a) = d(z, F2), & = 9488 B(z, 3p(z)),
<3

61 =JB(z 30(2)).

MF Ve Py, it o(z) = d(z, F1), 58 = B4R Bz, jo(z) , %

G2 =JB(s, %U(m)).
BRNFFHR G1,G2 HREIIEPRM (1) 1 (2).
ERFIESE R® FERAMZTHAROIBER. FTBEITREE R 4
PR B S SR BRI R R,

%H 2 (Urysohn 5|8) it A, B & R" $EMNEAMZNAR, BRFE
R" FHELERY f(2), WR:
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(1) 0< f@) €1,

(2) Ve A, f(z)=0;
(3) Vz e B, f(z)=1.
itEl  ERLL T Ry

f(z) = d(z, A)/(d(z, A) + d(z, B)) .

EH 3 (Tietze FIRERE) AR HZBE R PN ESHR, fERE
NEREG A LWERESERE. WHEER® LAEZERY F(z), #H8 Ve € 4,
K F(z) = f(z), R

sup |F(z)] = sup |f(z)].

WETHF F & f gy k¥ (AME -5 2.3.12.)
B & fR A LMEERY, NEEBREY. Y58 f AREHEHRYHK
. I8 fo(z) = f(x), a0 = sup |fo(z)]. &

Ao = {z € A| fo(z) < —ao/3}, Bo = {z € Al fo(z) 2 ao/3}.

W Ao 5 Bo REAMZHIAA. H LR Urysohn 5|8A, F# R* b—NELE
B Fo(z), R Fo(z) ZHBE Ao LBUH —ao/3, TIESRE Bo LBEN ao/3,
WA ~ao/3 < Fo(z) < ao/3.

4 filz) = fo(z) — Fo(z), W fi(z) AR A LHELER. iL a1 =
:gg(fx(x)l- B ar < Zao. W ERM fo,a0 HEME fi,00 WEBAT fi,a1,

W f2,02. ILES, BRELHWETEH fu(e) UK an = szglfn(z)l. =3

An={z€A fn(z)g—gan}, Bn={zeA fn(x)_z%an}.

WRE A, 5 B, REAHZEAL. B Lk Urysohn 518%A, #7E R" E#L
B Fu(z), W

1 1
FﬂlAn (z) = —-§an, Fn,B,, = san,

fiifi=h _an/s < Fn(x) S an/3.
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2 fr41(z) = fu(z) — Fa(z), ansr = sgg'fn+l(x)|- H 24 AT A — 5 R
¥ Fole) URAMNE fo(z) MAEEHE an. HR

2 2\? 2\t
ant1 < gan < (g) n-1 <+ < (3) Qao,

frs1(z) = fo(z) ~ (Folz) + Fi(z) + -+ + Fulz)).

HANEH
1/2\"
Sup. | Fn(z)| < 5(5) ag, (B.0.1)

2 n+1
< (5) a0, Vz€A. (B.0.2)

fo(z) — Z Fi(z)

HE (B.0.1) R, BH D Fu(z) —Buls, iLff F(z), W F B R" LAyE%SR
=0
¥. B (B.0.2) RH, Fla=f.

#i® 4 R M HASENEEAEERBERTUT KRET R R ESE
A%

B RESEBEHRAROWER. B f BHAS A LHEZRE, H8 A
EHELERE arctan f(z), WH LR ke EH, EELZEEE—MEEY K
R¥, iCHE h(z). &

B = {z € R"|h(z) = 7/2},
W4 B A%, ANB=0. TR Urysohn 513, 77 R” LHELRH
alz), BR oja=1,0l5 =0, H0<La(z) <1. TREH F(z) = tan ofx)h(z)
R f —EEY K.

U e R RS B SRR X R TR E e bER .
EERIZHII A,

EX 5 % X BEINEE, &
(1) BNMELAREASE;
(2) T EBEAHLKAR [, P, FEFE G, G2, WE
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GiNnGy=0, F,CGi, i=1,2,
Fr X RIEMAY.

EIE 6 (Urysohn B¥) I X B#HibZENR. N X BEANETLER
R, MTEERIERHZHHAR A M B, 7 X LHEZERY f, #1%
0< f(z) <1, fla=0, flp =1 B3L.

W AoH REAN. RERRFE G = {z|f(z) <12} M G2 =
{=|f(=) >1/2} Bpw].

Zik s £ HEEAEXHNE A 5 B. IERNEE, FELFHHFH
8 Ay, M By, 251WE AN B. TR

AC A CA ) C BY,;, Bip22B.

B A5 A, RERHEXRHAS, Bi, 5 B HRERFERMHK. Famih
ZE X GBS EE, TUWEFE A 5 Asyy, BE
AC Aija CAyya C Ay CAyye C Asys C Azga,

HH A3 NB=0. HAMENL, MFE—NTHFEER r, 0<r <1, TLAE
M—FER A, R

(1) ¥r<s, B A C As;

(2)AC A,, BN4, =0.
EXERY f(z) T F o BRITAHES A, W4 f(z) =0, BUL

f(z) =sup{r|z € A,}.

REBEEX, & fla=0,fls=1, B0< f(x) <1, BATIEY f R2EEH. ME
B ce X, fl@)=c B0 <c<1, WERH e >0, FEHEHNEEYE ',
s BEr <c<s,0<s -1 <e Mz RBFFEANA. Vye A NAL,
BHE |f(z) — fy)) <2 Yc=0 c=18, RLMTTIE f KEEHE.

EH 7 (Tietze FIER) R X BHIMEME, U X BRIERH TS LEXR
R, MFERHAR AM A LREERY f, FE f £ X LHELY K.
- iES EAEE 6, R R™ i) Tietze §IKEE IR FAIEAITIEHI.



T

iRk C BEZENZEEL

EX 1 GERTEHERSE (X, p) WB/IMITEERSE X, HHSH
(X, p) WFEELSE. FRERNESS, MTEENEE (X, 0) WEEEESH Y,
¥EY D X.

I 2 (X, p) B (Xo, po) HFEIMMFZEMEBENE, ply  x =
po, FE Xo 7£ X hHR, N X £ Xo MELZHE.

B BN Xo £ X FHE, MTEEM e X, 3{za) C Xo, 18

Jim p(zn,§) = 0.

EEALL (Xo, po) HFEEMTEAERZE (Y, d), d|y = po, BT {2}
B po FREAT, BtLEE® d 8 X THELS, ATFEEY Mk
A B X 3 Y WBEmMT: T:60- &

AE T RAEEEE. M TFERM &, & € X, s {0}, 220} ¢ Xo,
W

P o5&, P e-e
BE=Tg,j=1,2, WEEE I FE Y =5 §,j=1,2, FRE
d(61, &) = lim d(zi’, o) = lim p(ar’,2i) = p(6s, &2).

BT X B Y BT, 8 (X, p) £ (Xo, po) HISEELAENE.

#1 3 S ERTEAHE - RE&LEE. MEEEEE5.1.7)

B B (Xo,po) B—AEBEE. EWH=H. §hhs— M EEEHE
(X,p), RIGIEH Xo & X FHE, BEIEH (X, p) BEEH.

(1) Bt {zn} F {yn} B Xo PRIEEF], #

lim po(zn,yn) =0,
n—oo



336 HEFC EEFAMAZTEMN

BRI FNEEFFM. BREFNOEETAR K, HEIENE BE—
PMEREBR NI, A X FRAFTEZIMT (B0 wRHEs. £X L
X ZTREMT: VEneEX, EH {zn} €&, {yn} €N, 2

p&;n) = lim_po(zn,yn). (C.0.1)

BHWIE, (C.0.1) RPMRBIEAE, HAGEAFF {on) B {ya.} BBREX.
H po HIEBHRAMFELU RENBEXSHE, p HEESHERMHKIE X TE
B €0, C € X, B {xn} €& {yn} €, {20} € ¢, MBI R%ER
PO(zn, Z-,,,) < PO(Wn, yn) +p0(y")zﬂ)

BURBRENTS p(€,¢) < p(§,n) + p(n,C). ¥ p WRESAFEX, Wi (X,p) B—
ARSI

(2) MTEET ¢ € Xo, it X PEAFH {z,z,- 2, } KWENEH
£(z), 30 X HhSEIRGT £(z) MRBHEE. MBRE T : z — £(z) £
(Xo,po) B (X, p) Mynemest, HR%SERE. EKESE (Xo,p) 5 (X,p) %I
FiH. 85 €€ X, [FIREAF {z,) € &, £ X FRFEF {€(zn)}, W

n}!—{noo p(&)&(xm» = "P_I‘noo kli_’fgol)o(:k,zm) =0

B X 12 (X, p) BFEFE.

(3) HIEHIZEME (X, p) BEH. 4 (X,p) THEEF] (£}, BHRFI—
AT EEX, BBY% n o oo i, KW Lrg

() Bz (™) B4E X X—HREY. BNT4 2. = T7¢™, U
{zn} £ (Xo,po) FHIHEAT. TENBNIN ¢ FF lim W =¢

(i) ZR—EWE. o X £ X Fe@sr, veo, 387 e X, 18

p(e™,E™) < 1/n.
i () T €™ 2 ¢, BpAg
£ be.

H (1),(2),(3) R biRk51E 2 BREREIL.



MR D S—WESFREE

4 X,Y £ Banach 2], & T € B(X,Y) HEZEMIEH T T € B(Y, X).
HF T WEEWRNE, VyweY, Ve>0, 36> 0, FRRE |y —wll <4,
BAENT 'y - T 'yoll <&, BR

y € B(yo,8) = T~ 'y € B(T 'yo,¢).
FHid o =T 'y, e =T 'y, WHF T™" HERHERE,
Tz € B(Tz¢,8) = z € B(zo,¢).
T
x € B(xo,e) = Tz € TB(xo,¢),

# TB(zo,€) D B(Txo,8). HLAERN, HF T ¥ X PHFRBRHR Y +
HFFER. '

Y 1 T /& Banach Zld X Bl Y FMRHEHT, HEW X FHFR
BRETR Y FHFFHE, BT R X 8 Y EMFFRE.

HEX 1 WEMFHEE, T RIFMSTR T Ay T MnEEF. &F
W, YT R X B Y LMERREHETH, #8 T HFBRHEK— RN
. WEFEAE 6.2 PHPHTEENETRR, EEAFRET T HFRHH
S TEMERAHE, REBRIE T AER DA RY (AIEEY). BB
FHYAERARHARMER, HTHAREZROER.

§D.1 ME5HEHE

X 2 B (X,p) B—MEEEN, A4FRE ECX, EE HARERE
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£, B ERBHEN, WHRRK.
Bl1 7ER" FH 5 RHEM Cantor REHR.

EE3 i (X,p) RERZE, E£ X FHTH, MUT 4 M RESHN:
(1) E BB,
(2) (E) —RAHSK;
(3) XF X hAE—IEEFE G, HFEEZFE G, BE
GINE=¢;
(4) XF X FHEE—TFFR B(zo,m0), BFFE B(z1,m1)C B(zo,10),

EnB(z,m) = 0.

8 (1) = (2). & E REE, TRALE FFasE—ESF4E, Bt
FIE—FE G, B Gn(E) #0, Brik (B) £ X +H#F.

2) = (3). & (B)° REHER, WMTF X FFAEEFBG, 5 GnE) 0.
FR 3z € GN(E)F. AN Gn(E) BFH, BEFE e > 0, 8 B(z,¢) C
¢ n (E), B G, = B(z,¢) BPF.

(3) = (4). 4 G = B(zo,10), N 3), HHE G1 = B(z1,e) C G, 18
B(z1,e)NE =0. RER r, =¢/2, B8

B(z:1,r)NE =0

(4) = (1). ARiE#%. % E AEHS, W E EHH. FRHEE B(zo,r0) CE.

BRI
AB(z1,m) C B(xo, 7o), R ENB(zi,m) =0
X5 B(z1,71) C B(zo,r0) C E 8F/&.

#it 4 % ERERZHE X FHFR WU
(1) # E A5, W E° HRER
(2) % E° hEmH, HE HAK, WE NHK.

X 5 TEEHZEE (X,p) #, MR E.CX, (n=1,2, ) BAMHAR,
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WH LR E= U B, RE—ANHA.
B2 R FHEESRRE NN, R FOTHERERE—ME.
£ 6 (Baire ) FTMTEENEN (X, p) —EFRFE—MAR,
TR RRIES. 8 X RE—A8, WX = U B, 64 B, REK.
B 3(4) 5, % B RER, WHTER— IR Blo,r), FEFR B(y,5) C
B(z,r), ## B(y,9) N E = 0. BUEER—AIR Blzo,r0), BT By RHK, T
R IB, = B(z:,m) C B(zo,70), B BiNE =0, APW ro=1,0< r; < 1.
BT E: BES, WFFEK By, 3B = B(zz,72) C By, 18 B2 NE =0, &%

m 0<r: < 1/2 —&ﬂﬂ, Xﬂ'?ﬂ:ﬁ Bn.1= B(zn—l,rn—l)‘; m? E, %m%:
AB, = B(@n,™2) C B, B BoNE, =0,0<ra <1l/n,n=12,--- . [

(TntpyTn) < Tn < % Vn,peN. (D.1.1)

BULATR {z.}) BREXF, N7 3y € X, #18
T =Y
B—H#E, # (D.1.1) 4 p = oo, M p(y, za) < 1/n, N
y€B. VneN
BT BoNE =0 (Vn), FF y €EEn (Yn), AT
y <€ DEnz DEn=Y=x.

n=1

n=1
BiX5ye X MFE, Bk X RugRE—58.

Baire {FHARENA, THEHERINHT.

Bl 3 RHAXE C = (e, b BFRUHM, CRRMTEFEE. HEEH
Hrelab), BAS {z} BEE HEHES

C= U {=}
z€C
RASERTHE, B C RFAHE.
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Bl 4 ZEBERAEL BT EER (C0,1),0), iE E={f € C[0,1]] fi&
RRTH ), W E 7 CJ0,1] PRARRE M. dta R, E REFWHA
RRE—HH.

i 2 X =Cl0,1], 4

1

S n, Vlhl S _}J
n

= flz+h) - f(z)
An—{fex 3

AP O0<z+h<l 4 ffE g MW3n EF fe A, B

(oo}
E=X-Ec| 4. (D.1.2)

n=1

THEIER VA, HREE. HNBEYR (4,)° = 0. HEEIE A AR, WAEE
(4n)° = 0.
SEAE An RS, SHERN fo € An, 3 fx € A, 118 fr —BRHE] fo. B
K fr € An,3zx € (0,1], 17
|fe(zk + h) — fu(z)| < njh|. (D.1.3)
B Vi €[0,1], B {zx} BEREF, FFUABRBEFH, FHR ox = zo (k>
o), W o € [0,1]). FA {fir} W—FORSBEMAER

lfk(z‘k + k) — fof{xo + h)l

< |filz + B) = fo(ws + h)| + |fo(ar + h) — fo(zo + h)],

£ (D.1.3) KH4 k — oo, HI78
[fo(zo + h) — f(zo)] < nlhl.
B fo € An, FFEL An HHISR.

HWIE A, BBE. BRIEE. # (4:)° #0, WHE fo € An. BT (An)°
B4, Bkl e > 0, 18 B.(fo) C An. FREE-NFLREY 9(z), &
8 plg, fo) < &, MH g WEBRBRUEXERKT n, Bii g € B:(fo), BR
g€ A,, BEFE. FrLh _

E)* c | An

n=1
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RE—HNE. EHE

ERBERT, BERE—MOOER TR EERBEER R, HER 4 £
B, E°BRE—HK, U E ATTREZHR, T X = E° BHRE—HNRB, 5
Baire EHEFJ§. XRLUER T ALAL A AT A LRI FFErE. R BITRI <X
R ELE R B AE X PR

§D.2  JFHUH EH

SIE 7 % XY ## Banach 2], T & X 2| Y EHKXERS, W T £
FULH TR ERMAR, 36> 0, 18
TB(0,1) > U(0,8). (D.2.1)
B e RBARK. THEIEH Lo BREKME (D.21) R, R X
HEFE W, BETW £ Y #HFR. dET T HRERRA, & (D.21)
HMT
TB(z,r) D U(Tz,ré), Vz € X,Vr > 0.

Vyo € TW, EX Jzo € W, {18
yo = T'zo.

By W 28, 3B(zo,r)CW, FER e=r6, FF
U(Txo,€) C TB(zo,7) CTW.

Bl yo =Tzo B TW IR (BETHE D.1).

EH 7 (FFUMHEE) & X,Y #£ Banach FH], ¥ T € B(X,Y) BHm
&, W T RIS, (BISBAEEHE 621

if8 A B(z,a), U(y,b) 48R X, Y FEFR.

(1) 8 36 > 0, 18 TB(0,1) D U(0,35). XEY

Y =TX = [ TB(0,n),

n=1



342 MERD ¥ HNESHFumstEHE

WY BEEH, FFUELEFE -1 n € N, #8584 TB(O,n) BEHHYN. TR
TB(0,n) HENK, ¥ IU(yo,r) € TB(0,n). 1BE TB(0,n) B—AHHN
ﬁs Eﬁ U(_‘yO)r) C TB(O?T)7 »\ﬁﬁ

B(0,n)

B D2

U@,r) C %U(yo,r) + %U(—yo,r) cTB@O.n) (£%ED.2).

d T BFF%ktE, B 6 =r/3n, % TB(0,1) D U(0,35).
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() S TBO,1) 2 U,d). METE: HF Vyo € UO,), B BO, 1)
FREB|—A 2o, H8 yo = Txo. XERAE B(0,1) FRFRB Tz = yo MR- FZ
YWEILERM. 1 (1), yo € U(0,8) CTB(0,1/3), & 321 € B(0,1/3), Bif%

]
”yo - Txl“ < §

% g1 = yo — Tz, B (1), 3 € U(0,6/3) C TB(0,1/9), # 3z € B(0,1/3%),
1

lys ~ Taall < 55
88, HF Yo = yoos = Ton € U,6/3") € TBO,I/F), 3on €
B(0,1/3"*"), (58

)
gnt1’

flyn = TZnsall < n=12---.

TR i lleall < 1/2. 38 20 = 122, zn, W# 20 € B(0, 1), T EL

llynll = llyn—1 — Tzl = - -

]
=||U0—T(a:1+mz+~--+:c.,)||g3—n, n=1,2--.

2 Sn= ok, W Sa >0, TSwye (0 o). XEN T RS
=1
i, BBk To = yo. B U(0,8) C TB(0,1) BRI B3IE 7 B8 T RIFME.



fix E &5 J80NSEHENIRT
g — =

§1.1

3. B} E = AOB BT,

[ -

6. A=) U U Am

m=1n=1k=n

7. % fo(z) > o, HBEKE,  lim fu(z) >a B

An = {alfal2) > a} c A= {o] lim fo(@) > a} = Udnca

RZ, #z €A 3no €N, 8 foy(2) > a, Bl 2 € Any, H AC ( 4n.
n=1

9. lim An= lim A, =[-1,1].
n— oo

n—r o0

10. if# EC lim E., YR @EncE. WG lim E, = E.

n—o0

12. HESEH (0,1]C lim A., PR n@ofinc(o, 1] Bpe[. vz € (0,1],

n-»00

AneN, %4 k>n, ar <z i, TRz € [ar,bc] = Ar, NTTH

0,1] c G ﬁAk= lim A,.

n=1k>n n—oo
MAEET ERBRE X,
Vze fim 4. =) 4-
neo n=1k>n

& VneN, Jk>n, #fiffze A

< VneN, 3k>n, #B0<ar <z b

BFbetTl,arl0 FIAO<z <L ﬁtnEn;Anc(O,l].
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§1.2

1. (1) BOL; (2) RRSL, FIATE X = [0,27), A = [0,7/2], f(z) =sinz.
6. lim A, =ANB, EH;A,, = AUB.

n—oo

8. &M @ f(X)=Y, i f(ANB) C f(A)N f(B) BBAK; & f &
——¥, £ f(A)NF(B)C f(ANB). #s# AREEN f B—8, A
R

9. A2 {(a,b)a,b € Q). V(a,b) € A MKTF (a,b) € Q, F& |4] <
IQ%) = Rj =Ro; BRE QC 4, B Ro < |4

10. FAE 9 B, FEERITRE PR —ALUAE S o s f XIEEpa].

11. it A HTHE, A. ATFRAEN n 2tk N

A, =AxAx---x A |An| =85 = Ro.

n

R B = 40 % A GHRTREHE. FRA B= ) Ro=Ro

n=0
12. |B| =2 #xLk, MF VS, EXAK Gy = {(z, f(z))lz € X}. W
Gy C X x X. # |B| < 2¥*X = 2%,
HEM FEEFR ACX, BHEERREMA—— W g: A > A XL
t, AUA C {(,0),(0,z)|x € A} & AxA FFE, FTLL |A] < JAUA| < |AxA| =
|Al. # A~ AUA, BIFTEFS AL A2 C A R A=A UA,AINA2 =0,
HA ~A As~A DA XA TEA=AUA EEXL gWT:

gla, =9, glas=¢

VX' €2X, RS A= X\X EWERFHEH——HRE g: Ao A
X f X XWMTF: flx=id fla=g M feB HX' —» fR2XF B
f——mgt. BrRL |B| > 2% :

13. FAREE. £Vr>08 ={=y) eR| V2 +y? =1} CQxQ, I
1(0,00)| <1Q x Q| = Ro. FJ&.

14. % C RYEHEE—E. AcC, %iEY C FESHARIES A
HEEE A Y



346 HXE BLJBHSEMEIRT

£ EFBES A e M={rcQ|3BcE, #BdAB)=r},MET
BB, RLGIRAE (ra). Uh A HEL, rn HEBEE C., M EC U C.UA),

T E={A}U nf—jl(c" NE), i CnNE EXTH, # |B| =No.

16, FRE®.

17. P, &7 n RMEBRBEEARLME, N [Pa| = Ro. 1 p(z) € Pr Y
BEABARRL n 4. 8 An = {z € R|3p € Pn,p(z) = 0}, MEEREHK
A=UnA,. BT |4l =3, Ro = No.

20. fEM a € X, RYPE a # f(a), &

E = {a, f(a), f(f(a)), f(f(f(a))), - },
W f(EYCE. #E =X, MR E = X\{a}.

21. % 12 EAREEER: A=AjUAs, A~ A1~ A, HAINA =0

22, RF EEE c=2%0 = 3% = ... W o = (2M)o =M =

23. FRIEX.

4. BF={Ae2X|f(A)C A, A# X} 4 E=U{Ae2¥|f(4)C
A, A# X} EH f(B)=U{f(A)|A € F}); W E B F RHBRTT: ARE
WIE f(E)=E.

25. VfeC01], 4 ar = {f(r)r €0,1]NQ} € RO i f > ay &
——f, BB |C[0,1)} < M =c.

26. AN ¥ ={f:R->R}D{g:R~{0,1}} =25 FFU [¥| >2°. X§
—/ f HERER R? f— T, # (Y] < 2R =20

§1.3

1. #83 AUB=AUB Uk e A < zec A\{z), TRE
z € (AUB) < z € AUB\{z}
= z € A\{z} UB\[z}
< ze AUB.
3 Ve (A), H{zn} CA, a2z FRVRENI{ys,;} CA4, Jll'ngo Un;
= zn. HBSHHRFEF] yn, — z, Bk z € A, IIT (A') C A, L A’ BIHL.
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B (A = (AUAY = A UA) = A CA #ARHB X0A=A\A
0A RHE.

4. Vz€ A, FEUEEENRE. ARECVFEBHNFR B,, 18 ANB; =
{=}.

5. MA 2 B RIEE.

8. FIAze A & zec A\{z}.

9. iFF] R\F EFF4&.

10. HEJWH ENE =0, fIKIEX.

11. MTHEEFE G, 4 F, = {z € R"|d(z,G) < 1/n}, W G = NF,. ¥
FEEASE, HREMAKRKIT.

12. WLk {:1: Iim fi(e) < A} = mt,,j:, A {m

k>n

fulw) <A- o}

| a2t = A U {s|rw>r-1}
13. 5 GEEEH w(@) = T f() - lim f(), W
fAER o > (@) =0

2 An = {zlo(z) 2 1/n), U An RIS, B {alf(e/Ec s} = ) 45

4. ®A= [’jl F, = F‘il Gn, Ml Fa C Gu. LM fo € C(R™), 78
fulba = 1, falos =0, 0 < fo €1, lim_fa(z) = xa(z).

15. AFmESEEH.

17. ARiERE. & F WA, ARG’ F C [0,1], ¥ [0,1) ¥, H&t
KEHEHERTEA F B8, BEEEP—MEE L, #18 . €h(E: & o 184
BRI K, WA SRBH—&), le || < 1/2. FA—-MEKERZHN, AL
& F WA RERE [0,1), BRSEAHFERYE L. T& R = hNF BRIFH,
H ©€F. )

BN R, R I, #18 z.€6, |I2] < 1/2%, 1 Fy = LNF RREFH, -
EETEHREELDLD - DD, [Ia]| 20, 2,.€h, Fn=I.NF &
K. FREEW— 1€ Nl BWn € NF,, A& n € F.{BR n # 2., Y,
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FE.

18. ARk MEAFERER.

19. FAFORFENS, ¥RRAERNOREES.

20. FIAE AR LR ELRBOETIB/IMEEE.

21. ¥R e

22. jEBA E° RFFHR.

23. W G1 = {z|d(z, F1) < d(z, F2)}, G2 = {z|d(z, F?) < d(z, F1)}.

24. "B fi(z) = 1/(1 + kd(z, F)).

26. AW ECFCF,ffMECF =F, ENF=E #0.

Rz, HERIERER. HEFR, Hz.}=FECF

flzall < llznsill, B lim{jza}] = oo.

FRE =0, FBFERS F AR FHR F C Bi(0). & F FRHR, W
3ze F\F, 4 E={z,}CF, #8222, AF ={z} FTRENF =9,
HSERMAHEFE. & F RERAR.

27. MAHEZ EFROWE.

L
§2.1

1. XF Ve > 0, ExEFEAER, iEH m" (AU B) < m*(B) + 2.
4. m*(E)=0.
5. HEEZRY f(z) = m"(EN(-o0,7))
6. &.
7. EBH m*(B\A) = 0.
8. Vk €N, HEFE G D E, HE m(Gy) < m" (E) +1/k, L H =
NGy D E BiF].
9. ﬂm%m@mmgﬂﬁﬂEnznﬂﬁﬂﬁw.ﬁﬁ%%i%ﬁ%%ﬁ
5.
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10. 8 A, B t9%¥i4, S BIEN G M H. if¥ m(GU H) = m(AU B),
m(GNH) =0, m*(G\A) =0,m"(H\B) =0.

12. (R §2.1 P4 MF EFMK z,y, ¥z -y Q' BY, iBffr~y.
BIBX—BMER “~”, ¥ Eh—PENEK, RAESHERZERTHE K N
F—RPBE—THREEB W, MW CE. ZiEW Rafil. X%, &#W T
W, ZEmW)>0, BN W-W = {z—ylz,y € W} &6 B(0,0), FTUAFHE
te(W-W)NQ"z#£0. FRIAy,zeW,z=y—2 BRy# 2z X58W
WRSOFE, FRIEm(W) =0. BRE Q" = {n}, B U W +{r)). &
& m(E) =0, X5 m(E) > 0 FJ&.

13. FASE 12 BMER, ARIEE.

15. %. m—BFRONE, MTEEEZFE G mG) > 0. FEHAR
F C [a,b), m(F) =b—a, % G =[a,b)\(FU {a} U {b}), G BFFR, m(G)=0.
B G = 0. ¥ [a,b] = FU {a} U {b} , BT F RHAM, FF = [o,b].

16. 7.

20. FFASHE 18 #1 19 LR,

21. ZEEHHSERK I =[0,1] % [0,1] x - -- x [0,1] F#43% Cantor & F, {f
BmF)>0, BEAK G=I1\F JT, iy G=1I

22. iEH m*(E) = 0.

23. iEH m*(Q) =0.

2. RGP E C [a,b), m(E) > 0. ARIERE. EXRFE 01,2 € E, 8
21— 22 €Q. 3B {ra} = QN (0,6 — a). W& En = E+ 75, Wl En C [a,2b - a],
Hm(E)=m(E). ¥n#mi, E.NEn =0. FR

m(UE,) = f: m(E,) < 2b— 2a.

n=1
HILED m(E,) = 0, 5§ m(E,) = m(E) > 0 ¥/&.
25. WIEFFE G, D E, G2 D E, R m(G1\E) < /2, m(G2\E®) <¢/2
BT
26. Ff §1.3 JEHE 19 A
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28. #f#. ATLFBENG.
29. ERMESNE. W HHEMG HEHG. MTEETHE AR
HNADENA HNA°DENA®. &iF
m* (E) = m*(EN A) +m"(ENA®) = m(H) = m(HN A) + m(Hn A),
1§ m(H N A) = m*(EN A).
31. %& F, = [0,1]\En.
32. FASVEIERA:
k 2 k 1 k 1 k
m(( U 1,-) nE) > §m(U 1,») -3 Z m(L; N 1) > gm(U I,-).
=1 j=1 i,ij#=jl j=1
33. 5% 19 0 20 LS.
34. m(E)=n/6.
35. iE G = {&H&FF&), |G| =c, A Borel BE B =0(G). i€ Go=6, A
M X .
Gn = (U{Qk k <n}> )
B C* FRkh C hZBMBERY—ARFARME. WE <k <j HEA
GCGLCG; Ca(G), MR
a(G) = |J G

k>0
BA |o(G) <c, & |B|=c
36. MFEEFEK L H |ol| ="l NTERFEES L, 12, Ik,
Hlah Naxlon---Nalx|=a™hNLN---NIi| &

k k k
Z 1I;] — m( U aI,-) =a" Z 1I;] — a"m(
i=1 j=1 i=1

7

Un).

2

X F— R T 7T I S I AR 5 5RO

§2.2

2. REYFE £4%. Vi, {ra} CQ, r» HIHTREH ¢,
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E{f >t} =) E{f >ra}.

n=1

3. HEEWUNFEEFRME (o,0), £~ (e,0) TH, BAH—EFRGH
#, ERNTHE G, 848 F1(G) BRI,

7. BB T Ry - Ry, T = 3, N T $REERKE, KT R,
LFHBERIFE, ¥ Ry EROMSBRS RS, LY T % F, SUSHR F. &,
ATOH Gs BUREHR Gs 8. EMY m*(E) =08, & m"(TE) = 0. #F—#&
AW E C Ry, FASMAREY T(E) TH. 8 B = {z|f(z) > t}, W

{zlf(z®) > t} = T(E:) U (-T(E)).
SFEY f(1/z), WEBEHR Tz 1/z.
10. f'(z) = lim n(f(z+ 3) - f(2))- &
=z e @olpfs(e+ ) - 0] 2 1}
B% f € Cla,b) B, Awm BTTHLK. H2
z €{a < z < b|f'(z) > t}
< Vm3IN,VE> N, B k(f(z+1/k) - f(z)) 2 t—-1/m

<=>:L‘€ﬁ[jﬁx4km~

m=1n=1k>n

14. # fi(z), f2(z) BREDBY, F f(z) = (fi(z), f2(2)) I R® HEH.

R? A RBEE R, HTF Vs, teR,
{z]f(z) € (t,00) x (5,00)} = {z| f(z) > t} Wz | falz) > s}

RENS. FR

(1) f RATMBY <= fi(z), fo(c) BRI

(2) f RATMEY <= VR® (T8 G MEHRSE f~1(G) BT

15. ¥FVye[0,1), iE Ey) ={z| f(z,y) > t}, W Ee(y) BTHE.
it Ee = {z]oxélfgclf(z,y) > t}~ SEiE® E, = OSySIEz(y)- RIEBIEHN E; =
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U Eu(y) BIFT.

v€[0,1}NQ

16. EERA E(p <t) = fQFE(f <t).

17. i€ Br = {c € E|f(z) STYCE, M Br 1. i& lim Br=ECE, U
m(E\E) = 0. AR B LM Br HRREWENATE F.

18. FIRISE 17 B R.

19. WIERIERE. REH {0<z <1if(z) —g(z) <0} =0BR <z <
1/f(z) ~ g(z) > 0} = 0.

22. fE% Cantor 48 F C [0,1], #f m(F) = 1/2, F RE&H. FE/HHE
¥ f:00,1) = [0,1], # f(F) = P, v P & Cantor &. AT WA AC F,
it B = f(A). HH m*"(B) =0, B i, ER A= f"'(B) R#.

23. FIA LEHLER.

§2.3

1. SR 2.2.5 iEARRMHE.
2. @B =Ek <|f@)|<k+1), B (@) = f(z)xe (2), TR fF2) &
REW, f(z)= §:ﬂ“x>@@&Ekxmﬁaﬁﬁw@ﬁﬁ¢fmu)ﬁm

k=1

EIBARR.
3. B {ha} 78 m(ES) = 1/2", £F B, = {a < & < 8] [fa(®)] < ha}.
4 an = 1/nha, ME En b, lanfa(e)l € U/n. B m@mE]) =0, &
lima, fo(z) =0, a.e BIL.
4 4B = {z € B|swln@ 2 LY b= B(Jlim fi =0). W
- 0 A By, & Jim mE) < mD°).
m=1j= j=reo

5. ¥ Vj, IE; C E, {8 m(E\E;) < 1/?, L& E; L fi = f, NfE
lim E; b fx = f. 7B m(E\ lim E, ) _m( T (E\E; )) =0.

J—oo

6. AMRFKEH.
7. HEPHRRELE E C [0,1] 30K, WFE ik, B
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| i35 (2) — fo; ()] < 1/4, |fi;(2) — f(x)} <1/j, ze€E.
WTTH |fe, ;@) — £(2)] < 2/4, @ € B. SF—F0RSURR, BEAMKFX
TH, FEMALRE.
8. W4 Enk = E(|fal <K), Ax = Flenk.
0. HE . "
13. 2 bx = inf (a+m(E(|fx— f| 2 @))), W b < a+m(E(|fe~f] 2 @)).
Lgk @AY fi = f, $FVa>0,%0<limb; < o, # limbe = 0.
. BA limb, =0, Jax > 0, EH
b < ak +m(E(|fe — fl 2 ak)) <bx + 1/k.
FR or =0, m(E(|fe — f] > ax)) = 0. X¥F Ve >0, 3ko, ¥ k > ko BIF
ay <&, AT m(E(|fx — f| 2 €)) 2 0.
14. F Vj, IE; C E, #i18 m(E\E;) <1/j, B# E; k fi = f. TR
Ve >0, RE k ik, % E(fx - f| >€) C E\E;, Fid
m(E(|fx — f| > €)) <1/j.
B j ERER i — f
15. @F m(E(|fri — f1 2 0)) <m(E(fx ~ f| 2 0/2)) + m(E(|fxi = fi| 2
0/2). BUESF] ax = 1/2%. B fi = f BB VK, fii = fe, &
k1, fE m(E(fr, — fl 2 0/2)) S a1/2,
iy, B m(E(fr, — fral 2 0/2)) < ar/2.
FB m(BE(|fryiy — f| 2 0)) < a1 FIRGEREE k; > kj—1, B8 m(E(f; -
fl > 0/2) < a;/2. i, B8 m(E(|fe;i; — fi;| 2 0/2)) < a5/2. B
m(E(|fi;i; — | 2 0)) < aj. % 5 — 00 B fiyi; = f.
16. FASE I BMER.
17. Es=1{8/3,7 —8/3).
18. VneN,3F, C E, {18 F. W, m(F)) <1l/n, Hf%EF. b&
% 4
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f(z), zeF,

9n =fXper fo=1fx, = {0 o
, T -

W f = fa+gn, fn BVTIHEE, hm gn=f~ lim fo. i m(] hm gn) =0
BT e

19. 7 (0,00) LEBEH g(x) = «*, FAE 16 MHLR.

2. BH fo " f, BT fo, ¥ f BF fu < far JLFLARST, B
M fo ™= f.

23. #F {fn} BILELLKWB TR fn;, B m(E) AR, B {fn;} &
REERBFF; RZ, & fro, BRIKMEKRSHFFI, NEFILFA LB
F5 fn,, -

24. e 2.3.11 9148, EIEH. Vke N 3 HE F. C E, §
m(E\Fy) < 1/k, W flr, & Fr LAEZRH. 39 C CRY), 18 gilr, =
flre. 3F Va >0, F E(lgr — f| > o) C E\Fx, @i mE(jgx - f| > 0) <
1/k = 0.

25. 8 Ak = {0 < © < 1|fn(x)] < 1k}, B k1 < k2 < -+, {§i78
E(AG,) <1/2". Blni <np <.+, 8 k., > 2, 4

09 §n¢n1:n2>"'y
tn =
1,  Hfb
oo 00 o0
WS =0, 5 ltafa(e)l = 5 Ifn @) %
K = lim A5, = lim U A7, K,
i—00 N i—00 i>i i

]

m(K) = l_l’xgom(UAann ) < lim 3 ; m(Aﬂ b )_‘llm =0.

1
2ni —1
% z € [0,1\K = lim () Anjka, B, 30, BBMF V20 € Anjra,, I

]>z

B | fo; (2)] < 1/kn; <1/2. B1ELTR E | fn; (2)] < E 57 < oo
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26. HFO0<e<l, H Ik = {z|felz) > e}, I AR, #8 |I] =
2Vine=T/qc — 0, Fikh fi ™ 0.

MFHE—EEHN = € (0,1], BEFH re;, WERR limr,, FEERET
. TR (pr; — zax;)* = oo, Bl fi; — 0. EREE—ANFH r, BB
lpx /axy — 2 < V/qey . HTFRXAFF fiy 2 €7, BHARR lim fi(z) REFLE.

£ = E
§3.1
4. lImEy = E < limxg, (z) = xg(2), k = 1,2,---. BHTEREI

(x5, () HHEFESE (@), [ f@do= [ [e)xp, (2o i Levi 2
E,, E
=4,
i [ e = tim [ s, @ = [ e
5. 32 S(x) = 3 fule), W Sn(x) 2 0 ARHERHEE T fule). F
BH _
Lka(z)dx=/E"}i_r,n°°5m(z)dz=n}i_r)nmeSm(x)dz

k=1
’"l‘*""k_l/E ¢ k—l‘/}; ¢

6. £ [ s@te= 5 [ faxg, @iz = [ £ 1@, @
k=1JE, k=1JE E k=1

= /Ef(a:)d:v
8. it Ex = E(2* < f <28, W fj E; = E(f > 2*). HHE&%:
i=k

=Y 2 m(E(f 2 7)) = S 23 miE,) = >3 tmis,)
k=0 k=0 j=k

7=0 k=0

= 30 - Um(B) = 3 2 m(E) - m(B).
2 Z
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Bt S K8 3 Pm(E;) bk, 55 6 AR,

> 2 m(E;) W <= f € L(E).
i=0
9. H Levi EH3.
10. FISEFE 3.18.
1L WFER e > 0,38 B = B(fu > o). Mo € b, 412 255
_ 1 1 e c fi(2)
= ITURR D151k Te LB A2 i@z i B
room) < [ {28000 <o+ e,
. _ : fe(z) -
7S iE:) kll’noxo m(E) =0 < kll’n;o/; Tr fk(:x)dz =0

12, % NE# H(r) = / ponc, [ @0 B ) RUBEFEY, A

H(0) =0, H(co) = fE f(z)dz. EX m(Bo(r)) BESES, FU H(r) R
e
13. ¥FVke N, W

Jj+1 . k
E J E(2k _fS 2): )5 J‘_Oylykz _11

Ey 10 = E(f 2 k),

~ j j+1 . k
Ek,J:‘E(ﬁSfS 2k )» J=071)k2 -1

Ek,kz" = E(g > k),

S

K2k K2k

be(@) = Y Fxm @) er(@) =Y Fxa, (@)
7=0 j=0
W Jim e = f, lim on = 9. TR [E i(2)dz = /E pula)iz, /E f(z)dz

= /Eg(:c)d:c.

17. FiEHE 3.18.
19. ¥ f HHBRIERS HEIR.
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21 LR BR, Ron FRIEE.
22. RZEEH m(E(f <0)) = 0. ATAKIEE.
24. Ve >0,36 >0, FBY |z] <dbf, &
‘f-ii) - f’(O)‘ = ‘ﬁx—);ﬂ - o) <e
FR |f(z)/c| BRTHM, B f(z)/z € L[-6,6]. i E = R\[-4,8}, BRE
f(z)/z € L(E).
25. WOt En%EH O=to<ti< - <t.=t4%

n—1

on(@) = ) Fti)Xit; 8540 (®)-

i=0

1E [0,t] £ on(z) BIF LAWK f(z), BHA

t i t ) n-1 1

|| reaz = tim |} ootz = tim I

ZBEY h(a) = m(EN[0,a]), h(0) = 0,h(1) = m(E); h(a) RELEHMRH.
J0=ap < a3 <+ < ap =1, #8 m(EN,a]) =jt/n. L E; =EN

n—1
[O,aj]’ d)n(z) = 'ZO f(aj)XEj+1\Ej (SL’) S f((l:), ¢n ﬁiﬁhﬂ‘&ﬁl?ﬂ f Eﬂﬁ

= n-—1

/ f(@)dz = lim Yn(z)de = lim 3 % f(a;).

E . o
BHR—BHE a; > t;, fa;) > f(t;). H

JRCEE | pntarar = [tz > [ fwae

n n .
28. 4 f(z) =) x&;(®) 2 ¢, Y m(E;) = /0 f(z)dz > q. ELHE—A
= i=1
m(EJ) > q/n_ =1 J
31. HREMMT VE, B fi(z) < fenr (), ae. ig lim (@) = o(z), B
iE8 f = g, a.e. WOL. |
32. B Eo=E(f=0), BEa=E(n<|f(z)|<n+1), M
E:QOEn, Llf($)|dx=iLn|f(z)|dx<w

n=0

X‘j'a: VE>0, BN) &15
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> /E |f(z)ldz < €.

n=N41

2a= 0B 0 [ (1@ <o BEm) = T miE) < m(Bo) +

N N
$° nm(Ea) < m(Eo) + 3, / F@dz < [ (5@l
n=1 n=1JE, E
33. 7t Cantor BHAMLEKN 3™ " WEREA 2" 4. EHH
o0 n—log-n _ 1 & g n _
/[o’llf(m)d:z =3 2"l = n(s) =3.

n=1 2 n=1

34. @ fB—BUELEHE, MTESLM >0, FEI >0, FBY |z —y| <4,
BE |f(x) - f)l <e. BAMA

é oo 0o (n+1)é o
S 1 +nolde= 5 [ 1@z = [ If@)de < oo
n=1 né s

o n=1
Bk 3 |f(@+nd)| < 0o, ae.((0,8)), AT lim f(z+nd)=0% = € (0,8 LJL
n=1 n—00
FAAERNL. BRI A— 2o € (0,0), IN, FBRY n > N, H |f(z0+nd)| <&,
FRY y>zo+ N6, BE |f(v)] < 2.

§3.2

1 Mf>ght, fa—9g20; ¥ fo <gh, g~ fn>0, H Fatou 5[H.
2. % fo 2% f, K |fa] %% |f|. A Fatou SIEFEH |f| € L(E), B
31878 f € L(E). % fo — f, BULFLLHKHTFF.
s A [ f@ie =050 £ [7 @z =0 X F sule)
ae %% be~ bz . © oo b
= 1w PM | X fa@dz=lnz.
1

—naz __ 3 —nbz -
EEBHR ae™ " =be " KIff zn = o P
) . _ Tn . d oo ) dp =
[ @i = [T i@lan+ [ @i

n2, @

a
c
n)

gt [ 8 in(alde = oo, otaa e =2( (1) - (2)7)
0 n=
4.5.6.7.8. WHEBHWHERE. 545,68 SHREL 0, B 7 BRBE /7/2.
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9. Z¥|MSERMKFHNE, BEERIEEHKFIZHRNRME.
10. ¥IEES m(E(f > 1)) =0. T£

c=mE(F=0)+[  f(o)da
E(f<1)
BEMK S ER Jim f(z)dz =0, BMf8 ¢ = m(E(f = 1)). Bfl V=,

E(f<1)
/ o @A =08 f(2) =0, ae,(B(7 < D) AT f = xa, a5,
E(f<l
A=E(f=1). :
1. f % (0,b] FRBTHE, # /[ s, @)z =0, FA fula) R, L
a,b
FAAESE. BN fn > [, B f ORAERELEALESE, & /[ @

=0, B f 7E [a,b] LRBFTH.
12. {EBIERHK f LA ELERD T
13. i Fatou G|H.
14. B |fa(@)] < gn(z). & n > o0, 4 |f(2)| < 9(z),ae. Bl gn,g€
L(E) 18 fn,f € L(E). & hn = gn + g — |fa — f|, hn > 29, I Fatou 5|58

[ sz = [ lim (o) +9(2) - 11n(x) - f@))n

< im ([ @z + [ go)e- [ [fn(o) - F(@)idz)
=2 [ ge)dz - T [ 1#2(0) - s
HE
Tm /E |fa(2) - f(2)ldz < 0.

15. HEEAKAMASE 14 %R0,
16. T Ve > 0,38 E: = E(|fn] > ¢), IEBARER:

. |fa(a)]
rom(B(fal > ) < /E Ao < m(B) +em(BE.)

17. BB EENE, Ve > 0, FEI> 0, MTEETMRACE, AE
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m(A) < 6, BE /;f(m)dx <& iR Bn=E(|fa - fl 2 ¢/m(E)). BH fn >
fy BNEN) % nZN,jﬁm(Eﬂ) <5' EE\ER —]:’ f(z)sfn(x)+6/m(E))

NE:]
/E f(z)de = /E faet fE L, f@

<€+/;\E“ fn(z)dz +€52€+/Ef,,(z)dx.

= / f(z)dz €2+ lim [ fo(z)dz.
E n—00J E
19. BB 0 < f(z) — o(e) < h(z) - g(z). % f TTW, e
/E (h(z) - g(z))dz < e

BB f-ge L(E), BTl f=[f-gl+g€ L(E). BRAELH f € ME). ¥
xt, flx)= llm gn(z) = Hm h,(z).

n—o0

20. B E = lim E, BpT.

0. BRIEE.

2. WiF /R gm-“ F(nz)|dz < oo,

23. WERA, °1f(2)], 2'|f(z)] € L(0,00). TRY u € (3,t) B,
z*|f(z)], 0<z<1,

le* f(2)] < F(z) = {
2|f(@), 1<z<oo.

HY F e L(0,00), BER 3.2.7 |, I(u) 7776, BHiELE
25. it Ex = R(f >0), E- =R(f < 0), iEBH m(E4+) = 0,m(E-) = 0.

2. g f(z) = Z laklx e, (€), Am = {a <z <blf(z) > m}. FH mo &
8 m(Am,) < /2, :F;% m(Ex\Amy) > 6/2 B3L. WG
D lakl <Y laklm(Ei\Am,)
k=1 k=1

f(z)dz < mo /[ ’ dz = mo(b — a).

N ©n

1

[a,b]\Amq
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27. BAIVz, lim f(z+h) = f(z+0) = f(z—0) F##. L E = {|f() #
lim f(z + h)}, W E REWSRM. Bk E\E' = E, il E RULAR. HR
FESE E = {(z,f(x))lz € E}, EERWILER. EAR, I.f) €
ENE, 3(an, f(z0), B 20 - 2, f(za) = f(4), K5 f(y) # lim f(y+h)
FE Bk E E55TH, )}\ﬁﬁ E EZTH, FURY f RRSTHRE.

28 AR |f() <Y,

1 .
Bo = B(f| =), EJ—E(mSIfK SNEETEI
m’J EinEI :07 i#], E’=UEJ'a m(EJ) < oo, E&f EEJ —t—qﬂ' B
[ f(@)ldz < Lm(E)).
Ej J
s ¥ Lm(E;) wessan.

30. Ejb/ If(2)dz| < o0, ¥F Ve >0,3N >0, ms/ 2)|dz <
e/M. %z >N A

z N T
2 [ 1= 1 [ swawae 2 [ roooar
1 T _ x i g_(t_) z
|2 [ sraw] = | [ s 800 < e [ isopae <
3% > 0, % 2 > Xo wtw 22 [T ol < e AT
1N 1 g(t)
2 [ rrscoar] < 2 [ agcon|29ae <

WY > Xo b, H E /oo f(t)g(t)dt‘ < 2.
0

§3.3

1. #45MEH (Inb —Ina)/2. HEH Tonelli E&.

2. arctanb — arctana.
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4. FIRAE 3 EIER.
5. FIFSE 3 BMMLER.

6-Eﬂawz/wﬂmmmeWﬁ?#@w)iﬁﬁﬁﬁiamﬁm
Fubini 8, #J{§

/ﬂbdac/abf(z',y)dy=/‘zl’dg//:f(g,7x)¢lc
= ~/abdy/ubf(z,y)dz=—/:dz/abf(z,y)dy,

A—Ek:
/abdx /ab dy/ab f(t)dt = (b — a)* f:f(t)dt;
fab dz /ab dy/yb ft)dt = (b—a) /ab(t - a)f(t)dt;
/ab dz -/ab dyL: ft)dt = (b—a) /:(b— t) f(t)dt;
A

/abdx/abdy/; f(#)dt
:/abdx/abdy(/abf(t)dt—/: f(t)dt—/ybf(t)dt)
- /ab FOIb - a)? = (b—a)(t - a) ~ (b— a)(b—t))dt = 0.

1 1
8. dzdy = 1.
/0 /0 f(z,y)dzdy
9. ARER.

10. % 10 GRS 11 EiieEl. A Tonelli FEEHEIEHRAE 11 EHS
®.

el = [ ﬁan=/fuanquaww>%¢ﬁﬂm@
E(g>y) E
HEESY, A, BE
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[ ewa= [T ay [ s@xmeanee
= [z [7 t@neasntaan

= [af " fa)ay = [ 1@

13 8 [ (f@)+o)dady = [ dz [ (fa) + o)y, FRARTFIL
P4t x € E, B f(z) + g(y) € L(E). X m(E) < oo, HTT g(y) € L(E). FH
f(z) € L(B).

14. (1) =*/2; (2) 0.

15. HEIER.

16. B ¢ < f(z) <d, yo = /E @)9(@)dz € [c,d], BiblA

(1) #& yo € (c,d). HEE o BN, 3k, FH

e(y) = (yo) + k(y —wo);  #(f(2)) 2 w(yo) + k(f(z) — yo);

[ otra@ngta)n > o) + k( [ 1@ —yo) = p(wo).
E E

) # yo = d(ge), WH

/E (d - f(z))g(z)dz =0,

= f(z)=4d, ae,
> /E o(f(@))9(@)dz = p(d) /E o(z)dz = w( fE f(z)y(x)dz)-

17. VFa> 1, Bk

0 < I()) 2L / (VF@) + A\g@) dz = ar® + 26A + ¢,
E

He a /Eg z, /E\/E T, ¢ Lf x
HHRDTEHTE,

1< ([ Vi@e@is) < [ e [ oan
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19, (1) FARKBA R
[ @i = s v 1) kB ER

Y
[ fawie = e e 1) BB R

(2) fl=,y) % [0,1] x [0,1] EARTR, FMIdh Fubini &, HHRKBS
S,

o=

§4.1

1. B Holder A%
2. M Lebesgue #il i e 3 K 7 s PUESEHE.

s &o4 T ([ 1fG@Pae)z) ” < fle, REIE

im ([ 1f@Po(e) ST

p—oo

Bp].
4 HH A = / @@ de < Iflloll £, B

— Il

52 ifll < Wl

K Holder FERXEF

Il < ( [ If(w)l"“dx) m(E)PT = ||ty m(E)HT,

[Fjlkee;

WAz

> (| fllnt1m(E)” 7.
N0

= o Ty 2

5. #1 6. Ji Holder RE&5R,.

7. 4 s WESAEHE, 0<l<1NEEEX WE

2 [1flloo-
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/ f(z)g(z)dz = / (@) @)g()dz
E FE

< ([ @) v (£4 @)o” (z))w.

- =1—$,lﬁﬁﬁ%‘s’=q,ﬂ=%

1
T

eI

1
é'\l's:pv';=

[ t@a@es <y ([ @),

( /E qu/"(x)gq(:z:)dm)l/ ¢ ( /E P77 (@) () (:f:)d:c)

<( [ @) ([ 797 @ @pac)
E E

1 1 1 1 q 2
oS = —_ = - _—=1-2= = = =q—- .
$ s =q, il HmAE 5 1 o8 r/q/,l=q/s=q—q°/r. FR

1/r
[ f(x)g(z)dxsufll,‘:"/'uglr'q/*( [ f”(w)g"(x)dx) .
10, BHEBREE, V6> 0,3E C E = [ob], 8 m(Es) < 6, %
E\E; k fi=f. BXH
fu € L'(E) C I(E), / fde < lim [ Ifel"de < M,
E k-4 JE

1/q

Bl fe L™(E) C LP(E). X

/E i flPdz = /E e S+ /E e g
< /E (5P + 111 + /E e g

p/r /T X
<2|( [ 1raz) +( [ i) [ mgey=>r
Eg Eg
+/ |fe — f|Pdz,
E\Ej;
lim / |fx — fIPdz < 2P Mm(Es)'™P/" < 2P M &' P/,
k—= o0 E

46— 0 BpfE.
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EE‘ p=r Eﬂ‘ﬁ@xi #ﬂﬁ E= [07 1]1

fn($)={{/ﬁ’ 0<z<1/n,

1, 1/n<z<1,
WEE (0,11 k. fo 5 f(x)=1, BF

1 1/n 1 1
/ |fn|'dz=/ ndz + dr=2- =<2,
0 ] n

1/n

1 1/n
[ it sras= [ (m=1rae=a -y vy 1.
0 0

11. SIAHBIRE hi(z) = |fe(2)|P+]|f (@) P +]|fr(z)—f(z)[?, M he () A
2|f(z){P. M Fatou 5|EEiEHH

[ @) - f@)Pdz <o

12. B4 fi ¥ f, sup||felly < M. i Fatou 3184, [fll, < M, Bl
f € LP(E). Rk f =0. FREE Vg € LI(E),

lim. /E fe(@)g(z)dz = 0.

(1) Em(E) < co. HIHRFREEA, V4§ > 0,3 E; C E, 8 m(Es) < 4,
7 E\Es t fi = 0. 3R

lim fr(z)g(z)dz = 0.
k—o00 E\E;

X i1 Holder FEX, &

sl ([ moorar)”" ([ o)

< u( 5 Ig(z)a"dz)”q.

B lg(z)|" BOBUMAREEGHE, Ve > 0,36 >0, (78
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<e.

M( [ woraz)” <o = i@ | [ s

FEA lim / fu(2)g(z)de = 0.
~oo Jp
(2) # m(E) = 00, 4 Br = {z € R"|j|lz|l < R}, Er = BrRNE, W
m(Er) < o0, #E

[ la@)ras = Jim /[ g

HFFVe>0,3Ro>0,%R>Ro 8%, H

1/q
M( / lg(zwdx) <e,
E\ER

‘/Efk(x)y(z)d:c‘ < ‘/En fr(z)g(z)dzx +[E\En 1fx(2)g(z)|dz

< fr(z)g(x)de

Ep

+ €.

4 k — oo, BIRLR.
13. VA € My, kA / f(z)dz = 0.
A
16, iIc M = Sl;p”fk"oo, FRXMTF Yk, E(f] > M) RENME. BN

fe B f, BAEILTAE T, B f@) < M, ae, BBk [|flle < M. X
Vp>1, 8

/ If(m)l"dz:/ [f@)If ()P dr < MP‘I/ [f(@)ldz = MP7 ||l
E E E

= f € L?(E) N L™(E).
X

/ () - f(@)Pdz < / 1£e(2) — F@I(fe(@)] + | F @) de
E E
< @MY e - flh = .

18. F§ Schwarz A%,
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20. BH pA/r+p(l-XN)/s=1,iEp1 =pAp2=p(1—X), W p1 +p2 =p,
Br/p 5 s/p: BILHEIEY. FA Holder FEA.
21. RREEXR. HHERT.
23. HEEX|fo—fllo = jnf  sup |fa(e)=f(z)|, XHFERE € > 0,
€E\A

m(A)=0"

BHFHE A, CE, m(An) =0, B
Ifa = flloo < 5D |fa(@) = F@)] < 1fn = Flloo + 55 -
z€E\On
4 Z=UA, M m(Z) =0, E\Z C E\An,
sup_[fa(@) = f(2)| S llfn = flloo +
*€E\Z

4n—-oc0, MIBEE\Z L fn=Ff
26. SLERSIEE 4.3.2.
27. MM LP ZR TS
28. EH () = M| fllp + (1~ X)°llglly RE.

£
2n’

§4.2

1. BRiER.. 38> ¢ it Es = E(If] > 8), ®18 m(Ep) > 0. WiERFEK
R g, LMETBHFIE.
4. WFVF9gEEa, EOSALSLAf(0)+ (1= N)g(0) =, X Af+(1-
A)g € C[-1,1), Bbt78 Af + (1 — A)g € Ea. FFLk B, B4R, B C[-1,1] &
L*(~1,1] i, REEH B, % C(-1,1] Fk L* Smasaa.
6. BARA [Ifll21 > 0. # (Ifllan =0,
[Ifl=0, f=0, ae.

X laefllzr = lalllfllan BRBL. FKE=AARFX:

1
If +gl3 = / (F2 +2fgl+¢® + f2 +2f g1 + ¢*)da
0

< IFIP + 20 lgl + Nglt® + L1 + 2017l + g1
= (FIl+ UglD? + (U1 + Nig' 1.
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B4 20l ANlgl £ gl < ILF I Ngh® + £ 1% o' 117, Kot A e=Rmasamm L 11 F1* gl
+IF WPl N?, i

2(lI gl + 1L g’ 1D < 2V A0 + 112V Hlali? + g 112,
LKL E A7+ gl® + 117 + Nlg'll®, WA

AFI+Ngl)® + AF T+ gD < (UFllza + Ngllz)?,
RARANAERGL, B

I1f + gl < HFll2a +Hgll2,-

% |lgn — gmllz1 = O BF, & llgn — gmllz = 0, BTA {gn} & L?[0,1] MY
.

8. [Ifllz1 = lim llgnll21.

9. H Schwarz &=,

10. &Y g € L*[0,7] 5HA sinkz EEX, Wik L*[-=, 7] FEK g, iE
BAEZS ] L2 [—7, 7] PEEL §=0,ae.

11. FAREN=ATEXRIE.

12. AHH WIBECHEBIER, 24 e 4211 iEH.

13, A—HEXTEERIE, A Parseval HXIEHTLHE.

14. & f € L*[a, b] (f,¢n) =0, Vn. {8 f =0.
H llexll* = Z |(<Pk,¢1)| Vk B, A

j=1
Z(‘Pk, ¥i)i, Vk

i=1

BL. MF VS e LE), & (fo0) = Z(wk,z/;j)(f, ¥;), BTA

=1

16.

=]

oo

WA =S 1)l <D Z |(‘Pk,¢j)|2l(f7 )P =19l
k=1 k=1j=1 i=1
By Bessel A% ##/8 Parseval ZR |||’ = Zl(f ¥5)I* AL
17. R F FRET. B f = f/IIfII EREMT. EX Up={f€
LX(E) | - £l < 1}, iEM {U7| f € F} REASMRWOFHHK. @1 F L2(B) 7
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4r, {Uf} REERTTHH.
18. BHl ¢ € L[a,b]. IM-RBREHEE, V6> 0,3E5 C [a,b], m(Es) <
8, 7 [a,B\Es L ox => ¢. VA C [a,B)\Es, B
/A pr(z)dz = (xa,px) 0,
#E

/ ¢(z)dz = 0.
A
FRUAZE [0, B\ Bs k p(z) = 0 JLFEAMERL. i 6 BEEHR ¢ = 0, ae.((a,b]).

19. FIAMR%F k& B,
21. F|A Holder A% iF#H

/_‘: ‘ /_o; flz - y)g(y)dy

22, p(z) = 30(7e — 19)z* + 12(49 — 18e)z + 3% — 105 =~ 0.8329z° +
0.8511z + 1.
23. #& {er(x),e2(z), - ,en(z)} B M HERFT—E. 4

N
E= {a: € [0,1] Zlej(:t)]2 #0}.

Vzo € B, it ¢; = Ej(.'c)/ f:l les ()17, W&
i=

2
dz < [If 13 llgll3-

N N N N
Y ciej(z) = 4'Z|€j(x)|2 <all Y ciell=a) el =a.
j=1 j=1 Jj=1 =1
N
= 3 lej(@)? <a?, VzekE.
i=1
N
= Z:Ie,-(:c)l2 <a® Vzelol)

=1

[

N
> N= / S Jes (@)Pde < a?.
(0.1 {21
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2. FRIEE. % (1N} = max |f@)] £ Ca.t) FHAR, FHR
a=0b=1RV\E

(01,9) = 7 ( gmax, M +9I° - max 1Af - of").
EREBET A BRI, B S(2) = 2%,9(2) = 2, ® ) > 0, WEAABET
oo (- )] - o)
B N SR, FE.
2. B fo(z) =T [ /(T e=2T)]2 BT
26. D" ={g€ LZ[ 1,1flg(~ z) = —g(z))}-

28. 12 Sm = Z%/a, f= Zw,/y, W Sn 5 f e L3E), Ifl* =

j=1 i=

(m+1) 2
S = Smll? = > [ 97 ¢i(®) g,

J_m2+l
2
(m+D” 4 (m+1)? g om+1 c
=3 < S =<,
2 75 @ T mmE S m
j=m

Hf C BEW. 0 gm(x) = Z IS 4192 (z) — Sj2(z)|. H Minkowski R,

i=1

Y my <m, B
ma m2 mo
1 dz
lom —gmall € 3 WSpurp =Sl <C 3 =m< [
j=mi+1 j=mi+l1 mi

<Ci(miV? —mz'*) > 0.
Bk 3g € L*(E), B8 gm <5 9. X gm < grmts, B gm 2 g. R
lim S,.2(z) = f(z), ae.
m— 00

Em?<p<(m+1)% Y4 m— oo,
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SN | Lo - m?
|Sp—sz|§M2‘ 3> j—2§M2_ 3 —gMz——::;—ﬂ———)O.
j=m2+1 j=m2+1

FREL | f(z) — Sp(z)| < [f(2) — Sp2(2)| +[Spm2(z) — Sp(z)] 2 0, ae.
29. HBAM x4 = (X4, px)px HITEH, A Schwarz RERIEH.

k=1

30. FA%E 29 MEL R K.

§4.3

4. FMABRE f OB FHEEEE.
5. 45,1 €[0,1) 5, & XX Moo HAAFFENEER. HEEHH

uWuNSAuw-mwwmmm“%y

5(Avw—mmﬂmp®Y”<AWthmHQ““

=(Auu~quu—wW”WﬁwW@yn(ﬂmW””@ym

< (/le(m - y)lﬂ"dy)‘/“(/nlf(x _ yn(n—s)xa'ig(y)lua,dy)x/a’x

/)
~(/lyl(’“”*'dy) ”
R
4

p = 8Ao,

=(1-1)N,
g {7707 e

r=ac',

P =(1-3s)Xo".

A=p, or=rp/(r—p), o'=4q, 1/N=1/g-1/r.
BT

U*%mSHMSWW(AV@-yww@W@yh(AMWwded
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TR

/R If = g@)I"dz < AP lF B gl Ngll™ 7
HIF * gl < N Nplglle-
6. A Fubini EHUELH.
7. RBPgE:.
8. (1) ®p>1 XF lg(x)”, MeAH BRI 2 AR EHE FH 51
{x ()}, W |
Jim i(z) = g(2)I”, z €.

i/p
4 Ye(e) = [pr(2)]/Psigng(e), W [[¥ll, = ( /. wk(rc)dx) BR
0 < pi(@) = [pr(@)]/Plpr (@)™ < lpr(@)]/Plg(@)| = Pr(z)g(2).

TR, / pr(x)dz < / Yi(@)g(@)dz < Mlpllp, & [ o)z < M7 4
E E E
k — oo, BI18
/ |g(a:)l”’da: < M" .
E

@) @ p=1 FHEgx) > 0. ARIEE. & gSL>(E), WA E &
BT {Ar},0 < m(Ax) < o0, bk =1,2,---, #HBFE A L g(z) > k. =3
k() = xa,(z), WH

A
[ es@tarin [loulh > S <k k=12,

B BT T .
0. FhEp> 1,0 4 p HIEHE. 2
F@) = [ 1l
BiE |Fll, < M. MFERMARTREL o(2), 15

F(z)p(z)dz,
R"

FIRS 8 BALRIER.
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10. XF Vf e LP(E,g),h € LYE,g), & fg'/? € LP(E),hg'/? € LY(E),
i Holder &K 18

' [ t@h(@g(e)da =] [ 1@ @)h@rg ()
E E

<([ |f”(m)|9(x)dw)1/p( / ang(x)dz)”q.

gEXA: () Il 2 0.3 fll, = 0, W [f(2)I°(z) = 0,ae, ATTH
f(z)=0,ae. (2) llafll, = |alllfll, BE=ZAAFX: X1<p<ocoff, HE
RS Holder &,

I + Rl = /E |7(@) + h(z)Pg(z)dz

< /E /(@) + k(@) |f (2)lg(e)dz
+ /E £ (@) + h(x) P~ [h(x)|g(z)dz
<f +AIE N fllo + LF + RIE AL,

B NF *gll- < flipliglle-p =1 HEBR, XBRIZEEME. EXLL {(fn} B
L*(E,g) (9875 % HAXY fo'/? & L*(E) #NPEF, w78 L*(E,g) B5%
#2504,

12. FAE 11 FEf Holder RAEX.

PR S 7 e I t =

13. 3(t) = ———det(T)f((T '), B A" FREHE A NEE.

14. A= +1 +i.

15. ¥f, g€ S(R™), AEEMTEENSHKX P, FEHF o, &

P.D°(f xg) € L'(R™).
BN Vfge SR, HD*feSR), frge L'(R"). AT
D*(f+g)=(D*f)xg € L'(R").

HAEER P frge L'(RY). RGHEBBEAR P(z) = & B91#%:
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P@f +9@) = [ a*f(z - oy
= [ @yt e - v

k
= / > (,:) (== 9)'y"* "7 flz — y)g(y)dy
=0
k
= go (’:) /R (==y)'fle—y)y*9)dy.
i «* f(z),y**g(y) € S(R*), BWH P(z)f * 9(z)) € L'(R™).
18. # g€ C.(R™), W&
i50(2) = [ S @e " dz, 190 < |
g9 = . Oz; ) ig S UG5
i lim §(z) =0.Vf € L'(R"), € >0, 39 € Co(RY), ERIf ~gllur <&
TR 1f(2) - )| <c, di® Tm ()] <e BB tim |F(2)] = 0.
19. RRIES. BFERGT f € L'R"), TR f+f = £, = [, Bibh
f=18® f =0 g Riemann-Lebesgue 3|3, f(z) - 0, BF f=0 HE¥
Il = 0Fll & £ =0, ae. XEHEFE.

£ HE

§5.1

3. L'[0,1] Ry&=m. R §4.3 4 3.
4. Az, =(1,1/2,1/3,--+,1/n,0,--- ,0,--+), 1
p(€n, Tm) = max(1/n,1/m) = 0.

B (2.} REAT], ERBBAAE FF. F O7EHEAE
F={o=(a6 )|t €R, suwplesl <o}

5. REEM {z.} BREARFIRIA.
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o 00 T = g5 Ly lEmyl-ly—al
8- R%%lﬂz——ﬁx%}t E%J IZ zl 2 1+|$_y“y_zl’ Ep

tan(arctan jz — z|) > tan(arctan |z — y| — arctan |y — z|).
Hy IE V1 ok B0 B AR 2
arctan |z — z| > arctan |z — y| — arctan |y — z|.

BTk (RY, p) REFERGZE(H].

11. 12 (X,p) MFELZHEY (X,p), X C X. ABEIEH X BRZLHER
B.

12. M REMS, feCM). MFVse M35, >0, F8%ye Bs, (z) bt
[f(y) = f(@)| < 1. BEHK {Bs. (z)|lz € M} B M @FFHE, Fz1,22, -, Tm,
L

m
M c | Bs,, (z5).
Jj=1

TR If(w)l < max {1+]f(z)]} =M, Vy€ X. HFiL L = sup f(z), Izn €
I3sm z€X .
X, #18
LZf(x,,)ZL—%.
KR T zn; — xo, TR
L> f(zo) = Jim f(an,) 2 Jim (L - L) -L
BB f(mo) = sup f(z). ZBEY —f(z), Iz € X, H78
~flz1) = fgg(—f(r)) = — inf f(2),
B f(z1) = inf f(z).
15, Aot WAFE. Ve>O0,WMABS WARAM:FIEM.
bEH. BAC(X,p) Ve>0,AH e FIEM A, BiF# ANEK. #H M
RAM:W, NEMHM:M MNRZAM2:M BT Al e N A 25
B, A BEF W, & ABHF 2 M. U A BIIRR.
16. 1> pRH—EXERAREERARTLEF R,
17. R Arzela-Ascoli 8 (€3 5.1.15).
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18. %8 {sinkz} T8 E = {sin2*z|k =1,2,---} C C[0,x], IEEHAER
B

20. F| A H Arzela-Ascoli EH.

22. F|F Arzela-Ascoli FH.

24. ¥ Txo = xo, Tz1 = 71, BIEH zo = z1. WHERR, W

p(zo,x1) = p(Tzo,Tz1) < p(To,21).

BHTFE.

2. f(z) & d(z,Tx), W f(z) £ C LHEZRY, BMRE, B/
HEEAIA.

27. F|F Banach A3 & FUE .

§5.2

3. EAN AR n/2,n/6,7/3.
4. (1) M = {g € C[-1,1]| g(z) = 0, %z > 0}; (2) M3 = {9 =0}.
5. Mi = M; = Ms = Hi = {0}.
8. B {e:} RAGHEIESRHE. HEEF (¢; — fi,e) = (fi,ea — fi), F|F Parseval
4 Rk Bessel RER, A
Slles = HI1P =D Mes - firef?
ji=1 j=1i=1
=S e = £ S <D lles = fill® < oo,

=1

55 Kl = fu O = lles = £l st
3= oo oo
ei—fi= (e —fufi)fin e = (e, fi)fi-
j=1 =1

=1 i=1

-

Bl e; € linspan{fn}, FTLA {fn} BT&H.
10. Vh e H, iEB%R

h= Z(h,en)en + Z (h) fm)f‘m*

n=1 m=1
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A y2<t)dt)m.

21. 1 Riesz ®XREHEA, FE v,y € H, FBVeecH &

fit®) =(z,y;), i=12,
Huyjlkerf;. #FVzecH,iBx; Bz kerf; FEXHE. TE
r=x1+ My, T=1z2+ Aayo.

o ker fi = ker fo B, 1 = z2, A \iyn = Aeye. BT o € C, #i18
f2 = afr.

22. ¥/ Riesz BREH.

23. FEkt#0,4 flt) = V2n+1t", Wl [|full = 1. F F £ L*0,1] E
BEREE R, B CV0,1] EMRHRE F. T£

Il = sup{|F(£)III Il = 1}
> F(fo) = fat) =nvV2n+ 1" 5 00, n— 00
BHFE.
24. FRUER.

§5.3

5. # A™': R(A) > H FRERK, 30 #ys € R(A), 8 ||A7 ynl| >
nllyall. 4 Azn = yn, W 20 € H, ||2a]l > nllAzall. & zn = zn/l|zall, W
lAzall < 1/n >0, BR llzall =1, 5 A REZHTTE.
6. MF Schwarz &R M.
7. Wpi =1/\/i+1/2, i = /(i +j +1), [
1

o0 (e o] 1
§“’”’" B ; Gr1/D+G+1/D) it

</°° dz
o (z+j+1/2)Vz
du T

i du 2 /°°
= - = = = mp;.
2/0 w172 Jitijzho w+1 Jivijz
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2 6 HENS LAl < 2.
14. B (4%, 9)| < APzl < R Izllliyll, 883 S an(4™,y)
W, BHET T HEL X ”

I(Tz,y)l < ) lanll(A"z,9)l < 3 lanlll A" <yl

Bt ITI < 3 o Il AN"

16. R TT* =T"T =1.

20. (1) My = M;.

(3) R(My) BRI FES LERMR ¢ ae. HEHNTH.

(4) Ed My = Mg, BTl M = My <= ¢ =¢, Bl ¢ RERH.

21. (1) Ef P,Q RBFHT, (P+Q)°=P+PQ+QP+Q. T

P+ QRBEHT — (P+Q)*=P+Q < PQ+QP=0.
WHWRRAPNER P, £ P, 18
PQP+QP =0, PQ-+PQP=0.
XM, AR

P+ QRBEHT <= PQ=QP=0 < (Pz,Qy) =0, V,z,y,
B R(P)LR(Q).

Y P+QRBEHTH, Vo, H (P+Q)z=Pr+Qz, A R(P+Q)C
R(P)+R(Q); X Vz,y, & (P+Q)(Pz+Qy) = Pz +Qxz, fitl R(P)+R(Q) C
R(P + Q). # R(P + Q) = R(P) + R(Q).

L(P+Qz=08, BN PzlQz Bl Pz=Qz=0,%ker(P+Q)C
ker PNkerQ; K, # Pr=Qz =0, BRE (P+Q)z =0, ker PNkerQ C
ker(P + Q), Bt ker(P + Q) = ker PNker Q.

(2) PQ REERT < (PQ)’=PQ, (PQ)'=PQ <= QP=PQ.

% PQ REEHTFA, Vz, & PQz = QPz € R(P)NR(Q), Bt R(PQ) C
R(P)NR(Q); RZ, % y € R(P)NR(Q),y=Pr=Qz,My= Pz =Py, y=
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Q%z = Qy. Btk y = PQy € R(PQ), ¥ R(P) N R(Q) C R(PQ), Bt
R(PQ) = R(P)N R(Q).

fFBl z =x1 +x2 € ker P+ ker @, | Pz; =0,Qz2 =0, PQzr = PQzx; +
PQzz = QPx; = 0. ¥ = € ker PQ, Fill ker PQ D ker P + kerQ. 2,
VrekerPQ,H PQzx =QPz=0,itz1 = Qz € ker P,zy = (I —Q)z € ker Q,
Wz =2z +2x2 €ker P +ker Q. FfLA ker PQ C ker P + ker Q, Hiit,

ker PQ = ker P + ker Q.

2. 1)=>(2). BP-Q=(P-Q°=P-PQ-QP+Q, 8%
2Q = PQ+QP. HIARZER Q, HX Q, 5% 2Q = QPQ+QP = PQ+QPQ,
Bk QP = PQ = Q.

@)=(1). (P-QP¥=P-PQ-QP+Q=P-Q.

(2) = (3). VQz € R(Q), & Qz = PQa € R(P). Fill R(Q) C R(P).

(3) = (2). Vz,3y, 78 Qz = Py, PQz = P’y = Py = Qz, TR PQ =
Q; X R(I-P)=R(P)* CR(@Q)* =RUI-Q), Bit I-PI-QREEH
F AR FU-QU-P)=1-P,HQP=Q.

% P-QRBEHTH, Vy=(P-Q)z € R(P-Q), A Py=P(P-Q)z =
(P-Qz=y€eRP); X Qy=Q(P-Q)z=0,FllyckerQ = R(Q)", F
B RP-Q) CRP)ORQ). RZ, £z € R(P)OR(Q), Bl 3y € H, F7H
z=PyzeRQ*'=kerQ, TR (P-Qz=Pr=Py=z€R(P-Q), B
bk R(P)© R(Q) C R(P - Q), Hit R(P - Q) = R(P)© R(Q).

WFVzeRQ)+kerP, s =Qy+z, HF Pz=0,%F

(P-Qz=(P-Q)Qy+2z)=PQy-Qu+Pz-Qz=-Qz=-QPz=0.

def

i R(Q)+ker P C ker(P—Q). RZ, # z € ker(P-Q),z = Qz+(I-Q)z =
T1+7T2. FR21=Qzr € R(Q),Pz2a =PI -Q)r=(P—-Q)z=0,z2 € ker P,
Bk ker(P — Q) C R(Q) + ker P, it ker(P — Q) = R(Q) + ker P.

23. P+Q-PQRERBEHT — I-(P+Q-PQ)=(I-F)(I-Q)
REFAT < (I-P)I-Q)=(I-Q)U-P) < PQ=QP.
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Y P+ Q- PQ ERBREHTH, B 21 BH, R(I-P)I-Q) =
R(I-P)NR(I-Q). F&
ker(P + Q — PQ) = ker PN ker Q,
ker((I — PY(I — Q)) = ker(I — P) + ker(I — Q).

#48 R(P +Q — PQ) = R(P) + R(Q).
28. Az = (z1,22/2, - ,xn/m, -+ ).

§5.4

3. (1) (Azn,y) = (zn, A"y) = (2, A7y) = (Az,y).

(2) ARER:. & Azn » Az. WHE € >0, FI {zn,} WR ||Azn, —
Az|| >e BT REH, {z..}EF, TRNA (Aza, )} FoTHHBRFIIKAE]
y # Az, IMNFHBBHKRSE y, 5 (1) FE.

7. A€ F(H), 3z, €H, i=12,--- ,m, {#{§

A= Z.’ti ® 2.
i=1
B Schmidt IE3EH, AT {z1,22, -+ ,Tm} WEELIE— {e1,62, - ,em} B

8.
o g, 7= 5= o= B

8 An. HIEEH

2 & 2
lel? = % llzal}, 4 =
n=1

lAll = sup || Ax]|-
n>1
VzeH, &

2 = 2 2
=3 llAnzall® < sup [l 4n | ll2ll*

n=1

Azl = | & Anzn
n=1

R LA < SI;I;||An||~
Ve >0, Ine € N, & ||A] > sup |A-)) — €/2, 3 BHEFE yno € Hno, R

1Anotnll > (sup l4all = &) llynoll
n>1
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B E=@r;, KF Tny = Yng, 2 =0, Vi # no. TR ||z|l = |lyn,ll, AR
HAZI® = llAnoynoll® 2 (supllAnll - ) lunoll® = (supliAall - R
Brid [|All > sup |4l — e, B ||All = sup [|Anl. 84E.
% A RENT, 14> 0,0 Jim sup [4x]| = 0. # & Au— & An.

¥ 8 An WREHT, FU & A= A LRRET Kz, ®A= § A,
RESF. MTEEH H, FHHRRE M, TRAE H 05

M= {x=j§1$j

2o € Hy, Bz, =0,Vj #n},

]
AM = {x = @D zj
j:l J

T € AnM, Hz; =0,Vj # n}4

AN & H o554, BIUR H, FEFIER, HiLl A RERT.

ZiE |Aa|l & 0. ARIEX. WERR, WHEETFH {n;} Ke> 0, FR
MAnsl| > & FRAFE yn; € Hoylluns | = 1, An, v, 1| 2 /2. 455 = 8 an €
H, BH zn; = yn;,3n =0, Vn #n;, W T; — 0. h% 4 WA ||AZ;]| - 0. T
{A%; = & Ansn} REMEXMAR, B 145 = | Anun; | 2 /2, BEF
&.

0. 2 {es} I L(B) HAIEERE, 4 ei(a,9) = ei@es(0), W o)
R L*(E x E) BREERE. B k= 3 aeq, |kl = 2=1 lexs; |*. 4

i,j=1

Eif(z) = /E eii(@,v) Fw)dy = (f,e5)es(a),
BBl By =¢; @ e RE—HT. Vm, 3 ayB; RARKET. BN

i,j=1

(K - ;::1 aijE;‘j)f(l') = (~_§_1§;+§;3;Z+1)aue‘(x (f,e5),

oo o0

s(z:f >+ 2 3 )eslfie

=m i=m+1 j=1

Z CYijEij)f

i,j=1

(-
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2 m
<P = D leil* > 0.

ij=1

m
K — Z a,-jEij

i,3=1

CENTRI

i,j=1

Bl K REHT.

11. BW F: z(t) » f(t)z@t) & L3(Q) LXMKETF, £ F AREHET, iE
B o(F) = {0}, ATi& F = 0.

12. FASE 4 BHER.

16. AN A € C(H),A = A*, 8EF oc(A\{0} = 0,(A\{0} CR. VX €
op(A), Iz, #8 Azy = Az, [lzafl = 1. 81 (Aza, 20) = ABIAHE m =m(4) <
A< M(A) =M.

BwM>m>0 WE Al =M. Lk, BRE M <A, ZEHRHA
%X VA>0,F

2_ 1 1 iz - _1 _1 )]
[|Az]| —Z[(A(z\a:+XAm>,/\x+/\Ax) (A(/\:c )\Az),kx /\Ax

2 2
w( )

< + |[Az — —;‘-Am
1 ey 2 1 2
= 1 (Plelr + 3514017,

1 1
y Az + XAa:

B = (lAl/llel) /2, i

llAz|]
ll=|]

B ||Az]| < Mzl BFEA A < M. B Al = M. B M #EX, 3Iza,
#R |lzal] = 1, (Azn,20) & M. FE

ac® < g (B 4 Selpaai?) = et

l| Az]|

0 < | Az — Maal® = |Aza|l® — 2M (A2, 20) + M |l2a)?
< Al = 2M (AZq,za) + M ~ 0.

Wit {2z, } B T zn, > zo, W llzoll = 1, Az, — Azo = Mzo, BTE
M € o,(A).
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MF—BIWE. B ABR Ay = A2, B AENERB KRB AE,
Ay BIETFRER My > ma >0, Il My € 0,(Ax), BT M € 0,(A).
B F —m(A) = M(~A) € op(—A), Bk m(A) € 05(A4).

BONE

§6.1

3. (1) BRA llzlh 2 0; llzlh =0 & z(t) =0, ae; [lazll = |al|lzll:;
ZIEZAARHFX. B TEAEX

2@y + 2" )y ()] < Vi@ + [ O Viy®)) + ly' ©)2,

®
b
2 / (2()y(®)] + |’ ()’ (©)])dt

b b
< 2\// (lx(t)|2+lw'(t)|2)dt\// Iy + |y’ (®)*)dt.

b
BRI A SA M m L / (lz(@®)]* + 12/ (@®)] + ly@))® + |y @¢)[*)dt, BF

b
/ (Iz(t) + v + 2" () + ¥ 1)t < (=l + liylh)?,
= llz + ylls < llzlls + [iylls-

9. pgi HFXREBAE, V{z.}JCX, ¥ [lza)l <o0. X Ve>0,3INE
n=1

m+p
2 Zn

n=m

m+p 00
N, % m>N,VpeN, {#8 < Y llzall <& #& 3 zn WK
n=1

n=m

Rz, #v{z.}CX, i llz=]l < oo, BB i}tn etk FEEL X A
n=1 n=
5 {y.},VieN, AN, €N, 5{FVpeN, &
fynv: — ywve+ell < 1/2i.

n
Az =YN; T YNy T T YNy FE 'lezi = yn., W
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Dozl £3°1/27 <o, y=) z K
i=1 i=1 i=1
HFF yn, BB y, ATy HHE y. Bl X £ B Z(E.

10. a ®[HX [~-1,1] FEYIEAIEL. rAnEiﬁleO —deill =1 = ||xo — aea||.

11. Nz €z, Vyezly~zyez+M FU g Cx+ M X
Vyez+M BEHy~z, ANii 2+ M Clz) = ] =z+ M, RZ, &
Zl=z+M, W z=2+0c¢ [z]

(2) X/M B—AgteziE. REEH ([ 2—HE 88 (=]l 20 X
ll[=]il = 0 B, Bp

inf{||y|||y €Ex+M}=0<=z€EM,
IRED (2] = 0. KIE= ARSI
] + Wil < l12” + 9/l < ll’ll +MI'll, V2’ € (2], € [y,
A
(If] + [wlll < inf{(le’ll| = € (=]} +inf{lly’li{y" € W]} = lil=]ll + Il
XEHEH
llefz]il < laflle'fl, Va'e€(s],
TR
llofz]ll < lalinf{||z']]| <" € [z]} = |ell[]]-
BFA (X/M, (I R— A RERIEZE .

(3) inf{|jz]l| = € [z]} = inf{lla’l|| 2’ =z +y,y € M} =inf{llz +yll|y €
M}.

(4) BEIBE ¢ WETFLEH:

¢z +y) = [z +y) = [z] + [v] = &(z) + $(¥);
#(az) = [az] = az + M = a(z + M) = afz] = a¢(z),
B ¢ B X o X/M 8w, X vre X, & o) = Izl < ll=ll, BTk
¢ RAEFBET, MR ESEBRS.
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(5) V[z] € X/M,Vy € [z], A ¢(y) = [z]. BH |[z]ll = inf{llyll|y €
c+ M}, 3yexz+MER/, [yl < 2=l

(6) #& X B B =H. FB X/M FRER {[z.]}, WEEFH {[z.,]},
8 (|[zn,;] — [zn, ]Il <277, TR

[[n; = Znjyn Il = inf{llen; — Tn;,, +ml| |meM}< 27¢,
FIAGEIER yn; € Tn; + M, 18 |lyn; — yn;pall <275 FR {yn,} B X &
KORTPIS], FFEERIR 2o = lim ya,, BT lim [ya;] = lim [on;] = [zo], &
lim [zn] = [zo]-

(1) Vfe X, W f(z) ~ f(0) € M, BflL f = f(0) + f — f(0). TRMRES

T:[f]+ f(0) & X = C[0,1] B K #——WBRS. X
AN = inf{|17(0) + gll | g € M} = [£(0)],

BrLL T RBIERM.

15, ¢ = [ looat

17. ® 91,92, ,9m RY 9%, VzeX,

T(z) = fi(z)g;,
i=1
et f; B X FHAKIZE. SEEE X LHRIT R
18. S, : LP(R) — LP(R) N EMHET. BRE

Isuu=ull = ([ 18nute) - uta)Paz) ”p

- ( /_ : u(z)|Pdz + /,, ” ]u(x)]”dx)l/p 0.

B S, - 1. XVneN, 4
1, n<z<n+1,
un(z) =
0, Hib.

W [[unll = 1,(Sa = Dun = —tn, (Sa — Dunll = |luall, Bk 1S = 1]l > 1, &
Sn A—FohsiE I
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§6.2
1. FAFBAEE.

2. FAMHFEE.

5. ®SHEAR. Sc X WER X' LHRHEZRK, FEANGER
6. FIH%E 5 ML RIG e,

7. FAE 6 BRER.

8. WEEM g, WR llgll = n, llgls = 1, FSRIEH || - |l RETHEE |- || 3.
9. RX |zl = ll=ll + sup plaz), HF 5 ={e’|0 € 0,2a}}. iEH |- I

B X bR, BiEW (X, ) & Banach 2. FEE&M T,

10. % W C B(X,Y), X p(z) = sup |Tx||. BiE p(z) 2 Gelfand 5|
B KA

12 32 Xo = ker A. EXFWE A: X/Xo > Y WTF: A([z]) = Az. W
A€ B(X/Xo,Y), A R——WWes, FESWA A7) mNTEE, A'ec
B(Y,X/Xo). i2 [zn] = A 'y, BF

l[zn] — [20]ll < A Hllyn — woll = O,

FFLA [2n] — [20]-

(1) Fyo =0, W [20) =0. Bz, € [2,]) HR

lleall < 20zl < 2047 llyall,

M Azp = yn, BN ya 2 0, Bk 2. = 0.

(2) # yo # 0, B 20 € [20), B ||zol| < 2|20 3& d =2} A" |}, WY

Azo = Alzo) = Azo = yo, Il < dliyoll

BI un € (20 — 20), BB llunll < 2l[zn] — [20]ll. 4 Tn = un + 20 € [2a], BTBA
Azp = Al2n) = ya, l|8n — oll = lunll < 2147 s — yoll = 0. BT zn — @.
X

llzall < llzoll + lluall < 2fl[zo]ll + 2li{zn] — [2o]

< dllyoll + dlly» — yoll < 2dlly |l + llyoll
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E%Jyn—*yo,aNeN,%"ZNﬂ‘pﬁ.

lyoll = llyall < liva ~ w0l < Slivoll, ~ llvoll < 2lyall
B flzall < Sdlynl. % n=1,2,- N~ 1B, 53 o) € [z0], 8
il < 20lzalll < dlyall
Az, 2y, 2nog R 21,20, s on -1 BT

13, 4 A PRREHTFSH AR FHRE,

14. i A€ B(X,Y), R(A) BHAFZH. BN Y BEE&H, B R(A)
BEAEN, TR A: X o R(A) RIFBS,. % A € C(X,Y), W R(A) RREH.
T RER A S ERA R, KSR dim R(4) = oo FI&.

E. RS ARATEN.

(1) HFERNBAERY, VRER F0<rn<n< -, A

rn—>00,ﬁﬂ )
X =[]V

n=1

(2) EREB K AR,

(B3) Eo > >, 00, {6V} B X RTE. VX HFH
MU 3s>0, % t>s REUODV. HEW 6, <1, KEF V C U/, B
UDé&V. & {27"V)} M X ¢—AR/E. Iz, ,zm € X,

Vc (z1+lv)u~-u<xm+1V).

2 2
4 Y = linspan{zi, - ,zm},dimY < m, Y B X BERFZEE. NE Y =
Y, VA#£0; A

1 1 1

VCY-{‘EV, EVCY-Q-ZV.

BrEL 1 1 1
VCY+§VCY+Y+ZV=Y+ZV.

BV C (Y +2"V)=Y=Y, kVCY,BXCY.

n=1

16. F|f Lax-Milgram 3 Riesz R EE.
17. FIft EEER {||A.} BR.
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18. i a = {ax}. /EMEMTF: VneN, 4 a™ = (oM},

(n) Qk, k<mn,
a, " =
0, k>n.

Ma etr, [a®l = ($ loul) " HTERI o = (G} €2, &

f@) =) ails, falz)=)  aré.
k=1 k=1
1 Holder A%,

n 1/q y » 1/p
[fn(2)l < (Zlakl") (ZIEH”) < 1a™lglizllp,
k=1 k=1

]
fo € BUP,R) = ()", Ifall < 2™,
m m(n) !m—F'
n 1/p
|ak|"“sgnak/(2|ak|"> . k=1,2,--,n,
El(cn) = k=1
0, k>n.

W2 €, o™l = 1, faa®) = ( 35 taul?) ", 581 1l = - B
% 3 acke W8, B Vo € 1P, sup, |fa(@)] < co. HIFWEES
k=1

oo 1/q
suplfall = (Zmr') = llallg < oo.
n k=1
SRV EMRHEER, f=s lim fa € () (I < llolle By = {m},
M = laqu_lsgnak.
llalld~?

W flylle =1, 1f(@)] = llalle, BT || f1| = llallq-
19. i Xo = ker E, X1 = R(E), Ef12MAFZH. WEKEM

Y = Xo ® X1 = {(u,v) {u € Xo,v € X1}.
4 |, )| = llull + lloll, W (¥, |] - ) & Banach Z[.
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(1) XonX, = {0} BH b, FrxeXonXy, W Ex =0. 3y, #48 z = Ey,
FRO=Ez=E’y=FEy=xz.

(2) EXHFA:Y 5 X, A(u,v) =u+v.Vz € X, H A(z— Ez,Ex) = z,
Bl ARWE) Futv=0u=—veEXonNX; ={0}, WF u=v=0, FFA
AR—f. X

1Az, )| = [lu+ vl < ljull + [lvll = [{(u, 0)]|.
Bk A€ B(YY, X), FESHT, B
A' e B(X,Y), A!':zwo (¢ - Er,EX).
(3) £ X LEXFHEH [zl =l — Bzl + | Bxll, 1 =] < lll=lll, B
lizlll = llzez|l + | B2l = |(z — Bz, Ez)|| = A7 =|| < [|A7{jllz]|.
BREA -5 0 I B X ERSaEs.
4) BXP:Y X, Pa:(u,v)—=v. W
llvoll = 1Pz (w, v)I| < llull + llvll = lI(z, v)II,
Frbh Py € B(Y,X), B8 E = P, A € B(X, X).
2. feP, Af €17, B i] ia;,-fjlp < co. B Vi€ N, &H f;la,.,.f,.
i=1!j= 1=
WA B 18 AR, H1<p<oohf, VieNF

00 o0 1/q
Doiifi| < (Zlaijl") I £1lo-
j=1 j=1

XVneN EXHTF AN WTF:. Viel,

A(")f(i) - {Af(i)y 1<i<n,

{aij};zi €17, H

0, i>n.

m A e, 140 < (£ (E1eul)”) sl # A € B0). 3
1=

i=
oo
D aiifs

i=1

(>

NA™f - AflE=

i=n+1

p
— 0.
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W 17 BigsR, 3Ae BUF), B
A™ 25 4 JA) < lim JAW)).
BR A=A %p=1,00 BALITIE.
21. % 4(Q) < oo, k(z,y) REFBEE BARARYL. MTF « XR, (X,Qn)
R o AR B 2 6] r P AR ST
22, EBEIE A RWRTF, REHNBERE.

§6.3

3. Vyo € X\Xo, i& X1 = {z + ayo|z € X,a € R}.
BHAW fo EHE X, REHEMEELZRN fi, B4

fi(z + ayo) = fo(x) + afi(yo), (a)
B fi(yo) #58. HEMKMHR, VreX,0eR &
fi(z + ayo) < p(x + ayo). (b)

¥ EEAEAFURBRU |af, FEX (b) FRT

fi(yo — 2) < p(yo — 2), Vz € Xo,
fil-yo+y) <pl-wo+y), Vye Xo,

14
fo(y) — p(—yo + ) < fi(yo) £ fo(2) +p(yo — 2).

FRITHEBRIES (b) RE f1(yo) BAHHNA
sup (foly) —p(—yo +¥)) < inf (fo(2) + p(yo — 2))- ()

R (c) ARTUBRIER K. XBHEND Vy, 2z € Xo,
fo(y) — fo(z) = fo(y — 2) < p(y — 2) < p(y — yo) + p(yo — 2).

AL
foly) — p(—yo +y) < fo(2) + p(yo — 2). (d)

B (d) REE (o) R, SEEBE f1(yo) K (c) RFBRA HEME, BRAEEMRE (2)
RBE fo £ X1 LTS f1- BE, BT fi(yo) WREFE—, IHTHEA
ME—.



392 WRE BLIANEFRERRT

HUEH fo ZLRMBED X L, XEA Zorn 5|H. i€ I BFR, 4
XoCX:iCX;
FELL (X, f)iel| Vo€ XoH filz) = folz);
Vz € Xi K fi(r) < p(z)
£ FFIANMTFRR: (Xi, fi) < (X5, f;) B
Xi C X;, fi(z)=fi(z), VzrelX.
FRFREFH BMEBF FHEE—-ILFFE 4

Xm del U{X' H(Xs, fi) € M},

fm(x) =fi(z), Vz e Xi, (Xi,fi)eM.

HT M BLEFH, AHRIE Xuv BEE Xo WTEM, fu EM LHE—H
2, BWE fr(z) < pla). TR (Xam, frm) € F 3HR M B—A LR B Zorn
318, FARSHERKT, EfE (Xa, fa).

WL Xa = X. FIRIEE. MEFR, TI#HEH

(Xa fa) € F, WRXa G Xa.

AT (Xa, fa) < (Xa, fa), 1B (Xa, fa) # (Xa, fa). X5 (Xa, fa) BBKT
F&. FI Xa = X. FRIRE [ B fa BIF.

6. R pi(z) = p(z)/p(zo) B X L—A%H.

8. i BRTAEBRIE, RE £H9R. £l (21,22, 20} ERHR
VT 250 b R E &

fo(ZAm) = g
i=1 i=1

FRERCHE (T 6.3.2), BRERFILZM L.

10. & fe ()", 8BX ar = f(ux), VEeN, H
up = {gslk)} € ll, ,(Ik) - {1, n= k,

0, n#k,
{us} B1' 9—BE. FRVz={&}el!,
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f(z) = f:ak&-
VneN, BX y™ = {n{V} e !, n{™ ’:le—.i“s(“a), =0, %k£nB. F
R fy'™) = laal, '™ =1 o= {an}, W
llall = sup lan| < {i]}

HE @ : f - o B ()" B 1 HEZRS, SBRR—H. KZ,
Va={an} €1®, EX ' +WEWHZR f N

fl@)=>) art, Vz={&}el.
k=1

mfe@), Bifll <llall, @: f > a. G5&ERIEH, BT llofl = |fll. BHF @
B——WHSIERS, 1™ =Y. B (o) £ HAR, & () =1".
m N EE (1) T4, FTRIC W4 BRI° BRATSEN, BIFE.

15. B c N 1° BF=MH.

(1) U c RIFER. B/ {oa} X ¢ POMEF], WHERR lim o, =
zel™ Bz €c it zn = (€)%, o = {&}, XTFE &,

1™ — ™) < len — 2ml| =0, n,m > oo

{6 Yoy HMEF. B lim 6 =6 (EHe>0,INEN, Hnm> N
B, |lzn — zml| < €/3, B ||lzn — 2| < /3. X IK €N, % k,1 > K B,
6™ - &™) <e/3. TR

N
ok — 2] < Jek — €M) + 16 — eV 1™ - &l
N N
<z —znll + 16N = M)+ llzy — 2] < €.

Bl z €c
(2) ﬁEEE (CO)* Ell %Eﬁl—ﬁ]w '/?\'U;i = {0) 1091>0)"'} ,l}{l]Vz = {gk} (S
(S

n

0
co, lim & =0 Fz=3 &ur Vfec, & flu)=ar. i€ as = (a1,0a2,
k—o0 k=1

).¥neN, B e, = {7} T



394 HRE HATANSEMEIRT

(n) {e—iarg(ak)$ 1<k<m,
k =

0, k>n.

Wz € c llzall = 1, B f(za) = g las] < IIfll, BT i_°: lak] < oo, BP
{ar} €1 BEBREBS T c; — I, [ ay = {ax}, W T RS, K2,
Va={ar} €1,V = {€&} €Eco, EX f WT:

f(z) = E anén.
n=1

1 f(e) < =] i_oil lan| = llzllllall, BFEA f € c5, Ifll < llall- BRII(f) = a. 45
& LRPTE, & TN = I, 8 T RFEBRS.
16. R n IR LE P B n+ 1 FRETH, EXNEE LE XL

HEZRMT: Vp€ Pn, n
o) = 39 (%).
k=1

T f R (Pas |l - lloo) LAIFELELAIZ .
17. # M RHK Banach ZRIMHAFZEME. Vfe X", 4 fu=flu. K
peM”, X EMTF: VfeX",
®(f) = ¢(fm)-
@A < lslllFmll < Ulllfll. #& @ € X**. BF X HR, 3=z € X, #18
Jro=®. % fur =08, f(zo) =2(f) =d(fm) =0, TRHERE 6.3.7 A,
toEM. Vme M, & f ImE X" FHEH, N fu=m TR
(m,¢)=(f,®)=(z0,f)=(z0,m).
W I A M o M RSUBRE, W Juzo=¢. BT M REKM.
18. Vaie M*™ EX AWT: VfeX",
A(f) = A(flm)-
WA€EX” &¢N)=A Vfe M H(HA),f)=(Aflu) =0,
BLo(Mlye =0, Bl (M) C { fe X" | flyr =0} RZ, HFAc€
X**, Alpye =0. & A=Aln, BB, VfeX", f-flueM " &
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BA =06\, AT { f€ X" [ flyr =0} CH(M™).

20. W 6334, 3fe X", R |fll =1, f(zo) = ||lzoll = 1, WEF
]

{ze X | f(z) = f(z0) = llzoll = 1}

B RETRIVITHE. FELE, Vze B, F flz) <||flllzll <1 = f(zo).

23. T € B(Y*, X"),(T™))* € B(X",Y*), RfiE T*(T~)* = (T71)*'T"
=TI B[,

25. THLZH X EeX, BhRTERA T NAE TR,

§6.4

5. Vfe L’(R), &
1/p
— —_ 14 .
1Saf = £ ( [{ o, M@ dz) 50, %nooo

TRl Sa = I; 3+ F neN, MR

1/n1/", n<z<2n,
fn(x) =
0, HAth.

W f € LP(R), [l fall = 1. BF (Sn — Il 2 ISnfn — fall = 1, BTLL Sa R—BHK
%31

8. MACX. EAAR, HEH 64145, B AFIE RZ, ®# A
BRE. & A TR, WHEERES {z.} C A, #18 ||z.]| & co. HBFIEMRM, 7F
FEFH {Tn,} C {@n), B {20} B T2 {lza 1} AR, E5 |lza]l > 0
¥ .

9. FARIE. & on — 0, BR 0EM. HEHE63.7H, Ife X", a€R,
wa

f(z) <a< f(xo), VzeM.

WM f(zs) < a < f(zo), X5 zn — o F/F.
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12. HEEH C0,1] & L=[0,1] AHHIMEMAL. # (.} CC,1], f €
L2[0,1], {Ifa = fllo — 0, MFFAEZWE E, 87 0,1\E L f» = f. U
f € Cl0,1]. ELT5 Clo,1] 2. Ei#E L=0,1] B H8®/ILT, C[0,1]
AEFEN.

 ER L[, 1] = (L'(0,1])", fih L0, 1) MIXAZEE, FIESE C[0, 1] KM
w* HIME L°[0,1) BFE. Ve L>o0,1], %¥z>1 Kz <084 f(z) =0,
¥ FERR MR B ecClfo,1], 4

Pe(z) = éw(%)

WBH ¢ + f € C(R). FREL [0,1] LR f. = pe * floy € C0,1]. iT
¥ (2) = p(~z). TR Vg€ L'[0,1], AW g (2 GEHE R £, % 2€[0,1]
B, g(z) = 0. F&

1
/0 (Fe(@) ~ F(2))g(z)ds

= [ 1@ [[swe-to -1y - o))z

= /R F(@)(g* ¥e () - g(z))dz,
i

‘ [ @) - s@nat)te] < 1w g+ b sk >0, €0

3. fn(t) =5 Ze’"‘eL (=mm), Ifnll =1, {fn} —HHER. Vge
L (—n,7), K Fourler Eiﬁs

oo
g(t) = Z cne™, gl = D lenl®.

n=—oo n=-—00

TR Ve>0,3INo >0, 78

( > |cn|2)m<;. :
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Wi, XFRTKE N,

(g, fo)l = 5= g(t Ze"""dtl <= Z len]
n=1 n-l
< N Z‘Cnl + 35 N Z lenl
n=Ng+1
1 N? ) 1/2
S'ﬁZICnI+< Z lc,,[) .
n=1 n=Ng+1

BT Bmw oo |(9, f¥)l S € 8 fv — 0.
14. B/ Az = Ay, M f(2) = f(y), VS € C(D). BRI z =y FUABS
TR——HK. BT

Jim JA=(f) ~ Ay (D] = lim |£(z) - fw)| =0,

FrRAM T Rses. %iF T LRESR. Bt A.. — A:, IV f € C(D),
Ao (f) = A(f) R f(zn) > f(z). TR 20 = z. BTFEFEZRE LHBHUK
HHTFREH, & 2o oz, AT BESKHBE.

15. ARiEE:. # A RERERS, WFEE {zn} C X, WE |lz-]| - 0, &
B |Aza]| » 0. FREE ¢ > 0, UEFH {2}, WE ||Aza, |l 2 ¢ BEH
llzn, || = 0, BFAFEEE ax — oo, {818 axzs, — 0. BHE ||[Aakzn, || = o0 FHl,
Aapza, FHREFKEK. BHTFE.

16. Banach ZRITHARSN TRAR, HFHESESNTHERE

17. (1) MFEA (m,n), BE emn = {Smn(k, D} € co. W {emn) AR
co W—HE,

oo

y={ymmn)} €co = y= > y(mn)emn.

n,m=1

Vr={z(m,n)}el', BX co LHEWZR/MT: VYy={y(m,n)} € co,
f(y) = Z y(m, n)z(m,n).

n,m=1

£ < Hylloollzlls, BT l1fell < llzlls- % fo = 0B, 2(m,n) = folemn) =
0, il 2 = 0. EXBRH T 1" = (co)*, T:zrs fo, W T B——HIFELEBA.
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RZ, VfE€(c), % a(m,n)=femn), TR Yy = {y(m,n)} € co, f(y) =
2-z(m,n)y(m,n). W ynv = {yn(m,n)} € co WMT:

e_i‘“‘”(’"‘"), 1<m,n<N,
yN(m1 n) =

o, HoAte.
TR
N
> le(m,m)l = flyw) < I flllywlleo = IIFIl
nm=1
B il Jz(m, n)| < {fll. BeA © = {z(m,n)} €', B f = fz, lIfzll = lizlh.

G e (co)”.
(2) B aonv €M, zn - z0, B4 N — oo B},

(o]

low —zolls = Y lon(m,n) - so(m,m)| - 0.
n,m=1
T
Jim_|zx(m, 1) = zo(m, 1)] =0,
o0 [~
Jim > za(m,n) = Y zo(m, n)| < ||z — z0|ls = 0.
n=2 n=2
Breh
oo oo
Nli_l’noo mzn(m,1) = Nh—IPw Z2:cN(m, n) = 223:0(17;, n) = mzo(m, 1).
n= n=

Bt zo€ M, M & I' HHFHR.
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HERK (M.Frechet)
F ATHER
Fatou 5|
Fubini g#
fied
Fourier ¥
fourier ¥
Fourier Ar#t
Fredholm —A#—#

58
71,91,107
133
193
194
217
246
263
291
309
339

1

32

39

39

39

39

45
72,152
117,128
141,147
155

177

177

198

266

ik 44

G
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