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Chapter 1

ddd²²²;;;ÔÔÔnnn���þþþfffÔÔÔnnn���LLLÞÞÞ
1.1 9Ë��ÊK�1þfb` 1.2 1>�A�OÏd"1þfnØ
1.3 xÊî�A 1.4 1���
1.5 À���²;þfnØ

1.1 999ËËË������²²²;;;ÔÔÔnnnnnnØØØ���������(((JJJ���ÊÊÊKKK���111���þþþfffbbb`̀̀
1.1.1 999ËËË���999ÄÄÄ���¿¿¿ÅÅÅËËË���½½½ÆÆÆÔN±>^Å/ª�	Üu�Uþ�y�¡ǱË�"?39²ï��ÔN3�½§Ýe?1�Ë�¡Ǳ9Ë�"Ǳ?Ø²;Ôn3'u9Ë��ïÄ¥���(J§·�k£�'u9Ë��Ä�VgÚ5�"���!!!£££ããã999ËËË������ÄÄÄ���ÔÔÔnnnþþþ999���'''VVVggg
1. Ë��+§ÝǱ T �ÔN3ü �mSlü L¡þu��Å�3 λ � λ+ dλ ��S�Ë�Uþ dE �Å�m� dλ �'¡ǱÔN3§Ý T!Å� λ �¹e�Ë��+§~PǱ r"þã½Â�±)Û/{PǱ

r(T, λ) =
dE(T, λ)

dλ
. (1.1)

1
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2 CHAPTER 1. d²;Ôn�þfÔn�LÞü �mSlü ¡ÈþË���«Å��oUþ¡ǱTÔN�oË��+§=k
E(T ) =

∫ λ→∞

λ=0

dE(T, λ) =

∫ ∞

0

r(T, λ)dλ . (1.2)

2. ÔNéÙ§ÔN�Ë�Uþ�ǱA�ª9Ù£ãÔNÑk9Ë�§¿�éÙ§ÔN�Ë�£Ë�5�Uþ¤k��£Ñ�¤!áÂ!ß���ª?1ǱA"Ǳ£ãÔN�5�§ØË��+	§<��Ú\
áÂ�+£Xê¤!���+£Xê¤Úß��+£Xê¤�Vg"3�½§Ýe§ÔNlÙ§ÔNË�5�Uþ¥áÂ�Uþ dEa(T, λ) �	5Ë�Uþ
dEin(T, λ) �'�¡ǱTÔN�áÂ�+£Xê¤§~PǱ a§=k

a(T, λ) =
dEa(T, λ)

dEin(T, λ)
. (1.3)Ón§���+£Xê¤ ρ(T, λ)Úß��+£Xê¤ t(T, λ)©O½ÂǱ

ρ(T, λ) =
dErefl(T, λ)

dEin(T, λ)
, (1.4)

t(T, λ) =
dEtrans(T, λ)

dEin(T, λ)
. (1.5)

3. çN�ýéçNw,§�âUþÅð½Æ§·�k
a(T, λ) + ρ(T, λ) + t(T, λ) = 1 . (1.6)·�Ï~¡Øß²§= t(T, λ) ≡ 0§�ÔNǱçN"éuçN§XJ a(T, λ) =

1§Kw,k ρ(T, λ) = 0. 3?Û§ÝeÑrËì3Ùþ�?¿Å��Ë�UþÑ�ÜáÂ§=k a(T, λ) ≡ 1§�ÔN¡ǱýéçN§Ï~{¡�ǱçN"
(1) çN9ÙáÂ�+Ú���+m�'XçN=Øß²�ÔN§ǱÒ´k t(T, λ) ≡ 0§ Ïd§çN�áÂ�+����+�m�'XǱ

a(T, λ) + ρ(T, λ) = 1 .w,§XJ a(T, λ) = 1§Kk ρ(T, λ) = 0 .
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1.1. 9Ë��²;ÔnnØ���(J�ÊK�1�þfb` 3

(2) ýéçN  3?Û§ÝeÑrËì3Ùþ�?¿Å��Ë�Uþ�ÜáÂ�ÔN¡ǱýéçN§=kµ 
a(T, λ) ≡ 1 .���!!!ÄÄÄ���¿¿¿ÅÅÅËËË���½½½ÆÆÆ�â²ï��½Â�±y²§�¹Ì��+ÚáÂ�+©OǱ r1!r2!r3!· · ·§

a1!a2!a3!· · · ��X�ÔN O1!O2!O3!· · ·§�XÚ§�Ë�N�Ë��+�áÂ�+�'�=�XÚ�§ÝÚË��Å�k'§�äN�ÔNÃ'§=k
r1(T, λ)

a1(T, λ)
=
r2(T, λ)

a2(T, λ)
=
r3(T, λ)

a3(T, λ)
= · · · · · · = f(T, λ) . (1.7)T5Æ¡ǱÄ�¿ÅË�½Æ"@o§áÂ�+��ÔN�Ë��+Ǳ�"dd��§£ýé¤çN´Ë��+���ÔN§=��ÔN£~¡Ǳ�N¤�Ë��+Ñ�u£ýé¤çN�Ë��+§=k r(T, λ) ≤ rB(T, λ). Ïd§ïÄÔN�Ë��+�§<�Ï~dïÄçN�Ë��+\Ã"  

1.1.2 ýýýéééçççNNN���ËËË���555ÆÆÆ���!!!ýýýéééçççNNN���...Xã 1.1 ¤«§?\mké�é�m��ç��1�éJ2�Ñç�§ù��ué	5�1��áÂ!vk��"Ïd§ù��äké�é�m��ç�~�ǱýéçN��."
Figure 1.1: çN�.«¿ã���!!!'''uuuçççNNNËËË������ÌÌÌ������+++���¢¢¢���ÿÿÿþþþ(((JJJ

1. 'uçN�Ì��+�¢�ÿþ(JVã
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4 CHAPTER 1. d²;Ôn�þfÔn�LÞ� 19 V"§®?1
éõ'uçN�Ë��+�¢�ÿþ§ÿ��(JXã 1.2 ¤«"

Figure 1.2: 'uçNË��Ì��+�¢�ÿþ(J«¿ã
2. 'uçNË��+�ü�¢�½Æ
(1) dA})À�[ù½ÆÏLé�þ¢�(J�nÜ©Û§dA}£J. Stefan¤ÚÀ�[ù£L. E.

Boltzmann¤©OJÑ
'uçNË��oÌ��+�5Æ§§�±LãǱ
E = σT 4 , (1.8)Ù¥ σ = 5.639× 10−8 W/(m2K4). d=Í¶�dA}–À�[ù½Æ"

(2) �� £½Ædã 1.2 �§éu?�§Ýe�çNË�§ÙéØÓÅ��>^Å�Ë��+ØÓ§¿��3��A½Å�§Ù�Ë��Ë��+��"��£W. Wien¤ÏLo(éõ¢�ÿþ(Juy§éAË��+��4���Ë��Å� λm �§Ý T ,p~�§�ö�¦È λmT �±Ǳ~þ§=k
λmT = b , (1.9)Ù¥ b = 2.898× 10−3mK Ǳ~þ"T5Æ¡Ǳ£çNË��¤�� £½Æ"nnn!!!²²²;;;ÔÔÔnnnéééçççNNNËËË������£££ããã999ÙÙÙ(((JJJ

1. a|)7dúª
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1.1. 9Ë��²;ÔnnØ���(J�ÊK�1�þfb` 5�â9Ë��½Â§§Ý T �¹eÅ�Ǳ λ �9Ë�=lÔN¥u�Ñ�Å�Ǳ λ �>^Å�Uþ"éuÅ�Ǳ λ �>^Å§ÙªÇǱ ν = c
λ
§ÆªÇǱ

ω = 2πν = 2πc
λ

= 2πck§Ù¥ c Ǳ>^ÅDÂ��Ý£=1�¤§k = 1
λ
¡ǱÅê"b�Ë�NǱ>�Ǳ L �á�N§P>^Å�ÆªÇ�ÝǱ D(ω)§�Ä����ÄǱ�pÕá¯�§K3ÔNS/¤>^Å��ÄêǱ����Äê�¦È§=k

D(ω)dω = dnxdnydnz = d
( L

λx

)

d
( L

λy

)

d
( L

λz

)

= V dkxdkydkz ,Ù¥V = L3 ǱË�N�NÈ"î�/§ÏǱ�½>.S��Ä/¤�ÅǱ7Å§þãO�A± λ
2
Ǳ©1O�Ñ���Ä�ê8§2=zǱ�Ä�ê8"b��Ä��Ó5§òþª=��¥�IX (k, θ, ϕ)§¿�Ä>^Åkü� ���§Kk

D(ω)dω = V · 2 · 4πk2dk = 8πV
ω2dω

(2πc)3
=

8πV

c3
ν2dν .òþª=��Å� λ �m§Kk

D(λ)dλ =
8πV

λ4
dλ .u´§>^Å���Ý�±±ªÇ ν ǱmþLãǱ

D(ν) =
8π

c3
ν2 , (1.10)Ǳ�±±Å� λ ǱmþLãǱ

D(λ) =
8π

λ4
. (1.11)dþ��!�?Ø�§ü �mSlÔNþ�ü ¡ÈË�Ñ��>^Å�ê8Ǳ>^Å��6êÇ Γ = 1

4
nv = 1

4
cD. 2�ÄUþþ©½nµz��Ä�²þUþ�XÚ�§Ý�mk'X ε = kBT§K�çN�Ë��+ r = Γε �±LãǱ

rB(T, λ) =
2πc

λ4
kBT . (1.12)TL�ª=Í¶�çNË��+�a|–7d£Rayleigh–Jeans¤úª"
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6 CHAPTER 1. d²;Ôn�þfÔn�LÞ
2. ��úªXJØ|^Uþþ©½n�(J§�Ä���Ä�Uþ�ÙÅ� λ �mk'X ε ∝ 1

λ
§XÚ��ÄUþ�©Ù÷vÀ�[ù©Ù n(ε) ∝ e

− ε
kBT§=k

ε ∝ εe
− ε

kBT ∝ 1
λ
e−

c2
λT§K�çNË��+���£Wein¤úª

rB(T, λ) =
c1
λ5
e−

c2
λT . (1.13)Ù¥ c1!c2 ǱÊ·~þ£~©O¡�Ǳ1�!1�Ë�~þ¤"

3. ²;Ôn�(J|^a|–7dúªÚ��úªéçN�Ë��+�O�(J9Ù�¢�(J�'�Xã 1.3 ¤«"

Figure 1.3: |^a|–7dúªÚ��úªéçN�Ë��+�O�(J£©OX:y�!J�¤«¤9Ù�¢�(J£d¢�ë����¤�'�£±éA��Ë��+�Å���£λm/2¤Ǳü ¤"dã 1.3 éN´wÑ§��úª�±éÐ/£ãçNË��+3¥áÅ�«�1Ǳ§�ØU£ãÙ3�Å«�1Ǳ£P~�¯¤"a|-7dúª�±£ãçNË�3�Å«�1Ǳ§�éuçNË��+3áÅ«�1Ǳ§Ø=ØU½þ£ã§¿�ÑyuÑ§ǱÒ´`§½5þÒØ�("d=Í¶�'uçNË��b	/J"ù`²§éuçNË�§²;Ôn��
��þ�(J"
1.1.3 bbb			///JJJ���)))ûûû)))111þþþfffbbb`̀̀���!!!ÊÊÊKKK���111þþþfffbbb`̀̀���ÊÊÊKKK���çççNNNËËË������+++úúúªªª
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1.1. 9Ë��²;ÔnnØ���(J�ÊK�1�þfb` 7Ǳ)ûþãb	/J§�â��úª�±éÐ/£ãçNË��+3¥áÅ�«�1ǱÚa|-7dúª�±£ãçNË�3�Å«�1Ǳ�(J§¿ëì9åÆ'X§�IÔnÆ[ÊK�£Max Planck¤�@JÑé��úªÚa|-7dúª?1S�U\��{§¿�Ñ��é�Å�«�Ñ·^�Ë��+úª—ÊK�çNË�úª§lê�þ)û
²;Ôn3£ãçNË��+����(J"Ǳ&¢ÊK�úª�Ôn��§3©Û�5ü�úª��ÑL§§uyÙ¯K�U´Ñ3çNË�Ñ�Uþ�²þ��Lã��§ÊK�b�ÚåË����f�Uþ�U�,
AÏ�©á�§ù
©á�´,���Uþü� ε0��ê�§= E = En = nε0§éuªÇǱ ν ���Ä�Ë�§ÙUþü�Ǳ
ε0 = hν§h = (6.6256± 0.0005)× 10−34 Js ǱÊK�~þ"@o§�ÄâfUþG��À�[ù©ÙÇ

P (ε) ∝ e−βε ,Ù¥ β = 1
kBT
§�§çNË�Ñ�Uþ�²þ�AǱ

ε =

∞
∑

n=0

nε0e
−β nε0

∞
∑

n=0

e−β nε0
= − ∂

∂β

[

ln
(

∞
∑

n=0

e−β nε0
)]

.ÏǱ {e−β nε0 , n = 0, 1, 2, · · · ,∞} ´ú'Ǳ e−βε0 ��'ê�§=k
∞
∑

n=0

e−β nε0 =
1

1− e−βε0
,u´1

ε =
ε0e

−βε0

1− e−βε0
=

ε0
eβε0 − 1

.¤±
rB(T, λ) =

2πc

λ4
ε =

2πc

λ4
ε0

eβε0 − 1
. =

2πc

λ4
hν

e
hν

k
B

T − 1
.òÅ��ªÇm�'X ν = c

λ
�\§K�

rB(T, λ) =
2πhc2

λ5
1

e
hc

λkBT − 1
. (1.14)

1^y��*:5w§ÀÚ©Ù nε = 1

e

ε

kBT
−1

§K ε = εnε = hν

e

hν

kBT
−1

´ÀÚ©Ùe���(J"�ØL��vkïáÀÚÚO5Æ§vkþfÚOÔn"
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8 CHAPTER 1. d²;Ôn�þfÔn�LÞd=Í¶�çNË��+�ÊK�£Planck¤úª"äNO�L²§ÊK�úª�Ñ�(J�¢�ÿþ(J����"���!!!ÊÊÊKKK���úúúªªª���������úúúªªª999aaa|||)))777dddúúúªªªmmm���'''XXXéw,§3áÅ�¹§kBT � hc
λ
§e hc

λkBT � 1§u´
rB(T, λ) =

2πhc2

λ5
1

e
hc

λkBT − 1
≈ 2πhc2

λ5
e
− hc

λkBT .d=cã���úª§¿k c1 = 2πhc2§c2 = hc
kB
"3�Å�¹§kBT � hc

λ
§e hc

λkBT − 1 ≈ hc
λkBT
§u´

rB(T, λ) =
2πhc2

λ5
1

e
hc

λkBT − 1
≈ 2πhc2

λ5
1
hc

λkBT

=
2πc

λ4
kBT .d=cã�a|–7dúª"ù
©ÛL²§a|–7dúªÚ��úª©O´ÊK�úª3�Å!áÅ�¹e�Cq"@o§²;Ône�a|–7dúª�±éÐ/£ãçNË��Ë��+3�Å«�1Ǳ!��úª�±éÐ/£ãçNË��Ë��+3áÅ«�1Ǳ�¯¢�±�ǱÊK�úª��(5�~y"nnn!!!dddAAA}}})))ÀÀÀ���[[[ùùù½½½ÆÆÆÚÚÚ������   £££½½½ÆÆÆ������ÑÑÑ

1. dA})À�[ù½Æ��Ñ?�Ú§òÊK�úª�\£1.2¤ª§�¤È©§K�
E = σT 4 ,Ù¥ σ = 2π5kB

4

15h3c2
= 5.639× 10−8 W/(m2K4). d=Í¶�dA}–À�[ù½Æ§¿�ù�(½�Ù¥�~þ�¢�*ÿ� σemp ÎÜ�éÐ"

2. �� £½Æ��Ñ,��¡§òÊK�úª�\ drB(T,λ)
dλ

= 0§¿¦)�A��§§3�y���ê d2rB(T,λ)
dλ2

< 0 £= ¦�Ë��+ rB(T, λ)��4��¤�¹e§��
λmT = b ,
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1.2. 1>�A�OÏd"1þfnØ 9Ù¥ λm ǱéAË��+��4���Ë��Å�§b= hc
4.965kB

Ǳ�¢�*ÿ(JéÐÎÜ�~þ£2.898× 10−3mK¤"ùÒ´Í¶��� £½Æ",	§2�Äd�6êÇéX�Ë��Å�·���§Ë�NS�²þUþ�Ý�oË��+�mk'X
u = 4

E

c
.�\4à�éØ5n�íN�G��§ p = 1

3
u£í�L§�ë� 4�c 59Æ6£�®�ÆÑ��§2016c1��¤1�Ù18!§½Ù§�á½;Í¤§K�n�1fíN�G��§Ǳ

p =
1

3
aT 4 , (1.15)Ù¥ a = 4

c
σ = 8π5kB

4

15h3c3
.

1.2 111>>>���AAA���OOOÏÏÏddd"""111þþþfffnnnØØØ
1.2.1 111>>>���AAA���¢¢¢���¯̄̄¢¢¢
1887c§�IÔnÆ[°ÏpF#â[£Heinrich Hertz¤?1
>^Å�u���Â¢�"¢�¥§â[|^»smY�Ǳ>^Åu�ì§£du¢�^�{§¤d�uÓ�¿S����Ǳ�Âì5�ÿ§¿Ǳd»smY¥�»sLÆ"¢�(JL²§��Âì�Â�>^Å�§Ù»smY¥Ñy»s§=d1ìÚ�Ñ
>6§ù�y�=�5�¡Ǳ1>�A��©Ly£“â[�A”¤"Ǳ
�N´*ÿ¿Jp¢�°Ý£üØu�ì��KǱ§`²�Âì�Â��(¢´DÂ5�>^Å¤§â[r���Âì�\��Øß²�ÝfS§(Juy�ÂmY¥���»s�ÝÏ�~�"©Û|^Àæ��!�=���ØÓ�Øß²���¢�(JL²§�=��ØKǱ��»s��Ý"|^�=cº©1�?�Ú¢�L²§ØªÇp£Å�á¤�b	1	§Ù§Åã�1Ñ��¶-¯K§ù`²”â[�A”db	1Úå"�Xù�uy35Ônc�6£Annalen der Physik. 1887, 267: S. 983 (1887)¤uL§%í#¿�x�¬£Wilhelm Hallwachs¤!c�dã#p3£Augusto Righi¤Úæ{ì�#¤÷V
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10 CHAPTER 1. d²;Ôn�þfÔn�LÞ÷Å£Aleksandr Stoletov¤�ÔnÆ[?1
�X�¢�§(JÑy¢
“â[�A”"�¿#MdA£Johann Elster¤ÚÇd#XA�£Hans Geitel¤KÄkuÐÑ¢^�1>ý�+§¿òÙA^uïÄ1Åì���>ÔNþ�)��A§����
7á�“â[�A”dr�f�^SǱµ�!a!?aÜ7!?!�!y!�! §¿�§éuÊÏ1Å§Ô!É!Y!c!6!%!þ�7á�1>�A4f£¢SÃ{ÿþ�?Û�A¤"1888�1891cm§¤÷V÷Å�OÑ�@·Ü½þ©Û1>�A�¢�C�§�¤éõ'u1>�A�¢��©Û§¿uyËìÝ�aA1>6���'~¶¦��p3�Óuy§�3�`>Ø§3�`>Ø�þ§1>6�>Øü$O�¶3�`>Ø�e§1>6�>Øü$~�"�X>f�uy£�ÙÅ#)0�§1897–1899c¤§�'ïÄ�5��\"1902c§:ß|ÔnÆ[�|Ê#4B�£Phillips Leonard¤�âÙXÚ�\�¢�(J§uÙ
'u1>�A�5Æ£�¢�(J¤"²?�ÚïÄ§<�rd1£>^Å¤ì��Ô�áÆ£7á�¤L¡þ!áÆ¥k>f£1>f¤ÄÑ/¤1>6�y�¡Ǳ1>�A§y3~^�*ÿ1>�A�¢�C�Xã 1.4 £«¿ã¤¤«" ¿�8Bo(Ñ1>�A�¢�¯

Figure 1.4: ~^�LÆ1>�A�¢�C�«¿ã£Ù¥λ Ǳ\�1§K Ǳ7á�§A Ǳ»4�"\·�>Ø�§d K ºÑ�>f$Ä� A§¿d	�>´P¹ºÑ>f�êþ¤ Figure 1.5: 1>�A�Ü©¢�5Æ«¿ã
¢Ú5ÆXeµ
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1.2. 1>�A�OÏd"1þfnØ 11

(1) ¦+éØÓáÆk�É§�Ñ�3��ªÇ£ù�¤νs§æ^ªÇ$u νs �1§ÃØÙËì1�rÝ£ËìÝ¤õ�§ÑØ¬�)1>�A"T�$/4�ªÇ0£éA�Å�¡Ǳ/4�Å�0¤´áÆ�AÆªÇ§¡ǱTáÆ���ªÇ§½¡ǱÙù�"
(2) éuØÓáÆ§��Ëì1�ªÇ3��ªÇ�þ§ü �mláÆ�ü L¡u��1>f�êþ£1>6rÝ¤�	\>ØO�Ø��O�§�3���£�Ú>6¤§�Ú>6rÝ�Ëì1rÝ¤�'"Xã 1.5 ¤«§�Ú>6 Is ∝ E§Ù¥ E Ǳ\�1�1r"
(3) z�«áÆ¤u�Ñ�1>fÑkÙA½���ÄU£���Ý¤1

2
mv2max§T��ÄU�ËìrÝÃ'¶�3��>Ø§¿�	\>Ø¤�'¶�1Å�1Ì¤©k'§�'uËì1�ªÇ"P��>ØǱ U0§Ëì1���ªÇǱ νs§>f��>þ�ê�Ǳ e§K1>f���ÄU�LãǱ

1

2
mv2max = e(U − U0) ∝ (ν − νs) . (1.16)

(4) ¶þ�m�~á§��Ëì1�ªÇ3��ªÇ�þ§Ëì�áÆL¡êþ=k1>fÄÑ£¤I�m�u 3× 10−9 ¦¤"
1.2.2 ²²²;;;ÔÔÔnnn���������(((JJJ�â1>f����Ý�ËìÝÃ'�¢�¯¢§4B�@Ǳ§ù
>f3ÄÑáÆL¡�cÒ®Pkù�Uþ§1ÅØ��§�?ÛUþ!=åaqu>uì��^§��Ëì1�ªÇ3��ªÇ�þ§áÆÒá=ÀJ¿º�ÑåPuÙSÜ�>f"ùÒ´4B�Í¶�/>ub`0§¿3����Æâ.�2��É"�´§Tb`���
î�¯K§Ù¥����´§XJáÆSÜ�>f�5ÒPk<ºåPÚu����ÄU§@o§òÒ4\9AT¬��1>f���ÄU§�´¢�¿vkÿþ�?Û���A�(J"u´§<�E,j±É	>^|KǱ§>f3�N¥�É½�Ä§¿Åì¼�Uþ§�UþÈ\v
õ½����áÂ�¼�UþøÑ�*:"3>fÉ½�Ä¼�Uþ�*:e§��1ì£	>^|KǱ¤�mv
�§>fo�±¼�v
�UþøÑ§lØAT�3��ªÇ£ù�¤§ùw,Ã{)ºcã�¢�*ÿ��1£1¤^5Æ"
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12 CHAPTER 1. d²;Ôn�þfÔn�LÞ�â²;ÔnÆ§\�1å´�«>^Å§3áÆL¡�>faÉ�>^Å�>|å�¬��>^Å�Ä"@o>^Å��Ë��§=Ëì1rÝ��§>f��ÄÒ�-�!läk���Uþ§Ïd§u�Ñ�1>fATPk���ÄU"�¯¢´u��1>f���ÄU�Ëì1�rÝÃ'§l²;Ôn��î(J"2ö§Uì²;>^nØ§áÆ¥�>fÏL��áÂ¼�UþøÑ�§ÙáÂÌéE,£�5�Í��ë�J.D. Jackson, ²;>ÄåÆ£13�¤17Ù¤§ý��5'X§Ïdu�Ñ�1>f���ÄU�Ëì1�ªÇØAT¤{ü��5'X"3ù��¡²;ÔnǱ��
î�]Ô"UìþãÉ½�Ä–��áÂ�Y§P W Ǳ1>f�øÑõ§P Ǳü �mSì��ü ¡Èþ�1Uþ§nǱ7áSgd>fê�Ý§d Ǳ1B\7áS��Ý§τ Ǳµþ�m§�âUþÅð�n§Ak
Pτ = dnW .u´§µþ�m
τ =

dnW

P
.òÏ~¤^áÆ� n!W ±9¤^1� P Ú d �\þª�§é~^áÆ91§ÄÑ1>f�¶þ�m��é�(���þ?)"ù�¢�*ÿ��§��ªÇv
p§1�ìþ�Òk1>6/¤�3î�gñ"

1.2.3 (((JJJ���)))ûûû— OOOÏÏÏddd"""111fffnnnØØØ���!!!OOOÏÏÏddd"""���111þþþfffnnnØØØþ�!'uçNË��?ØL²§Ǳ)û²;Ôn���(J£'uçNË��+�b	/J¤§ê�d·ÊK�JÑ
1þfb`µÚåË����XÚ�U± hν Ǳü�UCUþ§¿áÂ½u�>^Å§Ù¥ h ǱÊK�~þ§ν Ǳ1Å�ªÇ"Ǳ&?ÊK�1þfb`�Å�§1905c§OÏd"uL
KǱ“'u1��)Ú=z���Á&5*:”�Ø©£Annalen der Physik 322, 132-148

(1905)¤§��¡3��ÔnÆuÐY²þy²
ÊK��1þfb`§��¡é1>�A�Ñ
éÐ�)º£Ïd¼�1921c�ì��ÔnÆø¤"OÏd"�y²��Xe"
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1.2. 1>�A�OÏd"1þfnØ 13d'uçNË��?Ø�§§ÝǱ T �Ë�XÚ¥ªÇǱ ν �ü��Ä���ÝX£1.10¤ª¤«§é�Å�¹£ ν
T
� 1¤§XÚ�Ë��+d£1.12¤ª¤«�a|- 7dúªLÆ¶éáÅ�¹£ ν
T
� 1¤§XÚ�Ë��+d£1.13¤ª¤«���úªLÆ§¿�XJP£1.13¤ª¥� c2 = hc

kB
§Ù¥ c Ǳ1�!kBǱÀ�[ù~þ!hǱ#Ú\�~þ§Kk

r(T, ν) =
2πhν5

c3
e
− hν

k
B

T . (1.17)�ÄXÚ��´�ÄªÇ ν �¼ê§¿�U�XÚ�Ë��+ rk'§KNÈǱV �Ë�XÚ���PǱ
S = V

∫ ∞

0

Φ(r, ν)dν ,Ù¥ Φ(r, ν) Ǳ�½�¼ê"ÏǱ��²ï��XÚ��4�§¿��AG��Uþ ∫∞
0
r(ν)dν (½§Kk

δ

∫ ∞

0

Φ(r, ν)dν = 0 , δ

∫ ∞

0

r(ν)dν = 0 .T�4�w,´��Uþ(½�¹e�4�¯K§=^�4�¯K§Ú\.�KF¦f λ§Kk
∫ ∞

0

(∂Φ

∂r
− λ

)

drdν = 0 .�Ä drÚ dν��½5§Kkµ
∂Φ

∂r
− λ = 0 .dd�§∂Φ

∂r
= λ Ǳ~þ§= ∂Φ(r,ν)

∂r
Q�Ë�£�Ä¤�ªÇ ν Ã'Ǳ�Ë��+ r Ã'"@o

dS = V

∫ ∞

0

∂Φ

∂r
drdν = V

∂Φ

∂r

∫ ∞

0

drdν .w,§∫∞
0
drdν ǱË��+kÃ¡�UC�¹eË�Uþ�Ã¡�UCþ§@o§þª=

dS = V
∂Φ

∂r
dE = V

∂Φ

∂r
d−Q .
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14 CHAPTER 1. d²;Ôn�þfÔn�LÞ�9åÆ¥ dS = d−Q
T
'�§K�

V
∂Φ

∂r
=

1

T
.,��¡§éuoUþ(½§½=oË��+(½!?�ªÇ�Ë��+ E(T, ν)(½�Ë�XÚ§dÌ��+�Weinúª�

r(T, ν) =
E(T, ν)

V
c =

2πhν5

c3
e
− hν

k
B

T ,½=k
e
− hν

k
B

T =
c4E

2πhν5V
.éþªü>Ñ�éê§2²{ü$�§K�

1

T
= −kB

hν
ln
( c4E

2πhν5V

)

.u´k
∂Φ

∂r
= −kB

hν
ln
( c4E

2πhν5V

)

.d dS = V ∂Φ
∂r
dE �§�éuNÈǱV0�ë�G���CǱµ

∆S = S − S0 =
kBE

hν
ln
( V

V0

)

.w,§TË�XÚ���UCþ�XÚNÈ�'X�L�ªÚn�íNXÚ���UCþ�XÚNÈ�'X�L�ª���Ó"âd§OÏd"�ÿ	í§Q,XÚ���UCþ�L�ª�n�íNXÚ���UCþ�L�ª�Ó§@oÙ|©ǱATäk�Ó�AÆ½5�¶n�íNXÚ�|©ü�´����CÕá��â£©f¤§@o|¤Ë�XÚ�ü�ǱAT´����CÕá�äkUþ��â"¿�§XJPTË�XÚ�¹��âêǱ N = nNA£Ù¥ NAǱCÏ\�Û~þ§n Ǳ��ê¤§z�Uþ�â�UþǱ hν §KXÚ�Uþ
E = Nhν§

∆S = S − S0 = NkB ln
( V

V0

)

= nR ln
( V

V0

)

,Ù¥ R = NAkB ǱÊ·¢íN~þ"d=n�íNXÚ���UCþ�NÈ�m�'X"
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1.2. 1>�A�OÏd"1þfnØ 15OÏd"|^��20VÐïáå5�ÔnÆ�nØ£>^�!9åÆÚOÔn�!�¤éË�XÚ�����O�Ú|^a'�{��ÿ	íL²§1£>^Å¤´d�°�°ØëY�Uþü�|¤�Uþ6§Ù¥z��ü�¡Ǳ1þf£{¡1f¤§1f�Uþ ε = hν§Ù¥ h ǱÊK�~þ§ν Ǳ1Å�ªÇ§1f�U��/�áÂ½u�"�ÊK�3éuçNË��ïÄ¥JÑ�'u1�@£µ/��fXÚ�U± ε = hν Ǳü�UCUþ§¿áÂ½u�>^Å0�'�§OÏd"�“ε = hν ”w,äkéÐ�nØÄ:§¿�£ã
1���£î�5ù§AT´1������ý¡¤§Ïd§<�¡OÏd"�ù�(Ø£±9Ù�ïá�'uguË��Å�¤Ǳ1þfnØ§¡ÊK��“ε = hν ”£¢S'OÏd"�@Êc¤Ǳ1þfb`"���!!!²²²;;;ÔÔÔnnn333£££ããã111>>>���AAA���555ÆÆÆ������������(((JJJ���)))ûûû3y²
1´����ØëY�Uþ�â/¤�Uþ6��§�ǱÙ'u1�#*:�A^§OÏd"?Ø
1>�A"Q,1å´����1f/¤�Uþ6§1f�U
��/u�½�áÂ§¿�1f�Uþ�'u1�ªÇ§@o�k�1f�Uþ÷váÆ¥>féUþ��áÂ�^��§â�áÂ§u´§�½�34�ªÇ£ù�¤§éªÇ34�ªÇ�e�1§duØ÷v��áÂ^�§1fÑØ¬�áÂ§ÏdÃØ1rõ�§ÑØ¬k1>f�)¶éªÇ34�ªÇ�þ�1§>f3éá��mS=�áÂ��1f!¼��u>f3áÆ¥�åPU£øÑõ¤�Uþ§lá=ølåPÄÑ!/¤1>f§½=1>�A�µþ�méá"ù�§ég,/)û
²;Ôn3£ã1>�A�1£1¤!1£4¤^5Æ����Ã{�Ñ�(J"3OÏd"'u1�#*:e§P1fUþǱ ε = hν§áÆ¥�>f�åPU£øÑõ¤éA�UþǱ εc = hνs§�âUþÅð�n§ÄÑ>f���ÄU�±LãǱ
EK,max =

1

2
mev

2
max = ε− εc = h(ν − νs) .ù��÷)û
²;Ôn3£ã1>�A�1£3¤^5Æ����Ã{�Ñ�(J"3OÏd"'u1�#*:e§�¶gÂ§1�rÝ=ü �mSÏLü 
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16 CHAPTER 1. d²;Ôn�þfÔn�LÞî�¡�1fê¶d>6rÝ�½Â�§1>6rÝǱü �mSÏLü î�¡È�1>f���>þ£�,�'u1>f�ê8¤"Q,áÆ¥�>fáÂ��÷v��áÂ^��1f=¤Ǳ1>f§@o1>f�ê8g,�u�áÂ�1f�ê8§éu÷vªÇ4�£Å�4�¤^��1å§ÙPk��3ü �mSÏLü î�¡È�1fê8g,û½£n��¹e§�u¤1>f�ê8§=1>6�rÝ"u´§g,�3�'u1�rÝ��Ú1>6rÝ§du���OÏ�§3����Ú1>6rÝ�¹e§	\>Ø�,äk\�1>f!Jp1>6rÝ��^"ù�§OÏd"'u1�#*:g,�±éÐ/£ã1>�A�1£2¤^5Æ"¦+OÏd"'u1�#*:äk��ïá�ÔnÆnØ�Ä:§¿)û
²;Ôn3£ã1>�A�5Æ����(J§�Ù.¾´ïá3a'	í�Ä:þ�§½ö`ÙØy4ä��å§¿�ÏÙ�ÏL°�¢�y²�1�ÅÄnØØ�N;��Æâ.r��|á"~X§{IÔnÆ[ÛËA·�á�£Robert A. Millikan¤Q"Ç/ù“¦Ø�ÒØ�&OÏd"�¤¢nØ”§¿�å|^¢�¯¢Ä½OÏd"�*:",§²Ls¤�c�m!�¤éNa!Mg!Al!Cu!��éõáÆ�¢���§�á�Ø�Ø\Ù«@OÏd"�nØ�(ÃØ§¿�A^1>�A��(½
ÊK�~þ£Phys. Rev. 7,

355 (1915)¤"Äu/'uÄ�>Ö±91>�A�ó�0§�á�¼�
1923c�ì��ÔnÆø"1>�A�uyÚéÙ5Æ�)º§Ø=íÄ
<�é1�þf5�@£�uÐ§�Úu
éõEâþ��?Ú§¤Ǳ�8���ã���§íÄX<a�¬�?Ú"¿�§1>�A¯K�)û�¢´ÐÛ%Ú1�5g�Úu�M#�;.§´üÌín�a'	í!¢�u���Æ�{Ø�)�M#�;."2£�JÑ¯K£uy1>�A¤Ú)û¯K�{§�§±�±ð�q£&¢!<þS¢��£;�Úé�£K¬0ÏA^�Uå´)û¯K�'�"
1.3 xxxÊÊÊîîî���AAA
1.3.1 xxxÊÊÊîîîÑÑÑ������xxxÊÊÊîîî���AAA���!!!xxxÊÊÊîîîÑÑÑ���
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1.3. xÊî�A 17

X13d����f/¤�Ô�þ�Ñ�¡ǱxÊî£Compton¤Ñ�£Phys.

Rev. 22, 409(1923)¤§Ù¢�C�ÚL§Xã 1.6 ¤«"·IÆö¿[�k)Që��'ïÄ!¿é��Ñ��z"

Figure 1.6: X1�xÊîÑ�¢�C�9L§«¿ã���!!!xxxÊÊÊîîî���AAA¯õ¢����(J�±8BǱeão^5Æµ
(1) Ñ�1¥Øk��\�1Å� λ �Ó�¤©	, �k��Å���¤© λ′§Xã 1.7 ¤«"
(2) λ′ − λ �Ñ�Æ θ �O�O�§¿� λ ¤©�rÝ� θ �O�~�§λ′¤©�rÝ� θ �O�O�£Xã 1.7 ¤«¤"
(3) éØÓ���Ñ�Ô�§3�ÓÑ�Æe§Å��UCþ λ′ − λ �Ó£Xã

1.8 ¤«¤"
(4) �Ñ�Ô��fþ�O�§�Å� λ¤©�rÝO�§λ′¤©�rÝ~�"£Xã 1.8 ¤«¤"
1.3.2 xxxÊÊÊîîî���AAA���)))ººº���!!!'''uuuxxxÊÊÊîîî���AAA���nnnØØØ£££ããã
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18 CHAPTER 1. d²;Ôn�þfÔn�LÞ

Figure 1.7: xÊîÑ�¢�*ÿ��Ñ�1�¤©9ÙrÝ�Ñ�Æ
θ Cz�1Ǳ Figure 1.8: xÊîÑ�¢�*ÿ��3���½Ñ�Æ�¹eÑ�1¤©9ÙrÝ�qáÆCz�1Ǳ

Figure 1.9: X1�xÊîÑ�L§«¿ã
X��Å�éá§ÙÑ�L§�±LãǱ/¤ X ���1f²>f�^Ñ��L§§¿�CqǱã 1.9 ¤«�/ª"b�X��Ǳ1f6§-Ec§>f?u·�G�§Ù�þǱ m0§X���ªÇǱ ν0§$Ä���ü �þǱ ~̂k0¶-E�§$Ä�>f��þǱ m§�ÝǱ

~v§X���ªÇǱ ν§$Ä���ü �þǱ ~̂k¶2P1�Ǳ c§ÊK�~þǱ
h§XJUþÅð½ÆE,¤á§Kk

hν0 +m0c
2 = hν +mc2 , (C1)XJÄþÅð½ÆE,¤á§Kk

hν0
c
~̂k0 =

hν

c
~̂k +m~v . (C2)
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1.3. xÊî�A 19P1f�Ñ�Æ£=1f�Ñ��� ~̂k �\��� ~̂k0 �m�YÆ¤Ǳ θ§d
(C2) ª££�§,��²�¤�§

(m~v )2 =
(hν0
c

)2
+
(hν

c

)2 − 2
hν0
c

· hν
c

cos θ ,=
m2c2~v 2 = h2ν20 + h2ν2 − 2h2ν0ν cos θ . (C3)d (C1) ª�§

mc2 = h(ν0 − ν) +m0c
2 , (C4)

(C4) ª�²�~� (C3) ª �
m2c4

(

1− ~ν 2

c2
)

= m2
0c

4 − 2h2ν0ν(1− cos θ) + 2m0c
2h(ν0 − ν) . (C5)ddÂ�éØ�n�

m =
m0

√

1− ν2

c2

,=k
m2

(

1− ν2

c2
)

= m2
0 ,K (C5) ª=

hν0ν(1− cos θ) = m0c
2(ν0 − ν) .P

∆ν = ν0 − ν , ∆λ = λ− λ0 ,¿�ÄªÇ�Å��mk'X ν = c
λ
§Kþª=

h
c2

λ0λ
(1− cos θ) = m0c

2
( c

λ0
− c

λ

)

= m0c
2 c∆λ

λ0λ
.u´§k

∆λ =
h

m0c
(1− cos θ) =

2h

m0c
sin2 θ

2
, (1.18)
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20 CHAPTER 1. d²;Ôn�þfÔn�LÞw,§þª¥� h
m0c
´d>f�·��þ!ÊK�~þÚý�¥�1�û½�~þ"Ǳ�B§<�¡�Ǳ>f�xÊîÅ�£~þ¤§=k

h

m0λ
= λC = 0.0243× 10−10 m = 0.00243 nm .?§£1.18¤ªU�Ǳ

∆λ = 2λC sin2 θ

2
.dd´�§xÊîÑ�¥ X 1�Å��UCþ=d>f�S�5�ÚÑ�Æû½"���!!!éééuuuxxxÊÊÊîîî���AAA���)))ºººdþãO����xÊîÑ�¥ X 1�Å��UCþ�L�ªÚ©Û?ØéN´éxÊî�A��)º"

(1) d∆λ�L�ª�§∆λ = λ− λ0 > 0§ù¿©L²§Ñ�1¥Øk��\�1Å� λ0 �Ó�¤©	, �k��Å���¤© λ£½PǱ λ′¤"
(2) d∆λ�L�ª�§∆λ = λ′ − λ �'uÑ�Æ£θ¤����u�²�§3S.� θ ∈ [0, π] ��S§§w,´Ñ�Æ θ �O¼ê§=� θ O�O�"
(3) d∆λ�L�ª�§∆λ = λ′ − λ dÑ�ÆÚ>f�S�5�û½§�Ñ�Ô�«aÃ'§�\�1Å�Ã'¶Ïd§éuØÓ���Ñ�Ô�§3�ÓÑ�Æe§Å��UCþ λ′ − λ �Ó"
(4) ¦+ ∆λ �L�ªL²xÊîÑ�¥Å��UCþ�Ñ�Ô�«aÃ'!�\�1Å�Ã'§�£�cã�O�Úí�L§�§cã�Å�UCþ�L�ª´3=�Ä1f�	����>f�^e���"éu�f§1fØ=�	�>f�^��S�>f�^£>f�xÊîÅ���uX1�Å�¤§�S�>f�^Úå�Uþ=£��§Ïd�Ñ�Ô��fþ�O�§�Å� λ ¤©�3��õ§=ÙrÝO�§UC��Å� λ′ ¤©�rÝ~�"
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1.4. ²;Ôn31���ïÄ¥���(J 21�d§3�Ä1�þf5!dÂ�éØÄ��n9UþÚÄþÅð�n��¹e§<�éÐ/)º
xÊî�A"�c['�þã(JÚ¢�ÿþ(J�§éu(½ÆÝeÑ�1�¤©�Ñ�Ô�«aCz�1Ǳ�§UìþãnØ(J§Ñ�1rÝ�©ÙAT=´éAuüÅ��ü^�§ØAT´ëY��"Ǳ)ûù�gñ§·�2£�cã�O�Úí�L§§3O�¥§·�b�-Ec�>f´·��§�¯¢þ-Ec��>fÑØ�U´·��§´äk�«$ÄG�§Ïd-E��§Ñ�£Ñ�¤1¥ÒØ=äk λ Ú λ′ ü«¤©§�äkÙ§�«Å�¤©§¤±Ñ�1¤©¥äkü�¸�ëY©Ù"2ö§ducã�O�Ú©Û==´ïá3UþÄþÅð�Ä��nþ�§vk�ÄäN�1f�>f�p�^�ÄåÆÏ�§ÏdØU½þ/î�?ØÑ�1f�rÝ�Ñ�ÆCz�1Ǳ"|^�5ïá�þf>ÄåÆ£QED¤§<��±éÐ/½þ£ãù
Æ©Ù5Æ"
1.3.3 xxxÊÊÊîîî���AAA���¿¿¿ÂÂÂ£�'uxÊîÑ�ÚxÊî�A�O�Ú©Û?Ø�§·��O�Ú©Û�Ä:´1�âf5£þf5¤!dÂ�éØ�Ñ��U'X!±9UþÄþÅð�n"Ù(J�¢�(J�éÐÎÜL²§xÊîÑ�ÚxÊî�A?�Úy¢
1äkâf5£þf5¤§ǱOÏd"�dÂ�éØ�Ñ��*âf��U'XJø
¢�¯¢§�`²UþÄþÅð�nØ=·^u÷*XÚÚ÷*y�§3�*âf�^L§¥§Uþ!ÄþÅð�nÓ�¤á"�uxÊîÑ�ÚxÊî�A��Æâ¿Â§xÊî¼�
1927c�ì��ÔnÆø"
1.4 ²²²;;;ÔÔÔnnn333111���������ïïïÄÄÄ¥¥¥���������(((JJJc¡?Ø�çN�9Ë�!1>�A9X���xÊîÑ�ÑL²§1´����ØëY�Uþ8ì/¤�Uþ6§=1äk�â5§½ö`1äkâf5£½=þf5¤",§3vk�Ù�¡1�ù«�â5£âf5!þf5¤��)Ån�c§<�éJn)1�þf5"¯¢þ§�cJ�§�f1Ì@®L²1äkâf5§�ØL<�vklù�¡é�?1@ý�&Ä"¿�§���éX§<�3&?1��)Ån�§²;ÔnǱ��
î���5�(J"e¡
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22 CHAPTER 1. d²;Ôn�þfÔn�LÞ{ü0��f1Ì�*ÿ¯¢93'u1ÌÚ1��)Ån�ïÄ¥²;Ôn���(J"
1.4.1 ���fff(((������ØØØªªª���...3ïá
²;>^nØ��§<���§�>âf$ÄG�u)Cz�§>^ÅÒË�Ñ5§ǱÒ´1��)Ñ5"�19V"§'uÔ�(��ïÄL²§Ô�d©f|¤§©fd�f|¤§�f´�¹k�K>Ö�>fÚ��>Ö�Ô�/¤��N>¥5�ØUd?ÛzÆÃã©�½UC�Ä�ü�"�â>^Æ�n£²;ÔnnØ¤§Ô�áÆu1AT´|¤Ô���f¥��>âf�$ÄG�u)Cz¤�"Ǳ&?�fu1�Å�Ú�f1Ì§·�k?Ø�f�(�"���!!!���fff(((������ÜÜÜ������...

1897c§J.J. Thomson �¤ÿþÒ4��3>^|¥�;,�¢�§`²Ò4���|¤ü��K>Ö§¿ÿ½
ù
|©ü��Ö�'§luy>f£ThomsonÏd¼� 1906c�ì��ÔnÆø¤"1910c§R.A.Millikan�¤h%¢�§ÿ½>f�>þ£Milliken Ïd�z9(@OÏd"'u1>�A�nØ�¢�ó�¼� 1923c�ì��ÔnÆø¤(Ü�5�?Ð§·���§g,.¥�3>f§>f´�*âf§§äk·��þ m = 9.1093897× 10−31 kg =

0.511 MeV/c2§¿���>þ e = −1.6021773× 10−19 C"3uy>f�ØÈ� 1898 c§J.J. Thomson ÒJÑµ�f¥¥N/G§d��>Ö�Ô�Ú�K>Ö�>füÜ©|¤§Ù¥���>Ö�Ô�þ!©Ù3��¥N¥§>f©á/i3Ù¥§l¦��f�N¥>¥5"ù�Ü�~�� ¬Ù¶9·IÚÜ�Ñ~��Ü�¥Ô��©Ùé�q£Ù¶´�·I��Ä:Z½/ÚJ;�usaq§>f�©Ù��uÙ¥�Ä:Z½J;§��>Ö�Ô���uÙ¥u�L�D®"±Ü�5LÆ�f§KÙ¥��>Ö�Ô��©Ù��uÜ�¥��0Æ§>f�©Ù��uÜ�¥��dÆ¤§Ïdù��.~¡ǱÙ¶�.§Ǳ¡ǱÜ��."���!!!���fff(((������ØØØªªª���...
1903c, P. Lenard |^Ò4��ì�Ô��¢�uyÒ4���±�Ô�á
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1.4. ²;Ôn31���ïÄ¥���(J 23Â§ùL²�fØ´þ!/¿÷Ô��j¢�8ì§´�©�J�8ì£âf¤"1904c§F�ÔnÆ[�e��JÒJÑ�f(��1(�.§�f¥���>Ö�Ô�Ú�K>Ö�>fØ´þ!·Ü�§´�p©l�§�K>Ö�>f�7��>Ö�Ô�$Ä"
1909c, =IÆö H. Geiger Ú E. Marsden 3|^± RaBr2 Ǳ�)� α âf£Uþ� 7MeV¤ñÂ7Ê�¢�£Ù«¿ã�ã 1.10¤¥uy£Proc. Roy.

Soc. A 82: 495 (1909)¤ α âfk 1
8000

�VÇ���"�â>^Æ�n§�>Ö�K>Ö�m��^´áÚ�§Ïd§��>Ö� α âf���Ø�U´ α âf��K>Ö�>f�m��p�^Úå�§AT´ α âf�7�f¥���>Ö�Ô��^���"

Figure 1.10: �½qÑ��Ñ��¡«¿ãUì Thomson �Ü��.§7�f¥��>Ö�Ô�þ!©Ùu�f¥§=7�f¥��>Ö©Ùu��¥N¥"d>^Æ�n�§��»Ǳ r0 �k�>Öþ!/©ÙuÙ¥�¥N�¥%�åǱ r ���>Ö�âf¤É�¥Õü½åkeã5Æ
F ∝







r , (r < r0) ,

1
r2
, (r > r0) .ùL²§��C7�f¥%§α âf¤É�ü½å��§lØ�U�/��0"ù�(J�¢�¯¢w,ØÎ"ùL²§Thomson'u�f(��Ù¶�.£Ü��.¤Ø�("
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24 CHAPTER 1. d²;Ôn�þfÔn�LÞǱ)û α âfñÂ7Ê¢�uy� α âf�±����¯¢��f(��Ü��.Ø���gñ§1911c§©Ù4£E. Rutherford¤ JÑ�f(��Øª�.µ�f¥, ��>Ö�Ô�8¥3é��«� (< 10−14 m) S§¿��f��þÌ�8¥3�>ÖÜ©§/¤�fØ§>fK�7X�fØ$Ä"Uì Rutherford �Øª(��.§7�f¥���>Ö�Ô�/¤�m�Ýé���fØ§=�±CqǱ>ÖǱ��:>Ö§Ù� α âf�m��p�^£¥Õü½å¤ok
F ∝ 1

r2�1Ǳ"éw,§α âf��C7�f�¥%§Ù¤É�ü½åÒ��§l�U�/��0"¿�§ÏǱ7�fé�J§α âfé�C7�f¥%�VÇé�§ÏdÙ����VÇǱÒé�"Ǳ½þ£ãÑ�âf���Cz�©Ù�¹§<�Ú\�©Ñ��¡�Vg"Ù½ÂǱµ�©Ñ��¡
dσ(θ)

dΩ
=âf�Ñ�� θ��ü áNÆS�VÇ (1.19)

=
ü �mS���âfÑ�� θ��ü áNÆS�âfêü �mS\��ü q¡þ�âfê . (1.20)éu�>þ©OǱ Z1e!Z2e �üâf�¥ÕÑ�§3b�Ñ�¥%âf£~X§α âfñÂ7Ê¢�¥7�f��fØ¤·�£��ub�Ù�þǱÃ¡�¤�¹e§åÆO�£äN�N¹�¤L²§\�UþǱ Ek ��Ñ�âf�Æ©Ù£�©Ñ��¡¤Ǳµ

dσ(θ)

dΩ
=

[ Z1Z2e
2

4πε04Ek

]2 1

sin4 θ
2

.¢�¥§qÊ¡ÈǱA§þÝǱ t§ü NÈS�f�ê8ǱN§ü �mSkn�αâf��qÊþ, Pü �mSÑ�� θ�� dΩáNÆS�αâf�ê8Ǳ dn§�½Â§�A�Ñ��¡Ǳ
dσ =

1

Nt

dn

n
.u´k�¢�ÿþ���'�©Ù4Ñ�£�©Ñ��¡¤úª

dn

dΩ
= nNt

dσ

dΩ
= nNt

[ Z1Z2e
2

4πε04Ek

]2 1

sin4 θ
2

. (1.21)
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1.4. ²;Ôn31���ïÄ¥���(J 25éu αâfÑ�¢�§£1.21¤ª¥� Z1 ≡ 2§ÏdÑ��¡�6uq�þÝ
t!q�f�Ø>Öê Z2!α âf�\�Uþ Ek ÚÑ�Æ θ"glTúªJÑ§½ö`�f�Øª(��.JÑ§Rutherford!Geiger Ú Marsden Òu1913c?�Ú?1
 α âfñÂ7Ê�¢�§��<�?1
éõ¢�écã�Øª(��.e��>âf��f£¢SǱ�fØ¤Ñ���©Ñ��¡��(5?1u�"�
¢�(JÞ~Xã1.11¤«"ã1.11 ¤«�¢�(JL²§cã�©Ù4Ñ�úª�ýó�¢�ÿþ(JéÐÎÜ§l(á
�f(��Øª�."Äu©Ù4é�f(��ïÄ¤J9é�fØ���5�ïÄ¤J§¦¼�
1908c�ì��zÆø"~~~KKKµµµ �fØ���(½(Cq)�αâf�\�ÄUǱEk , ÄþǱ p =

√
2mEk , ¤OålǱ b , ��fØ�C����ål(=�fØ��»)Ǳ rm , d��ÄþǱ pm , dUþÅð�n�,

Ek =
p2m
2m

+
Z1Z2e

2

4πε0

1

rm
.dÆÄþÅðK�

bp = rmpm .Pd�Ñ�ÆǱ θ§dåÆ�n£�ÑL§�N¹�¤�§
cot

θ

2
= 4πε0

2bEk
Z1Z2e

2
.þãnªéá§�� b Ú pm§K�

rm =
Z1Z2e

2

4πε0

1

2Ek

(

1 +
1

sin θ
2

)

.

1.4.2 ���fff111ÌÌÌ — 111äääkkkâââfff555���,,,���¢¢¢���¯̄̄¢¢¢���!!!���fff111ÌÌÌ���VVVgggUì²;>^nØ§�f¥�>f7�fØ$Ä�§duÙ�ÝCzÚå>^Ë�§TË�1���)NõØÓ�Å�"²©1¤ì©1�§/¤�X��Ì�§z�^Ì�éA�«Å�£ªÇ¤¤©§ù«d©á�Ì�/¤�1Ì¡Ǳ�G1Ì§Ǳ��f1Ì"�{ü�§<�<�cº§=�w���1£~`
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26 CHAPTER 1. d²;Ôn�þfÔn�LÞ

Figure 1.11: u�©Ù4Ñ�úª£�fØª�.¤�¢�*ÿ(JÞ~"�þfãµÑ�Oê�q�þÝCz�1Ǳ¶mþfãµÑ�Oê�q�f�Ø>ÖêCz�1Ǳ¶�efãµÑ�Oê�\�UþCz�1Ǳ¶mefãµÑ�Oê�Ñ�ÆCz�1Ǳ"
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1.4. ²;Ôn31���ïÄ¥���(J 27�g,�x1¤¢Sd»£�É�7bÔÚ|¤§Ù¥�z�«1éA��Å�£ªÇ¤§=éA�^1Ì�"¢��uy§�f9d�/¤��«áÆ�±u�1§/¤u�1Ì¶Ǳ�±áÂ1§/¤áÂ1Ì"Ïd§�f1Ì�©Ǳu�1ÌÚáÂ1Ìüa"���!!!���fff111ÌÌÌ���¢¢¢���555ÆÆÆ
1. ���fff111ÌÌÌ���AAAÆÆÆ¢�uy§��f�1ÌXã 1.12 ¤«"±�f1ÌÚ��f1ÌXã 1.13¤«"ùL²§ØLy�E,	§Ù§�f�1ÌǱäk���f1Ìaq��GÌ�AÆ"

Figure 1.12: ��f1Ì«¿ã£þ�Ü©Ǳ�NVm§e�Ü©Ǳn�"X�Ì�¤

Figure 1.13: ¢�*ÿ��±�f1Ì£�¤Ú��f1Ì£m¤�f1Ì�AÆ�±V)Xeµ
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28 CHAPTER 1. d²;Ôn�þfÔn�LÞ
(1) ØÓ���1Ìäk¤©ØÓ��GÌ"
(2) �«���1Ì¥§1Ì�U�½5Æü�§/¤�X"~X§@31885cU©Æ[n�"ÏL©Û��1Ì¥1Ì��Å�§uy��f1Ì¥��
Ì�÷v

ν̃ = R
[ 1

22
− 1

n2

]

,Ù¥ ν̃ = 1
λ
= ν

c
¡ǱÅê§n = 3, 5, 5, , 6, · · ·§R Ǳ�~þ§¿� R = 4

λ0
=

109677.6 cm−1 (λ0 = 364.57 nm)"T'X~�¡Ǳn�"úª"�5�ïÄL²§��f�Ù§1Ì��ÅêǱ÷vaq�'X§=k2Ân�"úª
ν̃ = R

[ 1

m2
− 1

n2

]

, (1.22)

R = 4
λ0

= 109677.58 cm−1 (λ0 = 364.57 nm) ¡Ǳp��~þ§m!nǱ�ê§¿�n > m"m!nØÓ§/¤ØÓ��X§Ùy©5K£�uy<�6¼·¶¤Xeµ
m = 2, n = 3, 4, 5, 6, . . . , ¡Ǳn�"X£1885cuy¤¶
m = 1, n = 2, 3, 4, 5, . . . , ¡Ǳ4ùX£1906cuy¤¶
m = 3, n = 4, 5, 6, , 7, . . . , ¡Ǳø0X£1808cuy¤¶
m = 4, n = 5, 6, 7, 8, . . . , ¡ǱÙ.mX£1922cuy¤¶
m = 5, n = 6, 7, 8, 9, . . . , ¡ǱÊ´�X£1928cuy¤¶��"¿�dã 1.14 ¤«�/ªÐ«"

2. 111ÌÌÌ���ÚÚÚppp������—ppp[[[|||ÜÜÜ���nnn
(1) 111ÌÌÌ���d2Ân�"úª ν̃ = R

[

1
m2 − 1

n2

] �§�f1Ì�1Ì��Åêodü���û½§=k
ν̃ = T (m)− T (n) , (1.23)Ù¥ T (m)!T (n)=¡Ǳ1Ì�"AÏ/§��f�1Ì��±L«Ǳ TH(n) =

R
n2§w7á�1Ì��±L«Ǳ TA(n) =

Z2RA

n2 §RA � R Ñk�É§¿Ǳ¡�Ǳ£�fA �¤p��~þ"
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1.4. ²;Ôn31���ïÄ¥���(J 29

Figure 1.14: �f1Ì��X(½5K«¿ã
(2) ppp������—ppp[[[|||ÜÜÜ���nnn�5�ïÄL²§�f�?Ûü1Ì���Ñ�Ñù«�f��^Ì��Åê§=�f1Ì�ÅêÑ�±LãǱ£1.23¤ª¤«�/ª"T5Æ¡Ǳp��–p[|Ü�n"~Xµ��f1Ì� α �§ T (2)− T (3) = ν̃(Hα)"2Ân�"úªÚp��–p[|Ü�nÑL²§�f�1Ì��ÅêÑ´ØëY�§ǱÒ´`�f�1Ì�éA�Å�£ªÇ¤Ñ´ØëY�"dd�±í�§éu�«�f§ÙuÑ�1Ø´Å��±ëYUC�Å§´AÏ�äkØUëYCz�Å��Uþ8ì£6¤"
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30 CHAPTER 1. d²;Ôn�þfÔn�LÞ
1.4.3 111���������— ÅÅÅâââ������555c¡?Ø�çNË�!1>�A!X���xÊîÑ�Ú1ÌÑL²§1´����ØëY�Uþ8ì/¤�Uþ6§=1äk�â5§½ö`1äkâf5£½=þf5¤"@c�'u1�Z�!û�Ú ��ïÄ£äN?Ø�1Æ��á½;Í§~X¨âu5y�1Æ�n6£�®�ÆÑ��¤§½ M. Born, and E. Wolf,

Principles of Optics (Pergamon, London)§��¤L²§1äkÅÄ5"nÜcãy�ÚAÆ·���§�Ǳ���*ÿ�Ôn¢3§1äkcã�ü�¡�AÆÚ5�§=1QäkÅÄ5§qäkâf5£þf5¤"{ü5ùÒ´§1äkÅâ��5"Uìcã�DÚ�1��)Å�§1´>^���DÑ§äkÅ�5�§l13Ì��DÂk'�y�¥w«ÑÙÅÄ5¶3�Ô��p�^�L§¥§1Ì�LyÑÙØëY�Uþ8ì/¤�6�5�§=Ì�w«Ùâf5"o�§1QäkÅÄ5§qäkâf5§3ØÓ�¹e£|Ü¤LyÑÅâ��5�ØÓ�¡"
1.4.4 ²²²;;;ÔÔÔnnn���(((JJJcã�1�Åâ��5q�®²�¡�N
1���§�ÔnÆ��ÆØ=A&²´�oÚNo��¯K§�ATïÄ�ÙǱ�o�¯K"Ïd§éu·�y3?Ø�1§·��AT'5Ù�)Ån"cã�1��)Ån´Ô��f�Øª(�Æ`Ú>^Æ�>^Ë��n§Uì²;>^Ë��n§>f7�fØ$Ä�§duÙ�ÝG�ëYUC§ÏdË�Ñ>^Å§=uÑ1¶�âUþÅð�n§Ë�¦�>f�UþëY~�§u´Ù;��»~�!ªÇëYCz§TË�ªÇ�ëYCz�,¦�Ë�Ñ�>^Å£1¤�ªÇëYCz§@o¢�ÿþ���f1ÌATǱëYÌ"ù�(Jw,�¢Sÿþ(JîØÎ",��¡§du>f7�fØ$Ä�;��»Øä~�§>f��òá��fØþ§�Ä�fØ��>Ö!>f�K>Ö�¯¢§�>fá��fØþ�§�ö=¬�«K§l�f´Ø½�"�¢�uy§�f´½�§¿�´ØUd?ÛzÆÃã©�½UC�"éw,§3'u�f1Ì�¢�ÿþ(J§½ö2Â5ù§1�Åâ��59
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1.5. 'u1�âf5�Å��ÎþfnØ 311��)Å��ïÄ¥§²;Ôn�(Ø�¢�*ÿ¯¢�m�3îgñ"ǱÒ´`§²;ÔnǱ��
Ã{�Ñ�(J"Ïd§7LuÐ#�ÔnnØ§��£�1Ǳ�o´äkØëY�Uþ8ì/¤�Uþ6£âf5¤!Ô��fǱ�o3Ë�1��E,´½�!�¯K"&?Ú£�þã¯K�´�fÔnÆ�Ì�SN��"e¡·�÷X{¤uÐ?§§kl�²;�þf�ÎþfØÑuéù
¯K?1&?"
1.5 '''uuu111���âââfff555���ÅÅÅ������ÎÎÎþþþfffnnnØØØ
1.5.1 ÀÀÀ���'''uuu������fff(((������nnnØØØǱ)ûcã�²;Ôn���(J§ûðÔnÆ[Z�d·À�£Niels Bohr¤u1913cJÑ
ü�Ä�b�§2(Ü�IÔnÆ[¢"�ÏLí2ÊK��þfz^�JÑ�ÆÄþþfz^�§ïá
'u��f9Ù1Ì�£Î¤þfnØ§/ªþ)û
cã(J"�!0�'u��f(�9Ù1Ì�£Î¤þfnØ"���!!!ÀÀÀ������üüü���ÄÄÄ���bbb���Ǳ)ûcã(J§À�JÑ
ü�Ä�b�µ½�b�ÚªÇb�"
1. ½½½���bbb���²;Ôn3£ã�f1Ì����î(J��´�f¥�>f3Ë�1f��E,´½�"Ǳ)ûù�(J§À�b�µ�f¥�>f7�fØ$Ä�QØË�ǱØáÂUþ§´?u�½�UþG�§ù«G�¡Ǳ½�"�f�½��UþØUëY��§�U��
©áê� E1!E2!E3!· · ·§ù
©á�½�Uþ¡ǱU?"�Au�$Uþ�G�¡ǱÄ�"Ù§��pUþ�G�¡Ǳ-u�§¿��âUþd$�p�^S©O¡Ǳ1�-u�!1�-u�!��"ù
Vgw,�²;Ôn¥'u�f¥�>f7�fØ$Ä¥Ë��UþëY£ÏÙ�ÝG�3ëYUC¤�Vg��ØÓ§�3T½�b�¥@½ù
Uþ©á�G�Ñk(½�$Ä;�"
2. ªªªÇÇÇbbb���Ǳ£ã�f1Ì¥�G1Ì§=1´�°�°ØëY�Uþ8ì/¤�Uþ6�¯¢§À�b�µ�fUþ�?ÛCz£�)u�½áÂ>^Ë�¤Ñ�U3
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32 CHAPTER 1. d²;Ôn�þfÔn�LÞü�½�m±�[�ª?1"�f3± n!m IP�ü�½��m�[�§u�½áÂ�>^Ë��ªÇ÷v
hν = En − Em . (1.24)ù�Uþ=�fuÑ�1f�Uþ§Ù¥� ν =¤uÑ�1�ªÇ§nÚ m ¡Ǳþfê"���!!!ÀÀÀ���'''uuu������fffUUU???ÚÚÚ111ÌÌÌ���nnnØØØe¡·�3cã��þfVgeí���f�U?úªÚ¤uÑ�1�ªÇ£Åê¤úª"

1. ÆÆÆÄÄÄþþþþþþfffzzzP�XÚ�ÄUǱEk!³UǱEp§KXÚ�UþǱE = Ek +Ep . éu?ØçNË��·�®²?ØL���f§P���$Ä�âf��þǱm!���§ÝXêǱ k!?u � x?��ÝǱ~v§K
E =

1

2
m~v 2 +

1

2
kx2 =

~p 2

2m
+

1

2
kx2 ,Ù¥ ~p = m~v Ǳâf�Äþ£¢S´$�$Ä��:�Äþ¤"éw,§þª�±U�Ǳ

p2

2mE
+
x2

2E
k

= 1 .ùL²§��f$Ä3Ù��m¥�;�Ǳ�ý�§Ù�á¶��©OǱ
a =

√
2mE!b = √

2E
k
"2�Ä'uþã��m;��£´È©§dAÛ�n�§T£´È©�(J=ý��¡È§u´k

∮

pdx = πab = π
√
2mE

√

2E

k
= 2πE

√

m

k
.ÏǱ�§ÝXêǱ k �����ë��þǱ m ��:��ÄªÇ ν =

1
2π

√

k
m
§= √

m
k
= 1

2πν
§¤±

∮

pdx =
E

ν
.
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1.5. 'u1�âf5�Å��ÎþfnØ 33�ÄUþþfz^� E = nhν§K�
∮

pdx = nh . (1.25)ù�'X~¡ǱÊK�þfz^�"¢"�?�Úb�µþãÊK�þfz^�·^u?¿gdÝ§é=Ä§PÙÆÝCþǱ ϕ§Kk
∮

pϕdϕ = nh .ék%å|§ÏǱÆÄþÅð§= pϕ =~þ§u´k
2πpϕ = nh .ùL²§é�m=ÄÆÄþ pϕ = L§·�k

L = n
h

2π
= n~ , (1.26)Ù¥ ~ = h

2π
¡Ǳ�zÊK�~þ§n ~�¡Ǳ�A;��þfê"T'X¡Ǳ¢"�£ÆÄþ¤þfz^�"

2. UUU???úúúªªªb���f��fØ£�f¤·�ØÄ§P>f�þǱ me§Ù7�fØ¤��±$Ä�;��»Ǳ rn§$Ä�ÇǱ vn§d>f��±$Ä��%åǱ>f��f�m�¥Õ�^å§K�
e2

4πε0r
2
n

= me

v2n
rn
.@o

rn =
e2

4πε0mev
2
n

.dÆÄþ�½Â ~L = ~r × ~p �§þã�±$Ä�ÆÄþ���Ǳ
L = mevnrn .�Ä¢"�£ÆÄþ¤þfz^�§K�
mevnrn = n~ .
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34 CHAPTER 1. d²;Ôn�þfÔn�LÞu´k
vn =

n~

mern
.ò��\ rn �L�ª§Kk

rn =
e2

4πε0me
n2~2

m2
er

2
n

=
mee

2r2n
4πε0n

2~2
.d���

rn = n2 4πε0~
2

mee
2

= n2 ε0h
2

πmee
2
.P aB = r1 =

ε0h
2

πmee
2 = 5.29 × 10−11 m = 0.0529 nm§¿¡�ǱÀ��»£½�î��§1�À�;��»¤§Kk

rn = n2r1 = n2aB . (1.27)?§>f7�fØ$Ä�ÄU�±L«Ǳ
Ek =

1

2
mev

2
n =

1

2
me

n2
~
2

m2
er

2
n

=
n2h2

8π2me

1
(n2ε0h

2

πmee
2

)2
=

mee
4

8ε20n
2h2

,>f7�fØ$Ä��³UǱ
Ep = − e2

4πε0rn
= − e2

4πε0
· 1
n2ε0h

2

πmee
2

= − mee
4

4ε20n
2h2

.¤±§��f¥>f7�fØ$Ä�oUþǱ
En = Ek + Ep = − mee

4

8ε20n
2h2

.P~þ|Ü
mee

4

8ε20h
3c

= R ,Kk
En = −Rhc

n2
. (1.28)
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1.5. 'u1�âf5�Å��ÎþfnØ 35w,§éAu(½;�þfê n �G�§��f�UþǱ�u 0 �~þ§Ø�>f7�fØ�$ÄCz§Ïd§¦+>f7�fØ�$Ä´\�$Ä§���f´½�§=?u½�"
3. ������fff111ÌÌÌÏǱ;�þfêǱ n �½��UþǱ

En = −Rhc
n2Ù¥

R =
mee

4

8ε20h
3c
,dªÇb�§K�

ν =
En − Em

h
= Rc

[ 1

m2
− 1

n2

]

.¤±§d m �� n ���[�)�1�ÅêǱ
ν̃ =

1

λ
=
ν

c
= R

[ 1

m2
− 1

n2

]

, (1.29)Ù¥ Rth = mee
4

8ε20h
3c

= 109737.3 cm−1§�¢�ÿþ(J Rob = 109677.6 cm−1 éÐÎÜ§�Ñk�É"�d§òþfzb��²;>^�^5Æ�(Ü�À�nØ)û
Cn�c�“n�"úª��0"nnn!!!¢¢¢���uuu���'uÀ���f(�Ú1Ì�þfnØ�¢�u�§�@�§Ǳ´�~^�§´Å=�)â[¢�£�@�Å=�)â[¢�u1914c?1¤"
1. ¢¢¢���CCC���Å=�–â[¢�C��«¿ãXã 1.15 ¤«"C�¥ U1 Ǳ\�>Ø§U2 Ǳ~�>Ø"¢�¥§d\9�>{jÄÑ�>f²\�>Ø\�§,�2²~�>Ø~�§XJ>f3\��ã¼��UþØv
p§K3~�>Ø��^e§ù
>fØU���Âà¿/¤>6§=ØU�>6Lÿþ�"w,§>fUÄ�Ñ~�>Ø~����Âà!¿d>6Lÿþ�§�ûuÙ3\��ã�\��§ÝÚ3¿kD�íN�nS$Ä�L§¥´ÄkUþ��K"
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36 CHAPTER 1. d²;Ôn�þfÔn�LÞ
Figure 1.15: Å=�–â[¢�C�«¿ã

2. ¢¢¢���999ÿÿÿþþþ������yyy���b�d\9�>{jÄÑ�>f��ÝǱ 0§\�>ØǱ U1§dUþÅð½Æ�§3\�>Ø�^e§>f¼��ÄU Ek 9½��Ý ~ve ÷v'X
Ek =

1

2
me~v

2
e = eU1 .¢��§3ØÓ\�>Ø�¹e§d>6LÿþBL~�>Ø«��,�ý�>f�ê8"éu+S¿±D��þ�ð�¹§¢�*ÿ�(JXã 1.16 ¤«"

Figure 1.16: Ò4��+S¿±D�þ�ð�¹eÅ=�–â[¢�ÿþ(J«¿ã�	¢�ÿþ(J�§3\�>Ø U1 < 4.9 V§=>f¼��Uþ Ek <

4.9 eV�¹e§P¹��>6rÝ�\�>Ø U1 O�üNO�"du\�>Ø
U1 û½>f?\~�>Ø«���Ý�²�§�>6LP¹e>f�ê8£/¤�>6�>6rÝ¤�'u>f��Ý§Ïd¢�ÿþ��>6rÝ�\�>Ø U1 Cq¥²���'X"þã¢�ÿþ(JL²§3 U1 < 4.9 V �\�>Ø
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1.5. 'u1�âf5�Å��ÎþfnØ 37«�§�\��>fÄ�Ñ��Â84"?§·��±��§ù
�\��>f3þ�f/¤�0�S$Ä�L§¥Ø��Uþ§ǱÒ´`§=¦�\��>f�þ�f�mk-E§�A�-EǱ�5-E"�´§3\�>Ø U1 = U0 = 4.9 V§=>f¼��Uþ Ek = 4.9 eV �¹e§P¹��>6rÝâ,:ì~�§ùL²Ñy
²w/aqu~�>Ø��^�Ï�§ǱÒ´�3¦>fUþâ,~���A"�	¢�C�ÚL§�§du~�>Ø(½§Ïdù�Uþâ,~���U´ÏǱ>f�þ�f�m�-E´��5-E!lÙUþâ,�þ�fáÂ¤�"3\�>Ø U1 > U0 (= 4.9) V§=>f¼��Uþ Ek > 4.9 eV �¹e§�\�>Ø U1 Ø´ U0 = 4.9;V ��ê���¹e§P¹��>6rÝ� U1 O�O�¶3 U1 ´ U0 = 4.9 V ��ê���¹e§P¹��>6rÝǱâ,~�"ùL²§ù«�¹eǱäk¦>fUþâ,~� 4.9 eV ��A"ëì
U1 = U0 = 4.9 V �¹e�(J§·���§3 U1 > U0 �¹e§>f�þ�f�m���5-E¥���Uþ�U´ eU0 ��ê�"
3. (((ØØØþã¢�y�L²§3þ�f�>f���5-EL§¥§éu	5Uþ§þ�fØ´“5ö�Â0§´=áÂ 4.9 eV ��ê��Uþ"duÏ~¢��¸e§XÚ�§ÝÑé$£=¦þZK§ÙéA�UþǱ=´ 0.1 eV �þ?¤§Øv±¦�f?u-u�§UìÀ�[ù©ÙÆ§¢��c§D��þ�ð¥�ý�õêþ�fÑ?uÄ�¶UìUþÅð½ÆÚ��áÂ�n§�k3þ�fäkA½Uþm�G���¹e§§âUáÂ�A�Uþ"dd�§þ�fäk'Ä�Uþp 4.9 eV �1�-u�"W¿Ù§íN§~X Na!K!N ��¢��Ñ��aq�(J§¿`²
Na!K!N ��1�-u�Uþ©OǱ 2.12 eV!1.63 eV!2.1 eV!�"ù
¢�(JL²µÀ��'u�f(��þfnØ���("ÄuÀ�é�z�f(�Ú�f1Ì��z±9�5JÑéA�n2 ��z§À�¼�
 1922c� Nobel Ônø§6=�Úâ[¼�
 1925 c� Nobel Ônø"

2À��.�±éÐ£ã��f�1Ì§�Ã{½þ£ãÙ¦�f�1Ì§ǱÃ{)º1Ì��rÝ91� �y�§Ǳ
�\&?²;Ôn�cã�þf*g�'X§À�u1918cJÑéA�n£?�Úb�¤µ3�þfê�4�e§þfNX�1Ǳªu�²;NX�1Ǳ�Ó"
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38 CHAPTER 1. d²;Ôn�þfÔn�LÞ
1.5.2 ÀÀÀ���nnnØØØ���¤¤¤õõõ���ÛÛÛ������!!!ÀÀÀ���nnnØØØ���¤¤¤õõõ£�À�nØ�SN9Ù(J§·���§À�nØ��3eãn��¡��
¤õ§
(1) éÐ/£ã
��f1Ì§)û
/n�"úª��0¶
(2) �Ù/`²
1f´ØëY�Uþ8ì�Å�¶
(3) r1ÌÆ!>^Ë�!�f(�B\��nØµeSÚ�Ú�/?n"���!!!ÀÀÀ���nnnØØØ���ÛÛÛ���¦+À�nØ��
ã��¤õ§�E�3¯KÚÛ�§~Xµ
(1) 3£ã1Ì(��¡§¨ØU£ãE,1Ì"
(2) À�nØ¢S´��r²;Vg�þfb�·,3�å��.§"y��Ú��nØNX"Ïd~¡�Ǳ�²;nØ!½ÎþfØ"ǱøÆÙ¤õ�?!)ûÙ�3�¯KÚÛ�§k7�uÐ#�£���¤þfnØ"nnn!!!þþþfffnnnØØØNNNXXX999ÙÙÙïïïáááLLL§§§VVVããã

1925c§W.K. Heisenberg§M. Born Ú E.P. Jordan D�z�Ônþ��Ý
§Ý
$�¥ÑyÊK�~þ h§ïá
±Ý
/ªLã�þfåÆ – Ý
åÆ¶)û
��f!=f!��f��lÑU?!1Ì�ªÇÚrÝ�¯K"
1923c§L. de Broglie JÑ¢ÔâfǱkÅâ��5�Vg¶1926c§E.

Schroedinger JÑ£ã¢ÔâféA�Ô�Å�$Ä�§§ïá
±ÅÄ�§/ªL«�þfåÆ – ÅÄåÆ¶Ǳ)û
��f1Ì��¯K"
1926c§M. Born JÑÅ¼êÚO�º¶1928c§E.P. Jordan Ú E.P. WignerJÑÓkêL��{£½¡�gþfz�{¤¶lïá
��éØ5þfåÆ�nØµe"Ù�2�A^§E4<a"2ö§1928c§P.A.M. Dirac JÑ Dirac �§§ïá�éØ5þfåÆ¶1927

– 1929c§Dirac JÑþf>ÄåÆ£QED¤¶1950c�§R.H. Feynman JÑþfåÆ�´»È©Lã§�wÚMillsïáþf5�|nØ¶1960 – 70c�§¯õÔnÆ[�ÓãåïáþfÚÄåÆ£QCD¤¶lïáå
£ã8c��Ô�(��IO�.§¿��
é�¤õ"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

1.5. 'u1�âf5�Å��ÎþfnØ 39�u�§�Æ5½§e�Ù{�0���éØ5þfåÆ�Ì�SN§ǱäN?Ø�f9©f�(�ÚL§JønØóä"
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40 CHAPTER 1. d²;Ôn�þfÔn�LÞggg���KKK���SSSKKK
1.1. ¢�ÿþL²§��1�U6�Ý��Ǳ 135 J/(s ·m2)§Á(½���1�R����çÚ²��½§Ý��õ� ◦C"
1.2. ¢�ÿ�§3z©¨�mSÏLz²�f�¡È�/¡�Â��5g��Ë��UþǱ 8.11 J§���/¡�m�ålǱ 1.5·Z�§���»Ǳ

1.39 × 106 km§��L¡§Ý� 6000K"Ádù
ÿþ(J(½dA}-À�[ù~þ"
1.3. �§ÝǱ 5700 ◦C ��n§9þmk�»Ǳ 0.10mm ���§Á(½ÏLT��Ë�Å�3 550.0 ∼ 551.0 nm S�1�õÇ"XJË�´±u�1f�/ª?1�§Á(½1f�u�êÇ"
1.4. ¢�ÿ��»�Å�µË��Uþ�ÝǱ 4.8 × 10−14 J/m3§Á(½�»�Å�µË��§Ý!1fê�Ý!²þ1fUþ9���Ý�Å�"
1.5. *ÿL²§U�¥���UH(¥xÚ!�Ñ�7Ú§Á(½ÙL¡§Ý��Ǳõ� ◦C"
1.6. 9Ø�¿»¥�Ð©�ã/¤�»¥�§Ýp�Z�Ý§Á(½Ë��r�1�Å�Ú�A1f�Uþ"
1.7. Á��� �p 1.80m �<£�~NL§Ý�� 33.5 ◦C¤3�~�Ó·�¸e�Ë�õÇ"
1.8. (1.9) ª�Ñ
çNË���� £½Æ�Å�L�/ª"Á�Ñ�� £½Æ�ªÇL�/ª"
1.9. y3NõÅ|!�Õ!èÞÑ�k��>.�ù	N§O§±uÿ´Äkp��¾<"£1¤XJ@½N§3 39.5 ◦C£�Ñ�ÑL¡§Ý�<N§Ý��É¤9Ù±þ�<Ǳp�¾<§Á(½1¯N§Oc�È1¡AT�¯a�ù	1Å�¶£2¤XJ1¯N§OǱUÓ�uÿ��~N§£NL§Ý��Ǳ 33.5 ◦C¤�<�ªÌ§Á(½TN§Ouÿ��N§Ǳ 39.5 ◦C �p�¾<�ªÌ�Ý'�~N§�<�ªÌ�ÝpÑ�z©Ç"
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1.5. 'u1�âf5�Å��ÎþfnØ 41

1.10. �~<�ú«U
ú	���1rǱ 10−10W/m2"b�<úÒ��¡ÈǱ
0.13 cm2§Á(½§éuÅ� 560 nm �1§z¦kõ�1f?\ú«�Òk1a"

1.11. b��~<�ú«3�¦¨S�Â� 100 �Å�Ǳ 550 nm���11f�=k1a§Á(½�d���õÇ"
1.12. Á(½rÝǱ Nhν �üÚ>^Å£Ù¥ N Ǳü �mÏLü ¡È�1fê§ν Ǳ>^Å�ªÇ§h ǱÊK�~þ¤ì�����º¡þ��)�Ë�Ør"
1.13. ¢�ÿ��åüÚ>^Ë��rÝǱ 1W/cm2§XJ§5gu 1MHz �Ã�>Å§Á(½ù«�¹ezá����mS�²þ1fê"XJþãË�1r5gu 10MeV � γ ��Q"
1.14. Áy²§3vkÔ��µ��¹e§Ø�Uu)1>�A¶½ö`§gd>fØUu)1>�A"
1.15. ¢�ÿ�§é�ù�Å�Ǳ 600 nm �1>+Ò4§,\�üÚ1�1>6�����>ØǱ 2.5V§Á(½ùå1�Å�"
1.16. |^ Ca Ò41>+�1>�A¢�§æ^ØÓÅ� λ �üÚ1ì��§ÿÑ�A1>6�����>Ø U0 XeL¤�§Ëì1Å� λ£nm¤ 253.6 313.2 365.0 404.7����>Ø U0£V¤ 1.95 0.98 0.50 0.14Á(½ÊK�~þ"
1.17. ¢�ÿ�§l?¥�Ñ��>f¤I�UþǱ 2.3 eV§Á(½?L¡1>�A���Å�§¿`²æ^Å�Ǳ 680.0 nm �£�1�Äu)1>�A"
1.18. éua1.�§§�¤±Ua1¿P¹e&E§´ÏǱ.�þkÉ1ì=�±©)Ñ5�1¯Ô�©f"¢�ÿ�§©)Ñ���zÕ©fI����UþǱ� 10−19 J"Á(½�Ä|^�zÕì�.�3ù1�¸e?1ûì"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

42 CHAPTER 1. d²;Ôn�þfÔn�LÞ
1.19. Á�ÑÏ~�xÊîÑ�¥�À>f�ÄU ER �\�1fUþ Eγ,i �m�'X"
1.20. Áy²§Ï~�xÊîÑ�¥>f�À l\�����ÆÝ φ �Ñ�1f l\�����ÆÝ θ �m�'XǱ cotφ =

(

1 + hν
mec

2

)

tan θ
2
"

1.21. 3�ü1fUþǱ 0.500MeV � X ��²�CqǱ·��>fÑ��¢�¥§ÿ�Ñ��>f¼�
 0.100MeV �ÄU§Á(½Ñ�Ñ� X ���\�� X ���m�YÆ"
1.22. ��UþǱ 12MeV �1f��gd>fÑ����\���R����þ�§éT1f�ÿ��Å�´õ�"
1.23. �� 5.00MeV �>f��·���>f���u)�«§�)ü�1f§Ù¥��1f�>f\����$Ä§Á(½ùü�1f�Uþ"
1.24. 3Ï~�xÊîÑ�¢�¥§XJÑ�Ñ�1f�±�)£�«Ǳ¤�é�K>f§Ù��Ñ�ÆØ¬�Lõ�"
1.25. éæ^d 137Cs ���Å�Ǳ 0.0188 nm � γ ���gd>f�Ñ�¢�¥§3�\���R����ÿþÑ�1�5�§¢�ÿ��Å� £Ǳõ�º\�13Ñ�����UþÓoUþ�'~Ǳõ�º���À>f�ÄUǱõ�º
1.26. Á?ØXÛ)û©Ù4Ñ�¥�cÑ��£ã�¯K"
1.27. 3í�©Ù4Ñ��¡úª�L§¥vk�Ä¢SáÆ¥Ñ�¥%�pñ	�þÝ¯K"~X§1913cX�Úêd�ÿþ α âf£E± RaBr2 Ǳ�)¤ñÂ7Ê½ÕÊ�¢�¥§P¹��z©¨Ñ�� θ ��� α âf�OêXe Ñ�Æ θ 45 ◦ 75 ◦ 135 ◦'uAuÊ�Oê 1435 211 43'uAgÊ�Oê 989 136 27.4

AuÊ�þÝǱ 1.86��§AgÊ�þÝǱ 2.82��§�Ý©OǱ 1.93 ×
104 kg/m3!1.05 × 104 kg/m3"Á�Ñùü¢�¥z�Ñ�Æ?©Ù4úª�ÑOê�¢SOê�'�"¿?ØXÛ)ûù�þÝ¯K"
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1.5. 'u1�âf5�Å��ÎþfnØ 43

1.28. Á(½§3=�Ä¥Õ�^�¹e§�f± 2.0MeV �ÄU�� Au �fØ�U
�����ål¶XJ�Ä�f��»Ǳ 0.8 fm Ú Au Ø�»Ǳ
8.1 fm �k��Ý�y¢§=Ø�:>ÖCq§± 2.0MeV �ÄU\���fUÄ� Au �fØ�>lu)Ø�A"

1.29. éu��f�UÌÚ1Ì§<�~Ú\p��~þ?1{'�Lã§Á`²Ǳ�o|^À��ÎþfØ£�²;þfØ¤O������f�p��~þ�¢�ÿþ(J�m�3�É"
1.30. |^UþǱ 12.5 eV �>f-uÄ���f§É-u���f�$U��[��±uÑ=
Å��1Ì�"
1.31. b���>f�±3��»Ǳ R!o�>þǱ Ze�þ!�>¥S$Ä§Áæ^À�nØ�{O��Au3�>¥S$Ä�@
G��U?"
1.32. ü�©O?uÄ�!1�-u����f±�Ç v��$Ä§XJ�5?uÄ����fáÂl-u���fuÑ�1��fÐ�[�1�-u�§Á(½ùü���f��$Ä��Ç v"
1.33. Á(½��f1Ì¥ u��1«�@
Ì��Å�"
1.34. ®���fÄ��UþǱ −13.6 eV§Á�Ñ��f1Ì�4ùX!n�"X!ø0X¥��Å4�Å� λLll !λBll !λPll 9áÅ4�Å� λLsl !λBsl !λPsl©OǱõ�º
1.35. ¢�ÿ�§��f1Ì�n�"X��áÅ�Ǳ 365 nm§Á(½��f�>lU"
1.36.���f�[�-uUǱ 10.19 eV�G��§uÑ��Å�Ǳ 489 nm�1f§Á(½��f¤?Ð��(ÜU"
1.37. ·���fl1�-u��Ä��[u���1f§Á(½ù���f¼���À�Ý9�ÀU�¤uÑ1fUþ�'�"
1.38. >f�\¿§e���fíN§Á(½§XJ*ÿ�
 Hα�§Á(½\�>f���ÄU"
1.39. �$Ä�f���·��Ä���fu)����5�é%-E§(J¦���fu�Ñ��1f§Á(½$Ä�f��Ý��Ǳõ�"
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44 CHAPTER 1. d²;Ôn�þfÔn�LÞ
1.40. ·���§À�'u��f�nØ��©Ñu:´¥Õ|¥$Äâf�²;åÆ£ã�Y§vk�Ä>fp�$Ä��éØ5�A"¢"��@�Ä
�éØ5?�é��fU?��z"Áy²§3�Ä
�éØ5?��¹e§À�nØ(J¥ÌþfêǱ n �U??�Ǳ

En = −1

2
m0c

2
(Zα

n

)2[

1 +
1

4

(Zα

n

)2]

,Ù¥m0Ǳ>f�·�þ§ZǱ�fØ�Ø>Öê§cǱý�¥�1�§α =
e2

4πε0~c
£~¡�Ǳ°[(�~ê§3>^�^�'��AÆþ¤"
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Chapter 2

þþþfffåååÆÆÆÐÐÐÚÚÚ
2.1 Ô�Å�Vg9ÙÅ¼ê£ã 2.2 Ônþ�Ônþ�Î
2.3 þf���U\�n 2.4 �ÿþþ��89Ù�Ó�Æ¼ê
2.5 þf�ÚÔnþ��m�üz 2.6 ��½�¯KÞ~
2.7 ½��6O��{

2.1 ÔÔÔ���ÅÅÅ���VVVggg999ÙÙÙÅÅÅ¼¼¼êêê£££ããã
2.1.1 ���***âââfff���ÔÔÔ���ÅÅÅ���VVVggg���!!!ÔÔÔ���ÅÅÅVVVggg���JJJÑÑÑ

1923c§{I�cÆö�ÙÛ¿£Louis-Victor de Broglie¤3ÙÆ¬Ø©¥JÑ�*âf�Ô�Å�Vg"ÙÄ�SN´µ¢Ôâf�1��§QkÅÄ5qkâf5"Ï~§£ã¢Ôâf5��;.Ônþ´UþÚÄþ§£ãÅ�5��;.Ônþ´ªÇÚÅ�§�äk�½Uþ E ÚÄþ p �¢Ôâf�éX�Å£Ô�Å¤�ªÇ ν ÚÅ� λ ©OǱ
ν =

E

h
, λ =

h

p
. (2.1)ùü�úª¡Ǳ�ÙÛ¿'X"���!!!ÔÔÔ���ÅÅÅVVVggg���¢¢¢������yyy�ÙÛ¿�Ô�ÅVgL²§¢Ôâf�1��§äkÅâ��5"ùw,´��4Ù�ÿ�b�§Ïd§3��9Ù�§<�?1
éõ¢�é�?1u

45
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46 CHAPTER 2. þfåÆÐÚ�"
1. ������ÖÖÖ)))���"""¢¢¢���ÚÚÚ)))000ÖÖÖ¢¢¢���w,§Ǳu�¢Ôâf�Åâ��5§����¢�AT´�`²1�ÅÄ5�¢�aq�¢�§�r1�Ǳ�*âfå6"u´§1927c§C. J.

Davisson Ú L. H. Germer ?1
ò>få��ü¬L¡!*ÿÙû�y��¢�"Davisson–Germer ¢���n«¿ãXã 2.1 ��ýfã¤«"

Figure 2.1: >få�ü¬û�¢��nã£�¤9±n�z�Ǳq�¢��*ÿ(J£m¤éu1�ü¬û�¢�§dã 2.1 ��ýfã�§�¬NL¡¤ θ Æ\��²11å²¬�måǱ d �ü��¬����§Ùm�1§�Ǳ
∆L = 2d sin θ .�T1§�Ǳ\�1�Å� λ ��ê��§þãü/1�0Ó� U\§Ñy��û��«§P�«?gǱ k§KkÑy�«�^�
d sin θ = k

λ

2
.XJ�ÙÛ¿�Ô�Åb��(§=�*âfäkÅÄ5§K±Ùå6�O²11AT*ÿ�aqu1�ü¬û��û��«"1927c Divission Ú Germer ±>få6�O²11¤�¢��*ÿ(JXã 2.1 �mýfã¤«"éw,§T*ÿ(J�1�û��(J���Ó"lǱ>f�Åâ��5Jø
��¢�¯¢"
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2.1. Ô�Å�Vg9ÙÅ¼ê£ã 47

1927c§G. P. Thomson ?1
ò>få��7Ê!*ÿÙû�y��¢�§Ǳ*ÿ��1�û�¢������aq�û�ã�§Xã 2.2 ¤«"ùǱǱ>f�Åâ��5Jø
��¢�¯¢"

Figure 2.2: >få²7á7L¡û��¢�*ÿ(JÄu�ÙÛ¿�Ô�ÅVg3�«Ú£ãÔ�âf�5�Ú��¥���z§de Broglie ¼�
 1929 c� Nobel ÔnÆø¶Äu3|^¢�y¢�ÙÛ¿�Ô�ÅVg¥��z§þãü¢��Ì��¤< Davisson Ú Thomson ¼�

1937 c� Nobel ÔnÆø"
2. >>>fffVVV¿¿¿ûûû���¢¢¢������VVVcccººº¢¢¢���¦+3 20 V 20 – 30 c�=�¤
�X�y²�ÙÛ¿�Ô�ÅVg��(5�¢�§�<�éuù�Vg£½ö`§nØ¤��¡u���3?1"éu>f�ÅÄ5�?�Úu��;.¢�´ 20 V 60 – 70 c�?1�>få6ÏLV¿�¢�"éu>f�V¿¢�*ÿ��(J9Ù�²;�¹�'�Xã 2.3 ¤«"�äN�©ÛL²§²V¿û��>f3�*ÿ¶þØÓ ��ê8�©ÙXã 2.3�£c¤Ü©¥�� n12 ¤«"éw,§XJ>f�²;�âfäk�Ó�5�§==k�â5§K>få6²Lü¿��ê8�©Ù£VÇ¤�½´�éX¿Y�õ! l�é��§=©OXã 2.3 ¥� n1!n2 ¤«§�N�J�½¥Xã 2.3 �£b¤Ü©¥ n12 = n1 + n2 ¤«�¥m©Ùõ! l¥m�üý©Ù��AÆ§¿�� lålO�üN~�"�ã 2.3 �£c¤Ü©¤«�¢�*ÿ
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48 CHAPTER 2. þfåÆÐÚ

Figure 2.3: >få�¼V¿û�¢�ÿþ(J9Ù�²;�f�Ú²;�Å²V¿��©Ù�'�µé²;�Å�ÿþ(J£a¤!é²;�f��ÿþ(J£b¤!é>få²V¿�ÿþ�(J£c¤"¯¢w,�>f=äk�f��Ó��â5�¹e¤��(JØ��§´¥²w�õ��m�Øþ!©Ù"�äN/§Ù©Ù�ã 2.3 �£a¤Ü©¤«�²;�Å²V¿�¤¥�û�ã����Ó"dd��§>få63DÂL§¥k�Å���Ó�5�"?�Ú§>få6²V¿�U\�1ǱØ´VÇ��U\!´Å��U\�â(½ÙrÝ£VÇ¤©Ù"¦+cã¢�éÐ/`²
>få6äk�1���5�§=äkÅâ��5§�ÿÃ{`²þã¢�*ÿ��Åâ��5´£/ü�0¤>f���Å
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2.1. Ô�Å�Vg9ÙÅ¼ê£ã 49â��5§ÏǱÃ{üØ¢�(J´å6¥éõ>f��N�A"Ǳ)ûù�¯K§¿�|Æö Merli �ÚF�Æö Tonomura �©Ou 1976 c!1989 c?1
>få6�VcºZ�¢�£Am. J. Phys. 44, 306 (1976); Am. J. Phys.

57, 117 (1989)¤"w,§XJå64Ù�f§K�±@Ǳ���Ǳ�k��>f��¿²Vcº�^�UC��§lÿþ��(J´ü�>f5���N"Tonomura��4få6\�£�>f�å� 150 km¤��©O3�Â¶\È 10 �>f!100 �>f!3000 �>f!20000 �>f!70000 �>f�¹e�ÿþ(J©OXã 2.4 �(a)!(b)!(c)!(d)!(e) ¤«£�g Am. J. Phys. 57,

117 (1989)¤"

Figure 2.4: 4f�>få²VcºZ�¢��*ÿ(J§Ù¥d (a) � (e) ©O´�Â¶�Â 10 �>f!100 �>f!3000 �>f!20000 �>f!70000 �>f�¹e��ÿþ(J"w,§3¢�m©�4á�m£U>få6¬�ò�§� 0.01 ¦¤�ÿþ=ÿ��
lÑ�:£Xã 2.4(a) ¤«¤§`²Ñ�>f3�m�©ÙØ´þ!©Ù§�ØU`²>fäkÅÄ5"�²��m�£� 70¦¤�ÿþ���%´²wrf�m�©Ù£Xã 2.4(e) ¤«¤§¿�rf�m�©Ù²wäkÅ�ZU
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50 CHAPTER 2. þfåÆÐÚ\/¤�Z�^«�AÆ"XJü�>fvkÅ�5�§KØÓ�Ǳ���Â¶�>f3¶þ�cã�f���£Ǳ�`²õâfXÚ�G�äkÚO5Æ�³�î�¢�¥��¥��¤{üU\§Ø¬Ñyrf�m�©Ù¶�kØÓ�Ǳ���Â¶�>fÑäkÅ�5�§§�âU�ZU\/¤rf�m�÷vÅ��ZU\5Æ�©Ù"�d§·���(Jµ>f��Ò´âf�Å�8ÜN§äkÅâ��5"
3. ¥¥¥fff¬¬¬NNNûûû���¢¢¢����*âf«aéõ§�20V30c�§<�@£��Òk>f!�f!¥f�"

1947c§N. H. Zinn �r Ek ≈ kBT ≈ 0.0259 eV £λ = h
p

= h√
2mnE

≈
0.178 nm¤�9¥f6ì��ü¬N�)�þ§*ÿ�û�ã�"1948c§E.O.

Wollan Ú C.G. Shull �ò¥få��Åz?!7f��¬Nþ§*ÿ�aqÅKÙ¤û��s�"ù
¢�L²§¥fǱäkÅÄ5"
4. þþþfff���999¢¢¢���cã¢�`²�*âfäkÅâ��5§¿�âf5�ÅÄ5�m�'XX�ÙÛ¿'X¤ã"�ÿ�JøÅÄ�äN�ª�&E"

1993c§M.F. Grommie �|^×£��w�£STM¤Eâ¢y
é�f�ö�§(Juy§�u�7á Cu L¡þ� Fe �fü�¤��/�þf�9£r = 7.13 nm¤§Xã 2.5 ¤«£�g Science 262, 218 (1993)¤"*ÿ�� Fe �Ó%�G�7Åw,L² Fe �fäkÅÄ5"nnn!!!ÔÔÔ���ÅÅÅbbb������¿¿¿ÂÂÂÔ�Åb�¦��*âf�1äk���Ó�AÆ§Ù¿Â��Ly3eãü��¡"
(1) '''uuu¢¢¢ÔÔÔâââfff���nnnØØØ���±±±���'''uuu111���nnnØØØÚÚÚ���ååå555Q,¢Ôâf�1äk�Ó�AÆ§=ÑQäk¥ü��âG�âf5qäk�Ä3�mDÂ���ÅÄ5§@o£ã§��5��nØ�{AT�±B\��µe§ǱÒ´'u¢Ôâf�nØAT�±�'u1�nØÚ�å5"
(2) ���ÏÏÏ<<<������ggg,,,///nnn)))���***âââfffUUUþþþ������ØØØëëëYYY555
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2.1. Ô�Å�Vg9ÙÅ¼ê£ã 51

Figure 2.5: ×£��w�º*ÿ���u�7á Cu L¡þ� Fe �fü¤���/�þf�9"d�ÙÛ¿Ô�Åb�����§�*âf�ÄþÚUþ©O��Ä3�mDÂ�Å�!ªÇéA§@o§�*âf�Äþ!Uþ!ÆÄþ�þfz���k��m¥7Å�ªÇÚÅ��ØëY5�éX§Xã 2.5 ¤«§¿�/�/LãǱã 2.6 ¤«�/ª"
Figure 2.6: Ô�ÅÅ��ØëY5£þf5¤�7Å«¿ã"P�»Ǳ r ��±éA n �Å�Ǳ λ �7Å��Ä¥%§w,k

2πr = nλ , (n = 1, 2, 3, · · · ) ,u´
λ =

2π

n
r , (n = 1, 2, 3, · · · )ØUëYCz§=´þfz�"?§XÚ�ÆÄþ��Ǳ

L = rp =
nλ

2π
· h
λ
=
nh

2π
= n~ .
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52 CHAPTER 2. þfåÆÐÚùL²§ÆÄþþfz´�*âf��ÙÅÄ5�éX��kAÆ"ooo!!!ÅÅÅâââ������555999ÙÙÙ�������ÙÛ¿�Ô�ÅVg`²Ô�âfäkÅâ��5§=Qäkâf5qäkÅÄ5"ÄÙ¢�§Ô�âf�âf5´ÙÄ�5���*LÆ§ǱÒ´Ù�â5½�f5§äk�½��þ!>Ö�S�á5§�Ù$ÄØäk(½�;,§äkÅÄ5"Ô�âf�ÅÄ5Ǳ´âf����LÆ§Ì��âf3DÑL§¥äk�Å����U\5£Z�!û�! �£3�fØÔnÆÚâfÔnÆ¥Ï~¡�Ǳ/4z0¤¤§�ù«ÅØ´²;Å�§§ØU*Ñ"~X§>f3V¿û�¢�¥Ì�¥yÙÅÄ5§>f3ÙxÊîÑ�¢�£=±>fñÂd������f/¤�Ô�áÆ!*ÿÑ�>f3�m�©Ù¤¥Ì�¥yÙâf5"Ïd§Ô�âf�Åâ��5��´�*âf�“�f50ÚÅ�“U\50�Ú�§=“þfâf0Ú“þfÅ0´Ó��*�N£Ôn¢3¤�ØÓý¡"�äN�=§âf�þfz¦ÙÅÄ5�±Ðy§Å�þfz¦Ùäkâf5"V)5ù=§âf´Å�þf"
2.1.2 ÔÔÔ���ÅÅÅ���£££ããã— ÅÅÅ¼¼¼êêêgl�ÙÛ¿JÑÔ�Å�Vg§éõ¢�L²§�*�NÑäkÅÄ5"·���§Å�±^¼êL«§@o§�*�N�G��±^¼ê Ψ(~r, t) =

Ψ0e
i(~k · ~r−ωt) L«§�Ä�ÙÛ¿'X§Kk

Ψ(~r, t) = Ψ0e
i(~p · ~r−Et)/~ . (2.2)TLÆ�*�NG��¼ê¡Ǳ�*�N�Å¼ê"

2.1.3 ÅÅÅ¼¼¼êêê���ÚÚÚOOO���ººº>^ÆïÄL²§1£>^|¤�rÝdÙ>|rÝ�²�û½µI ∝ | ~E|2"3OÏd"�1þfnØe§1|�rÝéA1fÑy�VÇ�Ý§½=1Å���²�Ǳ1fÑy�VÇ"éu£ãÔ�âfG��Å¼ê Ψ§½Â
|Ψ|2 = Ψ∗Ψ§ÏLäNO�ü�gdâfmÑ��Ñ��¡£ØÓ��Ñ��VÇ�Ý©Ù¤§ëì1Å£>|rÝ¤���²�éA1fÑy�VÇ��n§
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2.1. Ô�Å�Vg9ÙÅ¼ê£ã 53=IÔnÆ[ê�d·À�(Max Born)u 1927 c(Nature 119: 354 (1927))JÑ
|Ψ(~r, t)|2∆x∆y∆zL« t�ǱâfÑy3�m ~r?��N� ∆(3)~r = ∆x∆y∆z ¥�VÇ"ǱÒ´`§|Ψ(~r, t )|2 Ǳ t�Ǳ�VÇ�Ý"~X§å64f�>f�VcºZ�¢�L²§3éá�mS§>f3ÏLVcº��Å©Ù¶�3����m�§V¿��P¹¶þ�ßP¹e�1�V¿û�(J�Ó�ã�¶du>få64f§ÏdP¹¶þP¹��ã�Ø�U´ØÓ>f�m�pZ��(J§´z�>fÑ�Au��Å§ÙÏLVcº��©ÙÒ´ÙÅ¼ê���²�LÆ�VÇ�Ý©Ù"

2.1.4 ÚÚÚOOO���ººº999ÙÙÙ§§§ÔÔÔnnn^̂̂���éééÅÅÅ¼¼¼êêê������¦¦¦Å¼ê�ÚO�º�«
Å¼ê�Ôn��§léÅ¼ê�Ñ
�¦§½ö`g,/Jø
��^�"Q,Å¼ê´£ã�*âfG��VÇ�ÝÅ§@o§g,ATdâf¤?�¸9�A�ÄåÆ5Æû½"ÏdÅ¼ê�ÚO�ºÚÙ§Ôn^�ÑéÅ¼ê�Ñ��§�âù
��·��±��Å¼ê�Ä�AÆ"��!éd�±?Ø"���!!!ÚÚÚOOO���ºººéééÅÅÅ¼¼¼êêê������¦¦¦
1. ÅÅÅ¼¼¼êêê´́́kkk������!!!���±±±888���zzz���¼¼¼êêê�âÅ¼ê�ÚO�º§|Ψ(~r )|2 ´âfÑy3 /�m¥ ~r NC�VÇ�Ý§´'umþ ~r ��½¼ê§duâfÑy3 /�m¥?� ~r NC�VÇØ�U´Ã¡�§= |Ψ(~r )|2 Ø�U´Ã¡�§ÏdÅ¼ê Ψ(~r ) �½´k��¼ê"âd§·��±éÅ¼ê�1Ǳ�Ñ½5���"~X§é�»Ǳ r ���nS�âf�Å¼ê§�â |Ψ(~r )|2r3 k��g,^�§·���§âfÑy3¥%NCé��«mS�VÇ´k��§½= lim

r→0
|Ψ(~r )|2 r3 Ǳk��"P

Ψ ∼ 1
rs
§K |Ψ|2 ∼ r−2s§Ǳ�y lim

r→0
|Ψ(~r )|2 r3 Ǳk��§= lim

r→0
r3−2s Ǳk��§u´§ATk 3− 2s→ 0+§¤± s < 3

2
"du3ØÓ�Ǳ§Ô�âf�½Ñy3��� /�m¥�,�?NC§½=âfÑy3��m ~r ∈ (−∞, ∞) ¥�VÇǱ 1§ǱÒ´âf3��m¥�?NC
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54 CHAPTER 2. þfåÆÐÚÑy�VÇ�oÚ�u 1"V)5ù§=Å¼êAT´8�z�"±êÆ/ªLã§=k
∫

|Ψ(~r )|2d3~r = 1 , (2.3)ùǱÒ´`§Å¼ê�½´�²��È�"�âÅ¼êAT´8�z�Ä��¦§XJ,Å¼ê Ψ(~r ) ÿ�8�z§=
∫

|Ψ(~r )|2d3~r = C ,K�Ú\8�zÏf 1√
C
¦�8�z"I�5¿�´§Ñ�Å ΨS(~r) = C ei~p · ~r/~ £Ù¥ C Ǳ~þ¤ØU��8�z§ÏǱ |ΨS(~r)|2 = |C|2§K

∫ ∞

−∞
|ΨS(~r)|2d3~r =

∫ ∞

−∞
|C|2d3~r = |C|2

∫ ∞

−∞
1d3~r = ∞ ,lC�ê�Ã{(½§=ØU��8�z"Ǳ)ûù�¯K§<�Ï~Ú\Û§~XPÛÏfǱ fd(~r)§§3��m²��È§K fd(~r)ΨS(~r) =�8�z",��)û�Y´æ^ δ-¼ê8�z�Y�?18�z"

2. ÅÅÅ¼¼¼êêê´́́üüü���¼¼¼êêêduVÇ�Ý |Ψ(~r, t)|2 3?¿�Ǳ t Ñ´(½�§ǱÒ´` Ψ(~r, t) 3?¿�Ǳ t Ñ´(½�§ÏdÅ¼ê Ψ(~r, t) AT´�m£t¤Ú�m£~r¤�ü�¼ê"dd��eãü�íØ"
(1) 3þfåÆ¥§äk��¢3¿Â�´�éVÇ©Ù"~X§éÅ¼ê Ψ(~r) Ú CΨ(~r)§ÏǱé?¿ü: ~r1§~r2§

|CΨ(~r1)|2
|CΨ(~r2)|2

=
|Ψ(~r1)|2
|Ψ(~r2)|2

,¤± CΨ(~r) Ú Ψ(~r) £ã��éVÇ©Ù���Ó§½= CΨ(~r) � Ψ(~r) £ãÓ��VÇÅ"
(2) 3Ï~�¹e§Ô�âf�Å¼êäk~ê �Ø(½5"~X§éu~ê α§du

|eiαΨ(~r)|2 = e−iαΨ∗(~r)eiαΨ(~r) = Ψ∗(~r)Ψ(~r) = |Ψ(~r)|2 ,
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2.1. Ô�Å�Vg9ÙÅ¼ê£ã 55= eiαΨ(~r) � Ψ(~r) éA�VÇ�Ý©Ù�Ó§Ïd eiαΨ(~r) � Ψ(~r) L«Ó��VÇÅ"ùL²§3Ï~�¹e§Ô�âf�Å¼ê�±����~ê� §ǱÒ´äk~ê �Ø(½5"Ô�âf�Å¼êäk~ê �Ø(½5§§��±��~ê �§¿Ø´`þf� Ø�"��§�\�ïÄL²§þf �é�§~XCMÛìÅ–À0£Aharonov-Bohm§AB¤�A!�|� £Berry Phase¤9Ù§�'ÿÀ�9�C!äk>4zÇ�¥5EÜâf3^|¥�k��þ!��Ñ´þf� ��5�Ny"���!!!³³³|||555���ÚÚÚ>>>...^̂̂���éééÅÅÅ¼¼¼êêê������¦¦¦c®ã9§Å¼ê�ÚO�ºéÅ¼ê�äN1ǱJø
g,���^�"¯¢þ§Q,Å¼ê´£ã�*âfG��VÇ�ÝÅ§@o§ATdâf¤?³|�¸9�A�ÄåÆ5Æû½"Ïdâf¤?�³|Ú>.^��ÑéÅ¼ê�Ñ��§�âù
��·��±��Å¼ê�Ä�AÆ"ùpéd�±���?Ø"
1. ÅÅÅ¼¼¼êêê Ψ(~r, t) 999ÙÙÙFFFÝÝÝ ∇Ψ(~r, t) AAAëëëYYY

1926c§c/|ÔnÆ[ E. Schroedinger JÑ3³| U(~r) ¥$Ä�Ô�âf�Å¼êA÷v$Ä�§£Ï~{¡ǱÅ½��§¤µ
ı~
∂

∂t
Ψ(~r, t) =

[

− ~
2

2m
∇2 + U(~r )

]

Ψ(~r, t) ,Ù¥ − ~
2

2m
∇2 + U(~r ) ¡ǱXÚ�M�îþ£Hamiltonian¤§~P�Ĥ"éw,§T$Ä�§£ÄåÆ�§¤´Å¼ê'u�m����êÚÅ¼ê'u�m����ê�¤��©�§"Ǳ�yLÆâfG��Å¼ê(¢�3§=þã�§k(½�)§���¦3³|Ǳ U(~r) ��¹e§þã�§�½¤á§=Å¼ê'u�m����ê ∂Ψ(~r,t)

∂t
ÚÅ¼ê'u�m����ê ∇2Ψ(~r, t) Ñ7L�3"Ǳ�yþã���êÚ���êÑ�3§K�¦§3 U(~r ) ´ ~r �ëY¼ê��¹e§Å¼ê Ψ(~r, t) 9ÙFÝ ∇Ψ(~r, t) ÑAT´ëY�¼ê"

2. éééuuuåååPPP���§§§ÅÅÅ¼¼¼êêê333ÃÃÃ¡¡¡���???���½½½ǱǱǱ"""�¶gÂ§åP�´=�3u�½��mS�G�§=âf3Ã¡�?�VÇ�Ý�½Ǳ 0£ÄK§ǱÑ��¤"ǱÒ´`§∣

∣Ψ(~r )
∣

∣

r→∞
2
= 0§¤±

Ψ(~r )|r→∞ = 0§=µéuåP�§ÙÅ¼ê3Ã¡�?�½Ǳ""
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56 CHAPTER 2. þfåÆÐÚþã^�éÅ¼ê�Ñ
��§d�·��±(½Å¼ê¥��
ëþ"e¡0���A^¢~"~~~KKK1: b� Ψ(x) = Ax(a − x) Ǳ3«m [0, a] ¥$Ä�âf�Å¼ê§Á(½µ(1) ~ê A �ê�¶(2) âf3Û �NCÑy�VÇ��")µ (1) ÏǱ®� Ψ(x) = Ax(a − x) Ǳ [0, a] «mSâf�Å¼ê§�)¯K��´(½Å¼ê�L�ª¥�8�z A"Ǳ)ûù�¯K§·�k�âÅ¼ê�ÚO�º(½âf3K�«mS�VÇ"�*/§
∫ a

0

|Ψ(x)|2dx =
∫ a

0
A2x2(a− x)2dx

= A2
[

a2
x3

3
− 2a

x4

4
+
x5

5

]∣

∣

∣

a

0
= A2 a

5

30
.dÅ¼ê�8�z^��

∫ a

0

|Ψ(x)|2dx = A2 a
5

30
= 1 .)��

A =
√

30/a5 .¤±§Å¼ê¥�½�~êǱ A =
√

30/a5"
(2) (½âf3Û?NCÑy�VÇ��§=(½TÅ¼êLÆ�âfG��VÇ�Ý������ �"�K¿§âf3 x?Ñy�VÇǱ

∣

∣Ψ(x)
∣

∣

2
= A2x2(a− x)2 =

30

a5
x2(a− x)2 .w,§ù´��'u x �og¼ê"�K¿§(½¦âfÑy�VÇ�Ý������ �=(½�yþãog¼ê��4��� �"d4�^��§�

d

dx
|Ψ(x)|2 = 30

a5

[

2x(a− x)2 − 2x2(a− x)
]

=
60

a5
x(a− x)(a− 2x) = 0�§|Ψ(x)|2 k4�")þã�§�§x = 0, a

2
, a ?k4�"
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2.2. Ônþ�Ônþ�Î 57qÏǱ¼ê��4���^�´4�?¼ê'umþ����ê�u 0§��O�þãn�4�?����ê�
d2

dx2
|Ψ(x)|2|x=0 =

60

a3
> 0 ,

d2

dx2
|Ψ(x)|2|x=a/2 = −30

a3
< 0 ,

d2

dx2
|Ψ(x)|2|x=a =

60

a3
> 0 .w,§= d2

dx2
|Ψ(x)|2|x=a/2 < 0§¤±§âf3 x = a

2
NCÑy�VÇ��"

2.2 ÔÔÔnnnþþþ���ÔÔÔnnnþþþ���ÎÎÎ
2.2.1 ÔÔÔnnnþþþ���������ØØØ(((½½½555���!!!���***âââfff���ÔÔÔnnnþþþ���������ØØØ(((½½½555
1. ¢¢¢~~~·�®²Ù�§²;âf� � ~r ÚÄþ ~p �±Ó�°((½£�ÿ½¤"

Figure 2.7: >fü¿û�¢�9Ù(J«¿ã"�´§éu�*âf§dã 2.7 ¤«�>f�ü¿û�¢�(J�§PT>f��ÙÛ¿Å�Ǳ λ§K� d sin θ = kλ �§=� sin θ = k λ
d
�§Ñy k ?��§ùL²§û�d¿°Ý d ��§>få¤�)�û�ã��¥%4�£k = 1¤«���"dud¿�°Ý�½>f� �§û������LÆÏLd¿��>f�Äþ���§@o§þãû�¢�(JL²§éâf �ÿþ�°(Ý�p§éâfÄþÿþ�°(ÝÒ�$¶½=§3ÿþ>fG��§<�Ã{Ó�(½
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58 CHAPTER 2. þfåÆÐÚÙ �Ú�A��þ�Äþ§§��Ø(½�� ∆x Ú ∆px Ø=ØÓ�Ǳ"§�Ù¦Èke�"
2. äääNNN©©©ÛÛÛe¡�	Ñyþãy���Ï"·�®²��§�*âfäkÅâ��5§ÙÄþ p �Ù�A�Å�Å�÷v�ÙÛ¿'X p = h

λ
"·����§Å� λ £ã���Ä�3DÂL§¥�©Ù«�§ÏdâfØU�²;Ôn¥���CqǱ:"?��§âf�Äþ�Ù¤? /�m�'XØ´/:0�/:0�m�éA§´/ã0�/ã0�m�éA§=3£ãâfG����m¥§�*âf��;�Ø�²;âf�±d�^�LÆ§Ad��ÎfLÆ¶=¦�½âf�ÄþǱ��(½�ê�§=3Äþ�m¥�±CqǱ��/:0§Ù©Ù�Au�^�§âf��;�ǱØ´�^�!´�^�f§�f�°ÝdÅ�LÆ�/ã0û½"äN/§Å�DÂ�½k�ÄþéA��Ý§é±ÏǱ τ!ªÇǱ ν �Å§τν = 1§ÿ½��Å�5���m ∆t ≥ 1

∆ν
§=Ak ∆t∆ν ≥ 1"é(½Å�£P�Ǳ v¤�¹§T�mS§DÂ�ålǱ ∆x = v∆t"u´k

∆x

v
= ∆t ≥ 1

∆ν
.�Ä ν = v

λ
§∆ν = −v∆λ

λ2
§K�

∆x∆λ ≤ λ2 .�Ä�ÙÛ¿'X
λ =

h

p
, ∆λ = − h

p2x
∆px ,K�

∆x∆λ = −∆x∆px
h

p2x
≤ λ2 .=k

∆x∆px ≥
(λpx)

h
.2�Ä�ÙÛ¿'X

λpx = h ,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

2.2. Ônþ�Ônþ�Î 59K�
∆x∆px ≥ h .Ón§�Ä E = hν§K�
∆E∆t ≥ h .~Xµ��gd$Ä�âf§XJ§äk(½�Äþ px§=k�mÅ¼ê Ψ(x) = Ψ0e

ipxx/~ £Ù¥ Ψ0 Ǳ~ê¤§KTâfÑy3 � x NC�VÇ�Ý |Ψ(x)|2 = |Ψ0|2 = ~þ§Ø�6u � x"ùL²§XJÄþ px ��(½£∆px = 0¤§KÙ3?Û �NCÑy�VÇÑ�Ó§=��Ø(½£∆x→ ∞¤"���!!!ØØØ(((½½½'''XXX
1. LLLããã

Heisenberg uy§£ãâf�G�Ú5��k
ÔnþØUÓ�O(ÿ½§§��Ø(½���3�½�'X§ÉÊK�~þ h £~ = h
2π
¤|�"äN/§

(1) é � x ÚÄþ px§§��Ø(½Ý�mk'X
∆x ·∆px ≥

~

2
. (2.4)Cq/§=k ∆x ·∆px ≈ ~ ½ ∆x ·∆px ≈ h .

(2) é�m t ÚUþ E§§��Ø(½Ý�mk'X
∆E ·∆t ≥ ~

2
. (2.5)

(3) ��/§éuüÔnþ A Ú B§é§�ÿþ�Ø(½Ý�mk'X
∆A ·∆B ≥ 1

2
|[Â, B̂]| = 1

2
|ÂB̂ − B̂Â| . (2.6)Ù¥ [Â, B̂] = ÂB̂ − B̂Â ¡ǱÔnþ A!B éA��Î�é´f"ùL²§¿Ø´?¿ü�ÔnþÑØUÓ�O(ÿ½§�k [Â, B̂] 6= 0 �üÔnþ A!B âØU
Ó�O(ÿ½"

2. ���yyy
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60 CHAPTER 2. þfåÆÐÚE±>fü¿û�¢�(JǱ~§Ùû�ã��¥%4�ÜÆ θ ÷v
sin θ =

λ

d
.dã 2.7 �§px 6= 0§�k�«ê� px ∈ [p sin θ, p]§¤± ∆px ≥ p sin θ = pλ

d
.d�ÙÛ¿'X� p = h

λ
§= pλ = h§¤± ∆px ≥ h

d
. ÏǱld¿�?Û �ÏL�>fÑÑy3û�¥§=>f� �kØ(½Ý ∆x = d§¤±

∆x ·∆px ≥ d · h
d
= h"Ø(½'X´�*âfÅâ��5�7,(J§�N
�*âf�ÊH5�§´þfåÆ��^�5Æ¶Ø(½'X�Ñ
�*âf�²;£ã�{��Ý"

3. AAA^̂̂ÞÞÞ~~~
(1) ��f�½5P��f��»Ǳ r§=��f¥�>f� ��Ø(½ÝǱ ∆x ∼ r§d ��Ø(½Ý�Äþ�Ø(½Ý�m�'X ∆x∆px ≥ ~

2
∼ ~ �§ÙÄþ�Ø(½ÝǱ ∆px ≥ ~

2∆x
∼= ~

2r
. dd�§>fÄþ p ∼= 2∆p ∼= ~

r
.¤±>f�UþǱ

E =
p2

2m
− e2

4πε0r
∼= ~

2

2m

1

r2
− e2

4πε0

1

r
.du�fØ��þ��u>f��þ£�� 1836�¤§ÏdÏ~À�Ǳ·�§@oþª½=��f�Uþ"dåÆ�nÚ9åÆ�n�§XÚ?u½G��§ÙUþ��4��"dêÆ�n�§þªLã�Uþ��4��^�Ǳ

dE

dr
∼= −~

2

m

1

r3
+

e2

4πε0

1

r2
=

1

r2

[ e2

4πε0
− ~

2

m

1

r

]

= 0 .)��
rext. =

4πε0~
2

me2
.2O� r = rext. �¹eþãUþ'u r ����ê�§d2E

dr2

∣

∣

r=rext.
> 0§=þã

r = rext. (¢�ycã�Uþ E ��4��"
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2.2. Ônþ�Ônþ�Î 61¤±
Emin =

~
2

2m

1
(

4πε0~2

me2

)2 − e2

4πε0

1
4πε0~2

me2

=
me4

2 · (4πε0~)2
− me4

(4πε0~)2
= − me4

2 · (4πε0~)2
.½Â aB =

4πε0~
2

me2
§Kk

Emin = − e2

8πε0aB
< 0 .¤±§��f´½�"äNO�� aB = 0.0529 nm§Emin = −13.6 eV"ù
(J�À��.�Ñ�(J���Ó"

(2) �fØSÜØ�3>f¢�uy�fØ¬ºÑ>f§d=¤¢��fØ� β PC"ù�§�fØS´Ä�5Ò�3>fÒ´��Ä�¯K§ÏǱ¨�9�fØ�|©(���¯K¶¿�§XJ�fØS�5vk>f�3§@oºÑ�>f�½´3,�L§¥�)�§Ïd��9�fØ�PC�ÔnL§ÚÅ���¯K"ùp·�lØ(½'XÑué��±{ü?Ø"b�l�fØ¥ºÑ�>f�5�3u�fØSÜ§PÙ��ÄþǱ pmin§��ÄUǱ Emin§d�*ã��§�fØS�>f� �Ø(½ÝǱ ∆x ∼ r!ÄþØ(½Ǳ ∆p ∼ p§@o§d ��Ø(½Ý�Äþ�Ø(½Ý�m�'X
∆x ·∆p ≥ ~

2
�§r∆p ≈ h

2
§u´k

pmin
∼= ∆p ∼= h

2r
.ò¥�fØ��»��� 10−14 �£¢�L²§�fØ��»�Ù¥�Øfê8 A �mk'X r = r0A

1/3§Ù¥ r0 ≈ (1.05 ∼ 1.25) fm¤ÚÊK�~þ h ���\þª§K�
pmin =

6.63× 10−34

2× 10−14
= 3.32× 10−20 Js/m = 0.207 eVs/m .�Ä�fØ�»¤�½���S�>f�$Ä�Ç�Ué�§ddÂ�éØ�n�Ñ�Ô��UþÄþ'X �§éuÄþǱ pmin!UþǱ Emin!·�þUǱ

E0 �>f§·�k
(

Emin + E0

)2
=

(

pminc
)2

+ E2
0 .
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62 CHAPTER 2. þfåÆÐÚ�Ä>f�·�þUé�U��uÙ��ÄU§Kk
Emin =

√

(pminc)
2 + E2

0 − E0
∼= pminc

∼= 62 MeV .�¢�ÿþ(J'��§T��Uþ��u¢�*ÿ�� β PCº�Ñ�>f�Uþ£�õØ�L 1 MeV§äN�ë��Ö 8.3!¤§¤±§�fØSÜ�5Ø�U�3>f§β PCº�Ñ�>f´ÏLØ�A�)�£äN��L§´µn → p + e− + ν̄e§Ù¥ ν̄e Ǳ�>f.¥�f¤"
(3) þf�äkk�Æ·P?¿��þf��Uþ�Ø(½ÝǱ ∆E!�m�Ø(½ÝǱ ∆t§d�m�Uþm�Ø(½'X ∆E ·∆t ≥ ~

2
�§

∆t ≥ ~

2∆E
.w,§XJ ∆E 6→ 0§K ∆t 6→ ∞"ùÒ´`§XJþf��UþØ�°((½��§l ∆E 6= 0§KTþf��Æ·ÒØ�U´Ã��"¯¢þ§¤kþf��UþÑkUÚO5Æ�©Ù§=¤kþf��UþÑkg,°Ý ∆E 6= 0§@o§∆t ∈

[

~

2∆E
, ∞

) Ǳk��§¤±§���þf�Ñäkk�Æ·"�kUþ°((½£∆E = 0¤�þf�§â´��½�"^B`²§dþã'uéÅ�5��ÿþ��I���±Ï��mÚþf�=þfz�Å�?Ø�§3Ï~¿Âe§Uþ��m�Ø(½'X¥��m�Ø(½Ý���ÿþ��þf�¤I���m§¿Ø`²�m��Ø(½"�´§XJ'u�m¬N�Vg£2012cJÑ¤�(á§=�m��m��§äklÑ�¬N(�§K�m�Ø(½Ý�VgI�2@ýív"
2.2.2 ÔÔÔnnnþþþ���²²²þþþ���999ÙÙÙOOO���555KKK·�®²��§þfÔn¥�ÔnþØU�O(ÿ½£î�5ù§AT´�ÝÔnþØUÓ��O(ÿ½¤"u´§Ǳ£ãþf�Ú�A�¹e�Ônþ�5�§<�æ^ÚO5Æ(½Ônþ�²þ�"éudÅ¼ê Ψ(~r) Lã�þf�§|Ψ(~r )|2 ǱTþf�3 ~r NC�VÇ�Ý§ǱÒ´��uÚOåÆ¥��©¼ê£½¡©Ù¼ê¤"@o§UìÚOåÆ¥O�Ônþ�²þ��5K§Ô
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2.2. Ônþ�Ônþ�Î 63nþ Q �²þ��±LãǱ
Q = 〈Q〉 =

∫ ∞

−∞

∣

∣Ψ(~r )
∣

∣

2
Qd~r .e¡·�kUd5KO��
~��Ônþ�²þ�"

(1)  � x 9Ù¼ê U(x) �²þ�Uìcã��5K��O�§
x = 〈x〉 =

∫ ∞

−∞
|Ψ(x)|2xdx =

∫ ∞

−∞
Ψ∗(x)Ψ(x)xdx

=

∫ ∞

−∞
Ψ∗(x)xΨ(x)dx ,

U(x) = 〈U(x)〉 =
∫ ∞

−∞
|Ψ(x)|2U(x)dx

=

∫ ∞

−∞
Ψ∗(x)U(x)Ψ(x)dx .w,§UìÈ©5K§�¤þª¥�È©=��� � x �²þ�9± �ǱgCþ�¼ê U(x)�²þ�"êÆþ§Ï~òþãÈ©{PǱ (Ψ(x) , U(x)Ψ(x))§¿¡�Ǳ Ψ(x) � U(x)Ψ(x) �SÈ£ùp�=w�´þãÈ©���{zIP§ee�!éÙ5��±{�?Ø¤"u´§éu±Å¼ê Ψ(x) Lã�þf�§Ônþ U(x) �²þ�~{ü/LãǱ
U(x) =

(

Ψ(x) , U(x)Ψ(x)
)

.Ǳ�±k).�ÎÒIPǱ
U(x) = 〈Ψ(x)

∣

∣U(x)
∣

∣Ψ(x)〉 .

(2) Äþ�²þ�U²;½Â§Äþ�²þ�Ǳ
p =

〈

p(x)
〉

=

∫ ∞

−∞

∣

∣Ψ(x)
∣

∣

2
pdx .
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64 CHAPTER 2. þfåÆÐÚ/ªþ§�¤þª¥�È©§=�(½Äþ�²þ�",§3þfÔn¥§�âØ(½'X§3(½� � x ?§Äþ p ��Ø(½§@oþãÈ©¢SþÃ¿Â§ǱÒ´�,Ø�È§d�Ã{��(½Äþ�²þ�"{ó�§=
p =

〈

p(x)
〉

6=
∫ ∞

−∞
|Ψ(x)|2pdx .£�cã(½Ônþ�²þ���Y�§=lêÆþ5ù§ùpæ^�O�Äþ²þ���Y¿Ã�K�Ø§þ¡���¯K´ÿ�rÄþ p LãǱ � x �¼ê"ǱrÄþ p LãǱ x �¼ê§·�£�êÆ½ÚOåÆ�¡þO�ÚO²þ���{"c[�	êÆ½ÚOåÆ�¡þO�ÚO²þ���{�§3®�VÇ�Ý©Ù�¹eO�Ônþ�²þ��§7LòVÇ�Ý©ÙÚÔnþLãǱÓ��mþ�m�¼ê"cã�O�Äþ²þ����¯K�´Ñ3ÿ�rÄþLãǱ ��¼ê§¿�dþfÔn¥�Ø(½'X�§Ã{òÄþ p LãǱ � x �Ï~¿Âþ�)Û¼ê"���ÆÝ5�Ä¯K§Q,Ã{3 ��m¥��|^cã�nO�Äþ�²þ�§·�ÒòþãO�=��Äþ�m¥§u´k

p =

∫ ∞

−∞
|Φ(p)|2pdp =

∫ ∞

−∞
Φ∗(p)pΦ(p)dp .d Fourier C��§þãÅ¼êΨ(x)3Äþ�m¥�éA/ªǱ

Φ(p) =
1

(2π~)1/2

∫ ∞

−∞
Ψ(x)e−ipx/~dx .ò��\þª¥�Φ∗(p)§K�

p =

∫ ∞

−∞

[ 1

(2π~)1/2

∫ ∞

−∞
Ψ(x)e−ipx/~dx

]∗
pΦ(p)dp

=

∫ ∞

−∞

∫ ∞

−∞

1

(2π~)1/2
Ψ∗(x)eipx/~pΦ(p)dpdx .ÏǱ

∂

∂x
eipx/~ = eipx/~

ip

~
,=

eipx/~p = −i~ ∂

∂x
eipx/~ ,
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2.2. Ônþ�Ônþ�Î 65K þª =

∫ ∞

−∞

∫ ∞

−∞

1

(2π~)1/2
Ψ∗(x)

(

− i~
∂

∂x
eipx/~

)

Φ(p)dpdx

=

∫ ∞

−∞
Ψ∗(x)

(

− i~
∂

∂x

)[

∫ ∞

−∞

1

(2π~)1/2
eipx/~Φ(p)dp

]

dx

=

∫ ∞

−∞
Ψ∗(x)

(

− i~
∂

∂x

)

Ψ(x)dx ,=k
px =

(

Ψ,−i~ ∂

∂x
Ψ
)

.í2�n��¹§Kk
~p =

(

Ψ,−i~∇Ψ
)

.dd�§Å¼ê�FÝ��£Å��á¤§Äþ�²þ�Ò��£{ü/§®k�ÙÛ¿'X�Ñ p = h
λ
¤"eP

~̂p = −i~∇ ,K
~p =

〈

~p
〉

=
(

Ψ, ~̂pΨ
)

.½�PǱ
~p =

〈

~p
〉

= 〈Ψ
∣

∣ ~̂p
∣

∣Ψ〉 .ù� U(x) =
〈

U(x)
〉

=
〈

Û(x)
〉

=
(

Ψ, ÛΨ
)

= 〈ψ|Û |ψ〉 �/ª���Ó"þã?ØÚL�ªL²§ ~̂pΨ = −i~∇Ψ Ú Û(~r)Ψ Ñ´éÅ¼ê Ψ(~r) �^£½ö`§ö�¤��(J§Ù¥��´Å¼ê�FÝ¦±�
~þÚ~ê§,��´Å¼ê��¦±��¼ê"��/§�\3Å¼êþ�êÆ$�£½ö�¤¡Ǳ�Î§z��ÔnþÑéAu���Î"w,§XJòÔnþ Q dÙéA��Î Q̂ LÆ§KÔnþ Q 3þf� Ψ e�²þ��±��/LãǱ
Q = 〈Ψ

∣

∣Q̂
∣

∣Ψ〉 =
(

Ψ, Q̂Ψ
)

=

∫

V

Ψ∗(~q)Q̂(~q)Ψ(~q)d~q , (2.7)Ù¥ ~q Ǳþf��mþ�m�I§V ǱÙ�A���"dd´�§�Îäk'���^"Ïd§e¡é�Î�±äN?Ø"
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66 CHAPTER 2. þfåÆÐÚ
2.2.3 ÔÔÔnnnþþþ������ÎÎÎLLL���999ÙÙÙ���ÆÆÆ���ÚÚÚ���ÆÆÆ������!!!ÔÔÔnnnþþþ������ÎÎÎLLL���
1. ÚÚÚ???���ÎÎÎLLL«««ÔÔÔnnnþþþ���777���555999���ÎÎÎ���½½½ÂÂÂdO�Äþ�²þ� ~̂p �L§�§7LÚ?�Î ~̂p = −i~∇ â�±O���Äþ3�I�m�Å¼ê Ψ(~r) e�²þ�"í2�§3þfÔn¥§ÔnþÑ7L^�ÎL�§=?Û��ÔnþÑ7LéA���Î"��/§3þfåÆ¥§?Û��ÔnþéA��Î½ÂǱ�\3Å¼êþ�êÆ$�£½�^¤"
2. þþþfffåååÆÆÆ¥¥¥ÔÔÔnnnþþþ^̂̂���ÎÎÎLLL������������555KKKdcã?Ø�§z��ÔnþÑ7Ld�ÎL�§Ônþ�ÎǱ�\3Å¼êþ�êÆ$�"�â·�Ù��²;åÆ§Ônþ Q Ñ�±L«Ǳ � ~r ÚÄþ ~p �¼ê§=k Q = Q(~r, ~p )§~X§³| V (~r) ¥$Ä��þǱ m �âf�UþǱ

E = Ek + Ep =
1

2
m~v 2 + V (~r) =

~p 2

2m
+ V (~r) .í2�§3þfåÆ¥§Ônþ Q dÙ�A��Î Q̂ L�§¿�§éu²;åÆ¥d�IÚÄþ�¼êL��Ônþ§E�±Ù�Ǳ�IÚÄþ�¼ê�¼ê'XØC§�Ù¥��IÚÄþÑ©OdÙéA��ÎL�§=k

Q̂ = Q(~̂r, ~̂p ) . (2.8)~X§ � ~r 3þfåÆ¥LãǱ ~̂r = ~r¶Äþ ~p 3þfåÆ¥LãǱ ~̂p = −i~∇¶�Ý ~v 3þfåÆ¥LãǱ ~̂v = ~p
m

= −i ~
m
∇¶³U£³¼ê¤ U(~r ) 3þfåÆ¥LãǱ Û(~r ) = U(~r )¶ÄU T = ~p 2

2m
3þfåÆ¥LãǱ

T̂ =
~̂p 2

2m
= − ~

2

2m
∇2 = − ~

2

2m

( ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

,
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2.2. Ônþ�Ônþ�Î 67ÆÄþ ~L = ~r × ~p 3þfåÆ¥LãǱ


























L̂x = ŷp̂z − ẑp̂y = i~
(

sinϕ
∂

∂θ
− ctgθ cosϕ

∂

∂ϕ

)

,

L̂y = ẑp̂x − x̂p̂z = −i~
(

cosϕ
∂

∂θ
− ctgθ sinϕ

∂

∂ϕ

)

,

L̂z = x̂p̂y − ŷp̂x = −i~ ∂

∂ϕ
;Ù¥®|^
�Æ�I�¥�I�m�C�'X§

x = r sin θ cosϕ , y = r sin θ sinϕ , z = r cos θ .=ÄU Er =
~L2

2I
£Ù¥ I Ǳ=Ä.þ¤3þfåÆ¥LãǱ

Êr = Ĥr =
~̂L 2

2Î
=
~̂L · ~̂L
2I

=
1

2I

(

L̂2
x + L̂2

y + L̂2
z

)

= −~
2

2I

[ 1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂ϕ2

]

.3þfåÆ¥§Ø
cã��±LãǱ �Ú/½Äþ�¼ê�ÔnþéA��Î	§�k�
Ä��Î"éuÄ��Î§Ï~��dÙäNÔn¿ÂL�"~X§�m�ü£�¡C�¤�Î P̂ ��LãǱ P̂Ψ(~r ) = Ψ(−~r )§üâf���Î P̂ij ��LãǱ P̂ijΨ(~ri, ~rj) = Ψ(~rj , ~ri)§��"���!!!ÔÔÔnnnþþþ���ÎÎÎ������ÆÆÆ���ÚÚÚ���ÆÆÆ¼¼¼êêê
1!!!���ÆÆÆ������§§§!!!���ÆÆÆ���999���ÆÆÆ¼¼¼êêê·�®²��§3þfåÆ¥�*âf�G�£þf�¤dÅ¼ê£ã§Ônþd�ÎL�"XJÔnþ Q ��Î Q̂ �^3Å¼ê Ψn£Ù¥ n Ǳþfê¤þ�§¤�(JǱÓ�Å¼ê¦±��~þ§=k�§

Q̂Ψn = QnΨn , (2.9)KT�§¡ǱÔnþ�Î Q̂ ��Æ��§§~þ Qn ¡Ǳ�Î Q̂ ��Æ�§Å¼ê Ψn ¡Ǳ�Î Q̂ ��Æ¼ê"w,§ù
Vg��5�ê¥�AVg���
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68 CHAPTER 2. þfåÆÐÚÓ"d�ò`²§¤k�Æ� Qn ǱÔnþ Q ��U��§½ö`§d�Æ��§)Ñ��Ü�Æ�Ò´�A�Ônþ��U��"
2!!!{{{¿¿¿!!!{{{¿¿¿ÝÝÝÚÚÚ{{{¿¿¿���þ¡ã9§Ônþ�Î Q̂ ÚÅ¼ê Ψn �UkX (2.9) ª¤«��Æ�§§Ù�Æ� Qn ǱÔnþ Q ��U��"XJáu�Æ� Qn ��Æ¼ê Ψn Ø���§=k�Æ��§̂

QΨnα = QnΨnα , (α = 1, 2, . . . , dn) , (2.10)K¡�Æ� Qn ´ dn {¿�§¿¡ dn Ǳ Qn �{¿Ý§�A�þf�
{Ψnα (α = 1, 2, . . . , dn)} ¡Ǳ{¿�§555¿¿¿§Ñy{¿�§Ôn��ÀJØ´���"î�/§ATæ^{¿�6nØ)�§½Ú\Ù§Ônþ«©�"
3!!!¢¢¢~~~
(1) ÆÄþ� z ©þ��Æ��§9�Æ¼êdcã?Ø�§ÆÄþ� z ©þ��Î3¥�IX¥LãǱ L̂z = −i~ ∂

∂ϕ
§PÙ�Æ¼êǱΨ(ϕ)§Kk�Æ��§

−i~ ∂

∂ϕ
Ψ(ϕ) = lzΨ(ϕ) ,Ù¥ lz Ǳ�½��Æ�§Ψ(ϕ)Ǳ�½��Æ¼ê"w,§T�Æ�§Ǳ��'u ϕ ���~�©�§§kÏ)

Ψ(ϕ) = Cei
lz
~
ϕ .·�I�(½ lz ���Ú C ���"du�NX7 z ¶=Ä�±�§NX£��m�5� �§=Å¼êäk±ÏǱ 2π �±Ï5§½=k

Cei
lz
~
(ϕ+2π) = Cei

lz
~
ϕ .u´k

ei
lz
~
2π = 1 .
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2.2. Ônþ�Ônþ�Î 69dd���Æ�
lz = m~ ,Ù¥ m = 0,±1,±2, · · ·"w,§lz �U�lÑ�§¤±§�*NX�ÆÄþ� z©þ��Æ�´þfz�"í2�§�*NX�ÆÄþ3�m?Û���ÝKÑ´þfz�§ÙG��±LãǱ Ψ(ϕ) = Ceimϕ "2ö§d8�z^�

∫ 2π

0

∣

∣Cei
lz
~
ϕ
∣

∣

2
dϕ = |C|2

∫ 2π

0

dϕ = 1�
C =

1√
2π

.¤±§ÆÄþ� z ©þk�Æ� lz = m~£Ù¥ m = 0,±1,±2, · · ·¤Ú�Æ¼ê Ψm(ϕ) =
1√
2π
eimϕ"

(2) Äþ� x ��©þ��Æ�§9�Æ¼êÏǱÄþ� x ©þ��ÎǱ p̂x = −i~ ∂
∂x
§PÙ�Æ¼êǱ Ψ(x)!�Æ�Ǳ

px§Kk�Æ��§
−i~ ∂

∂x
Ψ(x) = pxΨ(x) .ùǱ´��~Xê���~�©�§§ÙÏ)Ǳ

Ψpx(x) = Cei
px
~
x .w,§XJâfk(½�Äþ px = p0x§K ∣

∣Ψp0x(x)
∣

∣

2
=

∣

∣C
∣

∣

2 "ùL²§T�Æ¼êØU��8�z"�´§d
∫ ∞

−∞

(

Cei
px
~
x
)∗(

Cei
p0x
~
x
)

dx =
∣

∣C
∣

∣

2
∫ ∞

−∞
ei

p0x−px
~

xdx = |C|22π~δ(px − p0x)�
C =

1√
2π~

eiα ,Ù¥ α Ǳ~ê"Ǳ�B§~� α = 0"¤±Äþ� x ��©þ��Æ¼ê�±LãǱ Ψpx = 1√
2π~
ei

px
~
x "
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70 CHAPTER 2. þfåÆÐÚ
2.2.4 ÔÔÔnnnþþþ���ÎÎÎ���555���999$$$������!!!���ÎÎÎ999���555���������ÎÎÎ���VVVggg·�®²Ù�§3þfåÆ¥§ÔnþI�^�ÎL�§�ÎǱ�\3Å¼êþ�êÆ$�£½�^¤"Ǳ�B±�?Ø§ùpk£��5�ê¥��'SN"
1. £££ÅÅÅ¤¤¤¼¼¼êêê������555UUU\\\ÚÚÚ���555���ÎÎÎéu?¿�£Å¤¼ê Ψ1!Ψ2 Ú?¿�~ê c1!c2£Ï~ǱEê¤§

Ψ = c1Ψ1 + c2Ψ2¡Ǳ Ψ1 � Ψ2 ��5U\"XJ�Î Ô ÷v$�5K
Ô
(

c1Ψ1 + c2Ψ2

)

= c1ÔΨ1 + c2ÔΨ2 ,K¡T�Î Ô Ǳ�5�Î"
2. £££ÅÅÅ¤¤¤¼¼¼êêê���SSSÈÈÈ999ÙÙÙ555���é£��þfNX�¤?¿ü�£Å¤¼ê ψ1 Ú ψ2§PÙmþ£½=gCþ¤8ÜǱ {τ}£�â¢S�¹§§�U´���§Ǳ�U´p��¤§K§��SÈ½ÂǱ ∫

ψ∗
1ψ2dτ§Ï~{PǱ (

ψ1 , ψ2) ½ 〈ψ1|ψ2〉"ǱÒ´`§?¿ü�£Å¤¼ê ψ1 Ú ψ2 �SÈǱ
(

ψ1 , ψ2

)

= 〈ψ1|ψ2〉 =
∫

ψ∗
1ψ2 dτ , (2.11)Ù¥ dτ Ǳmþ�mNÈ�"XJmþ�lÑ�§KþãÈ©zǱ£©á¤¦Ú"XJmþ8ÜQ�¹ëYmþǱ�¹lÑmþ§KþãÈ©Q�¹éëYmþ�È©Ǳ�¹é©ámþ�¦Ú"£Å¤¼ê�SÈäk5�µ

(1) (ψ, ψ) ≥ 0 ;

(2) (ψ, ϕ)∗ = (ϕ, ψ) ;

(3) (ψ, c1ϕ1 + c2ϕ2) = c1(ψ, ϕ1) + c2(ψ, ϕ2) ;
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2.2. Ônþ�Ônþ�Î 71

(4) (c1ψ1 + c2ψ2, ϕ) = c∗1(ψ1, ϕ) + c∗2(ψ2, ϕ)¶Ù¥ c1 Ú c2 Ǳ?¿~ê"
3. ���������ÝÝÝ���ÎÎÎ������������ÎÎÎ
(1) E�Ý�Î£complex conjugate operator¤r�Î Ô�L�ª¥�¤kþÑ�¤ÙE�Ý�¤��Î¡Ǳ Ô�E�Ý��Î§PǱ Ô∗"~XµÄþ�Î ~̂p = −i~∇ �E�Ý�ÎǱ ~̂p ∗ = (−i~∇)∗ = i~∇ = − ~̂p"
(2) =��Î£transposed operator¤c®õgã9§�Î´�\3£Å¤¼êþ�$�£�^¤"ùÒ´`§3?Ø�Î��½AT²(Ù�^é�"XJ�Î ˜̂O ÷v'X

∫

ψ∗ ˜̂Oϕdτ =

∫

ϕÔψ∗ dτ =

∫

(Ô∗ψ)∗ϕdτ ,Ù¥ τ �LÅ¼ê���mþ�m§½=k
(

ψ ,
˜̂Oϕ

)

=
(

ϕ∗ , Ôψ∗) =
(

Ô∗ψ , ϕ
)

,K¡ ˜̂O Ǳ�Î Ô �=��Î"¤¢=�=����^�é�§=��Î=����^�Å¼ê��Î"
(3) ���Ý�Î£Hermitian conjugate operator)é?¿�£Å¤¼ê ψ Ú ϕ§XJ�Î Ô† ÷v'X

∫

ψ∗Ô†ϕdτ =

∫

(Ôψ)∗ϕdτ ,=
(

ψ , Ô†ϕ
)

=
(

Ôψ , ϕ
)

,K¡�Î Ô† Ǳ�Î Ô����Ý�Î§q¡Ǳ Ô ����Î£adjoint opera-

tor¤"ÏǱ
(

ψ , Ô†ϕ
)

=
(

Ôψ , ϕ
)

=
(

ϕ , Ôψ
)∗

=
(

ϕ∗ , Ô∗ψ∗) =
(

ψ ,
˜̂O∗ϕ

)

,¤±§���Ý�ÎÒ´=��Ý�Î"
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72 CHAPTER 2. þfåÆÐÚ
(4) ���Î£Hermitian operator¤é?¿�£Å¤¼ê ψ Ú ϕ§XJ�Î Ô† ÷v'X

∫

ψ∗Ôϕdτ =

∫

(Ôψ)∗ϕdτ ,=
(

ψ , Ôϕ
)

=
(

Ôψ , ϕ
)

,K¡�Î Ô ¡Ǳ���Î"ÏǱ
(

ψ , Ôϕ
)

=
(

Ôψ , ϕ
)

=
(

ψ , Ô†ϕ
)

,dd�§Ô† = Ô . ùÒ´`§XJ���Î����Ý�ÎÒ´Ù��§K¡�Ǳ���Î"¤±���Îq¡Ǳg��Î£self-adjoint operator¤"~~~µµµ Áy² ∂̃
∂x

= − ∂
∂x
§(

∂
∂x

)†
= − ∂

∂x
"y²µ �â=��Î�½Â§é?¿Å¼êψÚϕ§k

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx =

∫ ∞

−∞
ϕ
∂

∂x
ψ∗ dx = ϕψ∗∣

∣

∞
−∞ −

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx .�âÅ¼ê�k�5§Ï~�¹ϕψ∗|∞−∞ = 0§u´

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx = −

∫ ∞

−∞
ψ∗ ∂

∂x
ϕ dx .ÏǱ ψÚ ϕǱ?¿Å¼ê§¤± ∂̃

∂x
= − ∂

∂x
",��¡§�â=��Ý�½Â

( ∂

∂x

)†
=

( ∂̃

∂x

)∗
=

(

− ∂

∂x

)∗
= − ∂

∂x
,¤± (

∂
∂x

)†
= − ∂

∂x
"���!!!þþþfffåååÆÆÆ'''uuu���ÎÎÎ���ÄÄÄ���bbb����âcã�þfåÆ¥�ÔnþÑ7L^�ÎL��Ä��¦ÚêÆþ®���
�Î�5�§c�ÔnÆ[�ÒþfåÆ¥LÆÔnþ��ÎJÑ��Ä�
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2.2. Ônþ�Ônþ�Î 73b�"TÄ�b�Ï~LãǱµ£�ÔnXÚ5��z��ÔnþÑéA���5���Î"nnn!!!þþþfffåååÆÆÆ¥¥¥���ÎÎÎ£££���555���������ÎÎÎ¤¤¤���ÄÄÄ���555���
1. 555���1. þþþfffåååÆÆÆ¥¥¥ÔÔÔnnnþþþ���ÎÎÎ���²²²þþþ������ÄÄÄ���555����âÚOåÆ�n§·���§XJ�3�þ���Ó�NX§§�Ñ?3^Å¼ê£ã�G�§KNX�ù«8Ü¡ǱXn"é��Xn¥�,Ônþ?1ÿþ§,�é¤��(J¦²þ§�����(J¡ǱTÔnþ3TXne�²þ�§½Ï"�"=µéÅ¼ê Ψ £ã�Xn§·�k

O =
(Ψ, ÔΨ)

(Ψ,Ψ)
. (2.12)PþfåÆ¥Ônþ Q éA��ÎǱ Q̂§é?¿Å¼ê Ψ§�Ù®8�z§=k (Ψ, Ψ) = 1§�âþfåÆ'u�Î�Ä�b�Ú���Î�½Â§·���§TÔnþ�²þ��±LãǱ

Q =
(

Ψ, Q̂Ψ
)

=
(

Q̂Ψ, Ψ
)

=
(

Ψ, Q̂Ψ)∗ = (Q)∗ .ùL²§þfåÆ¥�ÔnþéA��Î�²þ��uÙE�Ý"��Ônþ�²þ��ÙE�Ý��`²T²þ�7Ǳ¢êþ"o�§þfåÆ¥�Ônþ�Î£�5���Î¤�²þ�äkÄ�5�£½n¤µ3?ÛG�e§þfåÆNX�ÔnþéA��Î�²þ�7Ǳ¢êþ"
2. 555���2µµµþþþfffåååÆÆÆ¥¥¥ÔÔÔnnnþþþ���ÎÎÎ������ÆÆÆ������ÄÄÄ���555���d�Æ��§�½Â�§é®²8�z��Æ¼êΨn§���Î Q̂�²þ�Q Ò´Ù�A��Æ�Qn§=k

Q = (Ψn, Q̂Ψn) = (Ψ, QnΨ) = Qn(Ψn, Ψn) = Qn .d5� 1 �§²þ� QǱ¢êþ§¤±�Æ� QnǱ7Ǳ¢êþ"u´§·�kþfÆ¥'uÔnþ�Î��Æ��Ä�5�£½n¤µþfåÆ¥�Ônþ�Î��Æ�7Ǳ¢êþ"
3. þþþfffåååÆÆÆ¥¥¥ÔÔÔnnnþþþ���ÎÎÎ������ÆÆÆ¼¼¼êêê���ÄÄÄ���555���
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74 CHAPTER 2. þfåÆÐÚòÐ�AÛ¥ü¥þ���Vgí2´�§XJüÅ¼êΨ1 ÚΨ2 �SÈǱ
0§=

(

Ψ1 , Ψ2

)

=

∫

Ψ∗
1Ψ2dτ = 0 ,K¡ùü�Å¼êΨ1 �Ψ2 �p��"P���Î Ô ��Æ�On!Om ��Æ¼ê©OǱΨn!Ψm§=k

ÔΨn = OnΨn , ÔΨm = OmΨm ,d5�2 �§
(ÔΨm, Ψn) = (OmΨm, Ψn) = O∗

m(Ψm, Ψn) = Om(Ψm, Ψn) ,,��¡§�â���Î�½Â§Ô = Ô†§·�k
(ÔΨm, Ψn) = (Ψm, Ô†Ψn) = (Ψm, ÔΨn) = On(Ψm, Ψn) .þãüª�~§K�

(Om −On)(Ψm, Ψn) = 0 .¤±§XJ Om 6= On§K7k (Ψm, Ψn) = 0"òd5�¤ã�ü��Æ���A��Æ¼êí2�õ�§¿�ÄÅ¼ê��8�5§K�§���Î��Æ¼ê|¤��8�¼êX§=
(

Ψm, Ψn

)

=

∫

Ψ∗
mΨn dτ = δmn .ùL²§þfåÆ¥�Ônþ�Î�ØÓ�Æ���Æ¼ê�p��§Ù£���¤�Æ¼ê�8Ü�¤��8�¼êX"T��8�¼êX��Ǳ?¿Å¼ê���8�Ä"5¿§dþã?Ø�§éu�Ó�Æ���Æ¼ê§Ã{�ä§�´Ä�½��"ǱÒ´`§{¿�Ø�½*d��"�<��±·�/r§��5U\£~Xµæ^��A��z�{¤§=��¤*d����"ooo!!!þþþfffåååÆÆÆ¥¥¥���ÔÔÔnnnþþþ���ÎÎÎ���$$$���
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2.2. Ônþ�Ônþ�Î 75cã?ØL²£Ä�b�¤§þfåÆ¥�z��ÔnþÑéA���5���Î§Ù$�5K�,����Î�$�5K�Ó"ùp{ãue"
1. ���������ÎÎÎ���ÚÚÚ���ÈÈÈ
(1) ���ÎÎÎ���ÚÚÚXJéü��Î Ô1! Ô2 Ú?¿Å¼êΨ§Ñk

(

Ô1 + Ô2

)

Ψ = Ô1Ψ+ Ô2Ψ ,K¡ Ô1 + Ô2 Ǳ�Î Ô1 � Ô2 �Ú"N´y²£�ÖögC�¤¤§�Î�Úäk5�µ〈1〉ü��5�Î�ÚEǱ�5�Î"〈2〉 ü����Î�ÚEǱ���Î"¿�§£�5��¤�Î�Ú÷v��ÆÚ(ÜÆ§=k
〈1〉 ��Æµ Ô1 + Ô2 = Ô2 + Ô1 ;

〈2〉 (ÜÆµ Ô1 +
(

Ô2 + Ô3

)

=
(

Ô1 + Ô2

)

+ Ô3 .

(2) �Î�ÈXJéuü��Î Ô1!Ô2 Ú?¿Å¼ê Ψ§Ñk
(

Ô1Ô2

)

Ψ = Ô1

(

Ô2Ψ
)

,K¡ Ô1Ô2 Ǳ�Î Ô1 � Ô2�È"5¿§duÅ¼ê²�Î�^�Ï~¬UC§Ïd§���¹e§
Ô1Ô2 6= Ô2Ô1 ,=�Î�¦È�(J��¦�^S���'"~X£Xã2.8¤«¤§éu��÷

z ���ü ¥þ£Å¼ê¤§é��k7 x̂ ¶= 90◦!27 ŷ ¶= 90◦ �ö��§§=CǱ÷ −ŷ ���ü ¥þ¶é��k7 ŷ ¶= 90◦!27 x̂ ¶= 90◦�ö��§§=CǱ÷ x̂ ���ü ¥þ"dd�§¦+k�ÆÝ=Ä�ÆÝ�Ó§�ü«ØÓ^Sö��(JØÓ"
2. ���ÎÎÎ���ééé´́́ªªª999ÙÙÙððð���ªªªXþ¤ã§�Î�¦È�(J��¦�Î�^S���'"Ǳ�ÙLÆØÓ^S�ü�Î¦È�(J��É§<�Ú\
é´ª£½¡é´f¤"ùpé��±{ü?Ø"
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76 CHAPTER 2. þfåÆÐÚ

Figure 2.8: ÷ z ¶�¥þ²ØÓ^S�ük�ÆÝ=Ä��G��É«¿ã"
(1) é´ª£commutator¤�½Âéü��Î Ô1 Ú Ô2§Ùé´ª½ÂǱ

[

Ô1 , Ô2

]

= Ô1Ô2 − Ô2Ô1 . (2.13)

(2) é´!Øé´9�é´�VgXJ [Ô1 , Ô2] = 0§= Ô1Ô2 = Ô2Ô1§K¡�Î Ô1 � Ô2 é´§½¡ù���Î´C���"XJ [Ô1 , Ô2] 6= 0§K¡ Ô1 � Ô2Øé´§½¡ù���Î´�C���"XJ [Ô1 , Ô2] 6= 0§� Ô1Ô2 = −Ô2Ô1§= {Ô1 , Ô2} = Ô1Ô2 + Ô2Ô1 = 0§K¡ Ô1 � Ô2 �é´"
(3) é´ª�ð�ªN´y²§é´ªäkeãð�ª"
〈i〉

[

Ô1 , Ô2 ± Ô3

]

=
[

Ô1 , Ô2

]

±
[

Ô1 , Ô3

]

.

〈ii〉
[

Ô1 , Ô2Ô3

]

= Ô2

[

Ô1 , Ô3

]

+
[

Ô1 , Ô2

]

Ô3 .

〈iii〉
[

Ô1Ô2 , Ô3

]

= Ô1

[

Ô2 , Ô3

]

+
[

Ô1 , Ô3

]

Ô2 .

3. ___���ÎÎÎ£££inverse operator¤¤¤é�Î Ô§XJ�3�Î Ô−1 ÷v'X
ÔÔ−1 = Ô−1Ô = Î ,Ù¥ Î Ǳü �Î§K¡ Ô−1Ǳ Ô�_�Î"
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2.2. Ônþ�Ônþ�Î 77XJ�Î Ô�_�Î Ô−1�3§d Ôψ = ϕ§K���)Ñψ = Ô−1ϕ"l�±¢y£��{z¤éõy¢�E,O�§kÏun)éõE,�y�"�â�Î�¦È�½ÂÚ_�Î�½Â´�£�ÖögCy²¤§XJü�Î Ô1!Ô2©Oäk_�Î Ô−1
1 !Ô−1

2 §K (

Ô1Ô2

)−1
= Ô−1

2 Ô−1
1 .ÊÊÊ!!!þþþfffåååÆÆÆ¥¥¥���ÌÌÌ���ééé´́́'''XXX

1. þþþfffåååÆÆÆ���ÄÄÄ���ééé´́́ªªª�²;åÆ¥�Ó§3þfåÆ¥LÆþf��Ä�mþǱ´£2Â¤�IÚ£2Â¤Äþ"ÙØÓ^S�¦È�m�'X£é´ª¤¡ǱþfåÆ�Ä�é´ª"TÄ�é´ªǱµ
[

x̂α , p̂β
]

= i~δαβ , (2.14)Ù¥α Ú β Ǳ�Ý��IP"e¡é��±y²"PψǱ?¿Å¼ê§�â�Î�¦È�½Â
(

Ô1Ô2

)

ψ = Ô1

(

Ô2ψ
)

,�
xp̂xψ = x

(

− i~
∂

∂x
ψ
)

= −i~x ∂
∂x
ψ ,

p̂xxψ = −i~ ∂

∂x

(

xψ
)

= −i~x ∂
∂x
ψ − i~ψ ,±þüª�~K�

(

xp̂x − p̂xx
)

ψ =
[

x̂ , p̂x
]

ψ = i~ψ .ÏǱψ´?¿�Å¼ê§¤± [

x̂ , p̂x
]

= i~"Ón�y [

ŷ , p̂y
]

=
[

ẑ , p̂z
]

= i~§
[x̂ , p̂y] = [x̂ , p̂z] = [ŷ , p̂x] = [ŷ , p̂z] = [ẑ , p̂x] = [ẑ , p̂y] = 0 .nÜù
é´ª§§��±Ú�LãǱ [

x̂α , p̂β
]

= i~δαβ .

2. ÆÆÆÄÄÄþþþ���ÎÎÎ���ééé´́́'''XXX
(1) ÆÄþ��©þ�Îm�é´'X�Ǳéé´f$�5KA^��*Ð«§·�é [L̂x, L̂y] �±äNO�Xe"d½Â L̂x = ŷp̂z − ẑp̂y§ L̂y = ẑp̂x − x̂p̂z§ L̂z = x̂p̂y − ŷp̂x§��O�
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78 CHAPTER 2. þfåÆÐÚ
[L̂x , L̂y] = [ŷp̂z − ẑp̂y , ẑp̂x − x̂p̂z] = [ŷp̂z , ẑp̂x − x̂p̂z]− [ẑp̂y , ẑp̂x − x̂p̂z]

= [ŷp̂z , ẑp̂x]− [ŷp̂z , x̂p̂z]− [ẑp̂y , ẑp̂x] + [ẑp̂y , x̂p̂z]

= ŷ[p̂z , ẑp̂x] + [ŷ , ẑp̂x]p̂z − ŷ[p̂z , x̂p̂z]− [ŷ , x̂p̂z]p̂z

−ẑ[p̂y , ẑp̂x]− [ẑ , ẑp̂x]p̂y + ẑ[p̂y , x̂p̂z] + [ẑ , x̂p̂z]p̂y

= ŷẑ[p̂z , p̂x] + ŷ[p̂z , ẑ]p̂x + ẑ[ŷ , p̂x]p̂z + [ŷ , ẑ]p̂xp̂z

−ŷx̂[p̂z , p̂z]− ŷ[p̂z , x̂]p̂z − x̂[ŷ , p̂z]p̂z − [ŷ , x̂]p̂zp̂z

−ẑẑ[p̂y , p̂x]− ẑ[p̂y , ẑ]p̂x − ẑ[ẑ , p̂x]p̂y − [ẑ , ẑ]p̂xp̂y

+ẑx̂[p̂y , p̂z] + ẑ[p̂y , x̂]p̂z + x̂[ẑ , p̂z]p̂y + [ẑ , x̂]p̂zp̂y

= ŷẑ · 0 + ŷ
(

− i~
)

p̂x + ẑ · 0 · p̂z + 0 · p̂xp̂z − ŷx̂ · 0− ŷ · 0 · p̂z
−x̂ · 0 · p̂z − 0 · p̂zp̂z − ẑẑ · 0− ẑ · 0 · p̂x − ẑ · 0 · p̂y − 0 · p̂xp̂y
+ẑx̂ · 0 + ẑ · 0 · p̂z + x̂

(

i~
)

p̂y + 0 · p̂zp̂y
= −i~ŷp̂x + i~x̂p̂y = i~L̂z ,Ón�y§

[L̂x, L̂x] = 0 , [L̂x, L̂z] = −i~L̂y ,
[L̂y, L̂x] = −i~L̂z , [L̂y, L̂y] = 0 , [L̂y, L̂z] = i~L̂x ,

[L̂z, L̂x] = i~L̂y , [L̂z , L̂y] = −i~L̂x , [L̂z, L̂z] = 0 ,Ï~ò�Ú�LãǱ
[L̂α, L̂β] = εαβγi~L̂γ , (2.15)Ù¥ εαβγǱ Levi-Civita ÎÒ£Ǳ¡Ǳ�é¡Üþ¤§äN/§P {1, 2, 3} =

{α , β , γ}, K
εαβγ = εβγα = εγαβ = 1 , εβαγ = εαγβ = εγβα = −εαβγ = −1 .½~£�Øî>/¤{PǱ

~̂L× ~̂L = i~~̂L .

(2) ÆÄþ�Î��I9ÆÄþ�Äþ�Î�é´'X
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2.3. þf���U\�n 79��O�§�
[L̂α, x̂β] = εαβγi~x̂γ , (2.16)

[L̂α, p̂β] = εαβγi~p̂γ . (2.17)

(3) ÆÄþ�,!ü�Î9Ù�ÆÄþ�z©þ�Îm�é´'X½Âµ L̂+ = L̂x + iL̂y ¡Ǳ,�Î§ L̂− = L̂x − iL̂y ¡Ǳü�Î"��O�§��µ
[L̂+ , L̂−] = 2~L̂z , (2.18)

[L̂z , L̂±] = ±~L̂± . (2.19)

(4) ÆÄþ²��Î��©þ�Îm�é´ª��O�§�
[L̂2 , L̂α] = 0 . (2.20)=µÆÄþ�²��Î�ÆÄþ��©þ�ÎÑé´"^B`²§ÆÄþ�Î�þãé´'XL²§ÆÄþ�n�©þ�¤ so(3) o�ê�n���£SO(3)+�)¤�¤§Lz ��ǱÙW�f�ê§L± Ǳ��"��A��ê��§L2 �'uTo�ê��� Casimir �f"

2.3 þþþfff���������UUU\\\���nnn
2.3.1 þþþfff���999ÙÙÙLLL���
1. þþþfff���

2.1.!�?ØL²§�*âf�þf�dÅ¼êΨ(q) £ã"¤±Å¼êΨ(q)Ï~½¡Ǳþf�"
2. LLL���£ã�*�N£âf¤�þf���m¡ǱÙL�"£�cã?Ø�§Å¼ê£þf�¤�±d�I�m¥¼êLã§Ǳ�±dÄþ�m¥�¼êLã"Å¼êΨ(~r )Ǳ�*âf�þf�3�IL�¥�Lã§Å¼êΨ(~p )Ǳ�*âf�þf�3ÄþL�¥�Lã"
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80 CHAPTER 2. þfåÆÐÚd�?ØòL²§£ãþf��L�Øk�IL�ÚÄþL�	§�kUþL�!ÓkêL�!�Z�L�!��"w´�§3ØÓL�¥§Ônþ��ÎÚLÆþf��Å¼ê©OkØÓ�Lã/ª"ù
ØÓ/ª�±ÏLN�C��éX§=L�C�ǱN�C�§�u�§�Æ§ùpédØ�y²§k,��Öö�ë�;��þfåÆ�á£~X§�[�§5þfåÆ6¤"
2.3.2 ���UUU\\\���nnnk�	>f�V¿û��¢�(J"PÏLü¿�LÆ>f�þf��Å¼ê©OǱ Ψ1!Ψ2§§���5U\�Ǳ Ψ = C1Ψ1 + C2Ψ2§¢�ÿþ���û�ã�÷veªû½�©Ù§

∣

∣Ψ
∣

∣

2
=

(

C∗
1Ψ

∗
1 + C∗

2Ψ
∗
2

)(

C1Ψ1 + C2Ψ2

)

=
∣

∣C1Ψ1

∣

∣

2
+
∣

∣C2Ψ2

∣

∣

2
+
(

C∗
1C2Ψ

∗
1Ψ2 + C1C

∗
2Ψ1Ψ

∗
2

)

.ù`²§XJΨ1ÚΨ2´XÚ��U�G�§K§���5U\Ψ = C1Ψ1+C2Ψ2ǱǱXÚ��U�G�§¿�Ù¥�Z��£��ØǱ 0¤cǱ�"u´§ÄuþfåÆ¥�ÔnþéA��ÎÑ´�5���Î�Ä�b�§<�JÑµXJΨ1!Ψ2!· · ·!Ψn!· · ·!Ñ´NX��U�G�§@o§§���5U\�
Ψ =

∑

i

CiΨi = C1Ψ1 + C2Ψ2 + · · ·+ CnΨn + · · ·Ǳ´NX����U�G�£Ù¥ C1!C2!· · · ǱEê¤"TLã¡Ǳþf�£Å¼ê¤��U\�n"d�U\�néN´��eãíØµíííØØØ1.XJΨ1!Ψ2!· · ·!Ψn!· · · ®��8�§�ΨǱ®8�,K |Ψ1|2!|Ψ2|2!
· · ·!|Ψn|2!· · · ©OL«âf?uΨ1!Ψ2!· · ·!Ψn!· · · ��VÇ"íííØØØ2. ��U\´VÇÌ�U\§Ø´VÇ���\§=µÅ¼ê´VÇÌ"
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2.3. þf���U\�n 81íííØØØ3. Ônþ�*ÿ(JäkØ(½5"~X§é�Ì�Æ�§ Q̂Ψ1 = Q1Ψ1!Q̂Ψ2 = Q2Ψ2 �Ônþ Q£Q̂ǱÙ�ÎLã¤Ú�Æ¼êΨ1!Ψ2§XJ
Ψ = C1Ψ1 + C2Ψ2 ,K

Q̂Ψ = C1Q1Ψ1 + C2Q2Ψ2 .ùÒ´`§éÔnþ Q ?1ÿþ�§ÿ�(JQØ�½´ Q1§ǱØ�½´
Q2§ÿ�ê� Q1!Q2 �VÇ©OǱ ∣

∣Ψ1

∣

∣

2!∣

∣Ψ2

∣

∣

2§=µéÔnþ�*ÿ(JäkØ(½5"þ�!'uÔnþ�Î��Æ¼ê�5��?ØL²§þfåÆ¥�Ônþ�Î�éAuØÓ�Æ���Æ¼ê��¤��8��¼êX§ǱÒ´�±�Ǳ�|��8�Ä¥§þfåÆXÚ�?¿��þf�Ñ�±3ù|Ä¥eL«Ñ5"ù�´Å��U\5��*Ly"¿�§XJþã�Æ¼êX�¤�Ä¥´���§K±3ù|Ä¥þ��5U\ÐmLÆ�?¿�Å¼ê�±��£ã��þf�"Ïd§�U\�n´Å¼ê�±��£ã��NX�þf��Å�U\5ü�Vg�V)"~~~KKKµµµ XJ·���âf©O±VÇ 1
3
!2

3
?uUþǱE1!E2 (E2 6= E1)��Ψ1!Ψ2§@oTâf��´Ä�½´√

1
3
Ψ1 +

√

2
3
ψ2º)))µµµ ÏǱÿþ�UþǱE1��Ψ1�VÇǱ 1/3§KTX��Å¼ê�±L«Ǳ√

1
3
eiα1Ψ1"Ón§ÿþ�VÇǱ 2/3���Å¼êǱ√

2
3
eiα2Ψ2"@o§��U\�Ǳ

Ψ =

√

1

3
eiα1Ψ1 +

√

2

3
eiα2Ψ2 .w,, XJα1−α2 6= 2nπ (nǱ�ê), KΨ�√

1
3
Ψ1 +

√

2
3
Ψ2�VÇ©ÙØÓ"¤±Tâf��Ø�½´√

1
3
Ψ1 +

√

2
3
Ψ2"
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82 CHAPTER 2. þfåÆÐÚAAA^̂̂ÞÞÞ~~~µµµþþþfff|||¢¢¢���þþþfffOOO����XC20õc�uÐ§þf|¢�þfO�®²¤ǱþfåÆ��A^+�§ùp=±��¢~`²þfåÆ�n���^"·�Ù�§3ê�O�9¢SA^¥���;.¯K´µl�|N�vk©a�ê {n1, n2, · · · , ni, · · · , nN}¥éÑ��kAÏ5��ê"DÚþ§<�)ûù�¯K��{´|^ykO�Å?1$���{"äN=µòùN�ê©O�@�/äkAÏ5��ê0'�§l]Ñ@�/äkAÏ5��ê0"w,§ù�ó�I���N�þ?g'�ö�âU�¤"3·�®Ýº
�
þfåÆ�Ä��n��e§·��Ä|^þf��U\�n5)ûù�¯K"�X��Lê§X
Ψ1 = n1 , Ψ2 = n2 , · · · ,ΨN = nN ,U\��Lõ�ê�8Ü

Ψ =
1√
N !

[

eiα1n1 + eiα2n2 + · · ·+ eiαNnN
]

.PéÑ/äkAÏ5��ê�ö�0Ǳ Ô§K
ÔΨ =

1√
N !

[

eiα
′
1O1n1 + eiα

′
2O2n2 + · · ·+ eiα

′
NONnN

]

.=§é Ψ ��gö��dué N �X�£ê¤Ó�ö��g§¿¦�Ù�g� �u)UC!¿Ñy�Æ�"dd�§�^��� ÔΨ ¥�X�
Ψi = ni (i = 1, 2, · · · , N) �VÇu)
Cz§l¦��N´éÑ@�/äkAÏ5��ê0"äN�nØO�L²§?1 π

4

√
Ngö�=�£äN�ë� Phys. Rev. Lett.

79, 325 (1997); Phys. Rev. Lett. 80, 3408 (1998); Science 280, 228 (1998); ��©z¤"¿k/þfåÆ�Ï�°M�0£Quantum mechanics helps in searching a

needle in a haystack¤�*:"éX��ö�ÚéU\��ö��/��[Xã2.9¤«"
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2.4. �ÿþþ��89Ù�Ó�Æ¼ê 83

Figure 2.9: éX�ö�£Å��gö�¤ÚéU\�ö�£z�gÑéÙ¥�¤kX�ö�¤�/��[«¿ã
2.4 ���ÿÿÿþþþþþþ������888999ÙÙÙ���ÓÓÓ���ÆÆÆ¼¼¼êêê
2.4.1 éééØØØÓÓÓÔÔÔnnnþþþÓÓÓ���ÿÿÿþþþ���ØØØ(((½½½ÝÝÝ���!!!������ÔÔÔnnnþþþkkk(((½½½������^̂̂���éÔnþ Q£�A��ÎǱ Q̂¤Úþf� ψ§���¹e§Q̂ψ = Φ§Ônþ
Q vk(½�"��NX?u�Î Q̂ ��Æ��§Q̂ψn = Qnψn"3d�¹e§éÔnþ Q ?1ÿþ§��(½� Qn "¤±§��Ônþk(½��^�´µNX?uTÔnþ��Æ�"���!!!éééüüüÔÔÔnnnþþþÓÓÓ���ÿÿÿþþþ������ØØØ(((½½½ÝÝÝ

2.2.!®²?ØL§�I�Äþ!�m�Uþ��'ÔnþØUÓ�°(ÿ½§§��Ø(½ÝdØ(½'X ∆x∆px ≥ ~

2
!∆t∆E ≥ ~

2
Lã"ùpé���¹�±{�?Ø"

1. ØØØ(((½½½ÝÝÝ���½½½ÂÂÂéÔnþÿþ�Ø(½ÝÏ~dÿþ��þ�Ø�Lã§UìO�²þ��Ä��{§'uþf� ψ§ÿþÔnþ Q �Ø��²��²þ�Ǳ
(∆Q)2 = (Q̂ −Q)2 =

∫

ψ∗(Q̂ −Q)2ψdτ ,
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84 CHAPTER 2. þfåÆÐÚØ(½ÝKǱ
∆Q =

√

(∆Q)2 . (2.21)

2. ���������¹¹¹eee���ØØØ(((½½½'''XXXP Q1!Q2 Ǳ?¿üÔnþ§ψǱ?¿Å¼ê§dÄ��n�§Q̂1ψ Ú Q̂2ψǱǱÅ¼ê"d�U\�n�µ
ξQ̂1ψ + iQ̂2ψ£Ù¥ ξǱ?¿¢ê¤ǱǱÅ¼ê"dÅ¼êSÈ�5��§

I(ξ) =

∫

|ξQ̂1ψ + iQ̂2ψ|2dτ ≥ 0 .ÏǱ I(ξ) q�±L«Ǳ
I(ξ) =

(

ξQ̂1ψ + iQ̂2ψ , ξQ̂1ψ + iQ̂2ψ
)

=
(

ξQ̂1ψ , ξQ̂1ψ
)

− iξ
(

Q̂2ψ , Q̂1ψ
)

+ iξ
(

Q̂1ψ , Q̂2ψ
)

− i2
(

Q̂2ψ , Q̂2ψ
)

.|^þfåÆ¥z�ÔnþÑéA���5���Î�Ä�b�Ú���Î�5�§��§þª = ξ2
(

ψ , Q̂2
1ψ

)

− iξ
(

ψ , Q̂2Q̂1ψ
)

+ iξ
(

ψ , Q̂1Q̂2ψ
)

+
(

ψ , Q̂2
2ψ

)

= ξ2
(

ψ , Q̂2
1ψ

)

+ ξ
(

ψ , i[Q̂1 , Q̂2]ψ
)

+
(

ψ , Q̂2
2ψ

)

= ξ2Q̂2
1 + iξ[Q̂1 , Q̂2] + Q̂2

2

≥ 0

.

dD�'u¢ê ξ ��gØ�ª"�¦þª¤á§K�¦
(

i[Q̂1 , Q̂2]
)2 − 4 Q̂2

1 Q̂2
2 ≤ 0 ,=k 4 Q̂2

1 Q̂2
2 −

(

i[Q̂1 , Q̂2]
)2 ≥ 0 .¤±

√

Q̂2
1 · Q̂2

2 ≥
1

2

√

(

i
[

Q̂1 , Q̂2

])2
=

1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣ .
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2.4. �ÿþþ��89Ù�Ó�Æ¼ê 85d���Î�5��, Q1 Ú Q2 Ñ´¢ê, ¿�∆Q̂1 = Q̂1 − Q1 , ∆Q̂2 =

Q̂2 −Q2 Ǳ´���Î§u´k
√

(∆Q̂1)
2 · (∆Q̂2)

2 ≥ 1

2

∣

∣

∣

[

∆Q̂1 , ∆Q̂2

]

∣

∣

∣
.qÏǱ

[

∆Q̂1 , ∆Q̂2

]

=
[

Q̂1 −Q1 , Q̂2 −Q2

]

=
[

Q̂1 , Q̂2

]

+
[

Q̂1 , −Q2

]

+
[

−Q1 , Q̂2

]

+
[

−Q1 , −Q2

]

=
[

Q̂1 , Q̂2

]

,

√

(

∆Q̂1

)2 ·
(

∆Q̂2

)2
=

√

(

∆Q̂1

)2 ·
√

(

∆Q̂2

)2
= ∆Q1 ·∆Q2 ,�\þª§K�

∆Q1 ·∆Q2 ≥
1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣
.o�§é?¿üÔnþ Q1 Ú Q2 Ó�?1ÿþ�§§��Ø(½Ý

∆Q1!∆Q2 �m÷v'X
∆Q1 ·∆Q2 ≥

1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣
. (2.22)T'X¡ǱØ(½'X���/ª"dþª�§XJ [

Q̂1 , Q̂2

]

= 0§K ∆Q1∆Q2 = 0§= Q1 Ú Q2 k�UÓ�O(ÿ½"XJ [

Q̂1 , Q̂2

]

6= 0§K ∆Q1∆Q2 6= 0§= ∆Q1 Ú ∆Q2 ÑØǱ 0§=
Q1 Ú Q2 Ø�UÓ�O(ÿ½"ǱÒ´`§�A�ÎØé´�ÔnþØUÓ�°(ÿ½§�A�Îé´�Ônþk�UÓ�ÿ½"
2.4.2 ØØØÓÓÓÔÔÔnnnþþþÓÓÓ���kkk(((½½½������^̂̂������!!!ØØØÓÓÓÔÔÔnnnþþþ������ÓÓÓ���ÆÆÆ¼¼¼êêêXJüÔnþ Q1!Q2 'uÓ��Å¼êÓ�k�Æ�§=

Q̂1ψ = Q1ψ , Q̂2ψ = Q2ψ ,ǱÒ´ ∆Q1 = ∆Q2 = 0§K¡Ônþ�Î Q̂1 � Q̂2k�Ó�Æ¼ê ψ"
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86 CHAPTER 2. þfåÆÐÚ���!!!ØØØÓÓÓÔÔÔnnnþþþkkk���ÓÓÓ���ÆÆÆ¼¼¼êêê���^̂̂���dØ(½'X�§�k3 [

Q̂1 , Q̂2

]

= 0�¹e§â�Uk ∆Q1 = ∆Q2 = 0"¤±üÔnþ�Î Q̂1!Q̂2 k�Ó�Æ¼ê�¿�^�´µ
[

Q̂1 , Q̂2

]

= 0 ,½= �Î Q̂1 � Q̂2 é´"í2�µ�|Ônþäk�Ó�Æ¼ê�¿�^�´µù|ÔnþéA��Î¥�?Ûü�Ñp�é´"nnn!!!ØØØÓÓÓÔÔÔnnnþþþÓÓÓ���kkk(((½½½������^̂̂���cã?ØL²§3�|�Îk�Ó�Æ¼ê��¹e§ù|�ÎÓ�k(½�¶�|�Îk�Ó�Æ¼ê�¿�^�´ù|�Î¥�?Ûü�Ñ�pé´"¤±§ØÓÔnþÓ�k(½��¿�^�´µù|ÔnþéA��Î¥�?Ûü�Ñ�pé´"
2.4.3 ���


ÔÔÔnnnþþþ������ÓÓÓ���ÆÆÆ¼¼¼êêê���!!!���ÆÆÆ���IIIXXXeeennn������III¶¶¶���������ÄÄÄþþþ������ÓÓÓ���ÆÆÆ¼¼¼êêê�Æ�IX¥§Äþ�Î ~̂p �n�©þ p̂x!p̂y!p̂z �mké´'X

[

p̂x , p̂y
]

=
[

p̂y , p̂z
]

=
[

p̂z , p̂x
]

= · · · = 0 ,¤±§§�k�Ó�Æ¼ê
ψ~p(~r ) = ψpx(x)ψpy(y)ψpz(z) =

1

(2π~)3/2
ei(pxx+pyy+pzz)/~ =

1

(2π~)3/2
ei~p·~r/~ .���!!!ÆÆÆÄÄÄþþþ���ÎÎÎ{L̂2, L̂z} ������ÓÓÓ���ÆÆÆ¼¼¼êêê

1. ���UUU555ÏǱ [

L̂2 , L̂z
]

= 0£2.2.!®y²¤§K L̂2 � L̂zk�Ó�Æ¼ê"
2. L̂z ������ÆÆÆ¼¼¼êêê

2.2.!�?Ø®L²§XJP Lz ��Æ�§Ǳ L̂zφml
(ϕ) = Lzφml

(ϕ)§Kk�Æ¼ê φml
(ϕ) = 1√

2π
eimlϕ§�A��Æ�ǱLz = ml~"
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2.4. �ÿþþ��89Ù�Ó�Æ¼ê 87

3. {L̂2, L̂z} ������ÓÓÓ���ÆÆÆ¼¼¼êêêP {L̂2, L̂z}��Ó�Æ¼êǱ Y (θ, ϕ)§� L̂2��Æ�§�±L«Ǳ
L̂2Y (θ, ϕ) = λ~2Y (θ, ϕ) ,du L̂z��Æ�§Ǳ L̂zφml
(ϕ) = ml~φml

(ϕ)§� θ Ã'§K Y (θ, ϕ)�½�±©lCþ"u´§�� Y (θ, ϕ) = Θ(θ)φml
(ϕ) .ÏǱ

L̂2 = − ~
2

sin θ

d

dθ

(

sin θ
d

dθ

)

+
L̂2
z

sin2 θ
,Kk�Æ�§

[

− ~
2

sin θ

d

dθ

(

sin θ
d

dθ

)

+
L̂2
z

sin2 θ

]

Θ(θ)φml
(ϕ) = λ~2Θ(θ)φml

(ϕ) .=k
1

sin θ

d

dθ

(

sin θ
d

dθ

)

Θ(θ) +
(

λ− m2
l

sin2 θ

)

Θ(θ) = 0 .dD'é�V4��§£associated Legendre Eq.)"Ù�3k�)�^�´
λ = l(l + 1) , (Ù¥ l = 0, 1, 2, . . . ) ,Ù)Ǳ'é�V4�¼ê£associated Legendre function¤
Θ(θ) = P

|ml|
l (cos θ) , (Ù¥ |ml| ≤ l ) .�â��8�^�§K�

Y (θ, ϕ) = Ylml
(θ, ϕ) = (−1)ml

√

(2l + 1)(l − |ml|)!
4π(l + |ml|)!

P
|ml|
l (cos θ)eimlϕ .T¼ê Ylml

(θ, ϕ) ¡Ǳ¥�¼ê"o�§ÆÄþ�Î8 {L̂2, L̂z} k�Ó�Æ¼ê Ylml
(θ, ϕ) , Ù�Æ��§Ú��8�^��±�(Ǳ

L̂2Ylml
(θ, ϕ) = l(l + 1)~2Ylml

(θ, ϕ) , (2.23)

L̂zYlml
(θ, ϕ) = ml~Ylml

(θ, ϕ) , (2.24)



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

88 CHAPTER 2. þfåÆÐÚ
∫ 2π

0

dϕ

∫ π

0

Y ∗
lml

(θ, ϕ)Yl′m′
l
(θ, ϕ) sin θdθ = δll′δmm′

l
, (2.25)Ù¥ l = 0, 1, 2, . . . , ¡Ǳ;�þfê§ml = 0,±1,±2, · · · ,±l¡ǱÆÄþ l 3 z���ÝK�þfê§Ï~{¡�Ǳ^þfê"

Figure 2.10: ÆÄþ3 z ¶��ÝK�þfz«¿ã"ã¥��Ñ
± ~̂l 2��Æ��²��IP��²;VgéA�/ÆÄþ��0"du ~̂L2 ��Æ�=d;�ÆÄþþfê l û½§�^þfê ml Ã'§�� l éAk (2l + 1) � ml �£äN/§ml = 0,±1,±2, · · · ,±l"Tþfz��*ã�Xã 2.10 ¤«¤§ùÒ´`§ ~̂L2 ����Æ� l(l+ 1)~2 éAk (2l+ 1) ��Æ¼ê Ylml
(θ, ϕ)§¤±T�Æ�´ dl = (2l + 1) {¿�"

2.4.4 ���ÿÿÿþþþþþþ������888999ÙÙÙ���ÓÓÓ���ÆÆÆ¼¼¼êêê���������555���!!!���ÿÿÿþþþþþþ������888b½ {Q̂1, Q̂2, · · · } ´�|*dÕá��pé´��5���Î§§���Ó�Æ¼êǱψQ§XJ�½�|þfêα ��§ÒU
��(½NX����U�G�§K¡ù|�ÎéA�Ônþ�8Ü {Q̂1, Q̂2, · · · } �¤NX��|�ÿþþ��8£a complete set of dynamical variables¤"·���§���(½NX����U�G�§¤I�(½�þfê7L�TXÚ�gdÝê8�Ó"Ïd§Uìþã½Â§�ÿþþ��8¥Ônþ�ê8
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2.4. �ÿþþ��89Ù�Ó�Æ¼ê 89A�uNX�gdÝê8"~X§���5��f= 1 �gdÝ§Ïd(½XÚG���ÿþþ��8�I��Ônþ§~XM�îþ Ĥ"qX§n��m¥�½:=f§du§äkn�gdÝ§Ïd(½ÙG���ÿþþ��8ATkn�Ônþ§~XµM�îþ Ĥ ÚÆÄþ�²� L̂2 ±9ÆÄþ3 z ¶���ÝK L̂z"XJ=fǱ�Ý(½£=Ä.þ(½¤�=f§ÙgdÝǱ 2§==Æ (θ, ϕ)§Ïd(½ÙG���ÿþþ��8�=�Ǳ {L̂2 , L̂z}"���!!!���ÓÓÓ���ÆÆÆ¼¼¼êêê���������888���555d½Â�§NX��ÿþþ��8��Ó�Æ¼ê�,´T�ÿþþ��8¥z�Ônþ��Æ¼ê§Ïdù|�Ó�Æ¼ê�½÷v��8�5§P£ãNXG��þfêǱ α!α′ £§�¢S´�ÿþþ��8¥�ÔnþéA�þfê��«�U�|Ü¤§Kk
(

ψα , ψα′

)

= δαα′ .nnn!!!���ÓÓÓ���ÆÆÆ¼¼¼êêê���������555e�þfNX��ÿþþ��8Ǳ {Q̂1, Q̂2, · · · }§Ù�Ó�Æ¼êǱ {ψα}§d�Ó�Æ¼ê�����5Ú��8�5�§ {ψα} �¤�������8�¼êX§NX�?Û��G�Ñ�±L«Ǳ§���5U\§=k
Ψ =

∑

α

cαψα . (2.26)d�Ó�Æ¼êǱ {ψα} ���8�5�§
(ψα,Ψ) =

(

ψα,
∑

α′

cα′ψα′

)

=
∑

α′

cα′

(

ψα, ψα′

)

=
∑

α′

cα′δαα′ = cα ,¤±§þãÐmª¥�ÐmXê�±(½Ǳ
cα =

(

ψα , Ψ
)

=

∫

ψ∗
αΨdτ ,Ù¥�dτ L«¤k�«Cþ�È©NÈ�"XJΨ ®8�§K∑

α

|cα|2 = 1"
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90 CHAPTER 2. þfåÆÐÚdÅ¼ê�ÚO�ºÚþf�U\�n�§∣

∣cα
∣

∣

2 L«3�Ψ eÿþÔnþQ��ê�Qα �VÇ"�âþãþf�9Ônþ�Ä�5�§<�JÑþþþfffåååÆÆÆ¥¥¥'''uuuÿÿÿþþþ���ÄÄÄ���bbb���µµµ þfåÆXÚ�?�G��Å¼êΨ Ñ�±^Ônþ�Î��Æ¼êX§½�|�ÿþþ��8��Ó�Æ¼êX§5Ðm"�gÿþ§��¤k�Æ�¥���¶õgÿþ§��²þ� Q = (Ψ , Q̂Ψ)
(Ψ,Ψ)

§ÿ� Qn ��VÇǱ
Pn =

∣

∣(ψn,Ψ)
∣

∣

2"
2.5 þþþfff���ÚÚÚÔÔÔnnnþþþ������mmm���üüüzzz
2.5.1 þþþfff���������mmm���üüüzzz999ÙÙÙ(((½½½���{{{���!!!ÅÅÅ½½½������§§§·�®²Ù�§�mÅ¼êΨ(~r )£ã,��Ǳ�þf�"eØÓ�Ǳþf�ØÓ§=���mCz§K¡�Ǳ$ÄG�§PǱΨ(~r, t)"d�ÙcA!�?Ø�§XJΨ(~r, t) (½§KåÆþ�²þ�!,(½��VÇ!±9§���mCz�5Æ�Ñ(½"þfåÆ¥§NX�$ÄG�deª¤«�Schrödinger�§(½µ

i~
∂

∂t
Ψ(~r, t) = ĤΨ(~r, t) . (2.27)

Schrödinger �§´þfåÆ���Ä�b�§ÿØU�Ñ§���y"��~^��y�YXe"âf�G�dÅ¼ê£ã§b�ÙǱüÚ²¡Åµ
Ψ(~r, t) ∼ ei(

~k·~r−ωt) ,�â�ÙÛ¿'X~k = ~p
~
, ω = E

~
§KΨ(~r, t) ∼ ei(~p·~r−Et)/~ .é���m��û§Kk ∂

∂t
Ψ = −iE

~
Ψ , =k

i~
∂

∂t
Ψ(~r, t) = ÊΨ(~r, t) .é�¦�mFÝ§Kk∇Ψ = i ~p
~
Ψ¶�þãFÝ�ÑÝ§Kk∇2Ψ = − ~p 2

~2
Ψ§=k

~
2∇2Ψ = −~p 2Ψ .
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2.5. þf�ÚÔnþ��m�üz 91@o§
[

i~
∂

∂t
+

~
2

2m
∇2

]

Ψ =
(

E − ~p 2

2m

)

Ψ .��éØ�¹e§gdâf�Uþ�Äþ�mk'X E = Ek =
~p2

2m
§Kþª=

[

i~
∂

∂t
+

~
2

2m
∇2

]

Ψ = 0 .ǱÒ´
i~
∂

∂t
Ψ = − ~

2

2m
∇2Ψ .ÏǱþfåÆ¥§Äþ�ÎǱ ~̂p = −i~∇§Kþª=

i~
∂

∂t
Ψ(~r, t) =

~p 2

2m
Ψ(~r, t) .�âf3³| U(~r) ¥$Ä�§

E = Ek + Ep =
~p 2

2m
+ U(~r ) ,=k

E − ~p 2

2m
= U(~r ) .u´

[

i~
∂

∂t
+

~
2

2m
∇2

]

Ψ(~r, t) = U(~r )Ψ(~r, t) ,½=k
i~
∂

∂t
Ψ(~r, t) =

[

− ~
2

2m
∇2 + U(~r )

]

Ψ(~r, t) .�²;åÆ'��§− ~
2

2m
∇2 + U(~r )ǱUþ�Î§u´�Ú\M�îþ�Î

Ĥ = − ~
2

2m
∇2 + U(~r ) =

~p 2

2m
+ U(~r ) .u´k��/ª�Schrödinger �§

i~
∂

∂t
Ψ(~r, t) = ĤΨ(~r, t) .���!!!���UUU\\\���nnn������yyy
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92 CHAPTER 2. þfåÆÐÚP ψ1(~r, t) Ú ψ2(~r, t) Ñ´Å½��§�)§=k
i~
∂

∂t
ψ1(~r, t) = Ĥψ1(~r, t) , i~

∂

∂t
ψ2(~r, t) = Ĥψ2(~r, t) .XJ c1!c2 Ǳ~£E¤ê§K

i~
∂

∂t
c1ψ1(~r, t) = Ĥc1ψ1(~r, t) , i~

∂

∂t
c2ψ2(~r, t) = Ĥc2ψ2(~r, t) .üª�\§Kk

i~
∂

∂t
[c1ψ1(~r, t) + c2ψ2(~r, t)] = Ĥ [c1ψ1(~r, t) + c2ψ2(~r, t)] .=

Ψ(~r, t) = c1Ψ1(~r, t) + c2Ψ2(~r, t)Ǳ´Å½��§�)"ù�Ò�y
�U\�n��(5"
2.5.2 ½½½���Schrödinger���§§§���!!!½½½���Schrödinger���§§§���UUUþþþ���ÆÆÆ���ÚÚÚ���ÆÆÆ¼¼¼êêêXJ³U U(~r ) Øw¹�m§K ψ(~r, t) �±Ïfz©lCþ§P�Ǳ

ψ(~r, t) = ψ(~r )f(t) ,Kk
ψ(~r )

[

i~
∂

∂t
f(t)

]

= f(t)
[

− ~
2

2m
∇2 + U(~r )

]

ψ(~r ) .�§�Òü>ÓØ± ψ(~r, t) = ψ(~r )f(t)§K�
i~

f(t)

∂

∂t
f(t) =

1

ψ(~r )

[

− ~
2

2m
∇2 + U(~r )

]

ψ(~r ) .duT�§�>=´�m t�¼ê§m>=´�m ~r�¼ê§3Ï~���éØ�¹e§tÚ ~rp�Õá§�k�Òü>ÑǱÓ�~þ�§þªâ¤á"du− ~
2

2m
∇2 + U(~r) éAM�î�Î Ĥ§K�§mýéA�~þ�PǱUþE"@oþã�§�ýzǱ

i~
∂

∂t
f(t) = Ef(t) ,
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2.5. þf�ÚÔnþ��m�üz 93Ù)Ǳ
f(t) ∼ e−iEt/~ .Ó�§þã�§��ÒmýzǱ

[

− ~
2

2m
∇2 + U(~r )

]

ψ(~r ) = Eψ(~r) , (2.28)T�§¡ǱØ¹�Å½��§§½½�Å½��§"÷vÔn^�£ëY!k�!²��È!�¤�þã�§�)éA��Æ�E ¡ǱUþ�Æ�£energy eigenvalue¤§�A�)ψE(~r ) ¡ǱUþ�Æ¼ê"d��½�Å½��§¡ǱUþ�Æ�§"£�{¤§þã½�Å½��§¢S´3�
b�ed²;åÆí�Ñ5�1"���!!!½½½����ψE(~r ) ´Uþ�Æ¼ê§eÐ©�Ǳ (t = 0) âf?u,�Uþ�Æ�§=
ψ(~r, 0) = ψE(~r ) ,K

ϕ(~p ) =
1

(2π~)3/2

∫

ψE(~r )e
i~p·~r/~d~r ,

ψ(~r, t) =
1

(2π~)3/2

∫

ϕ(p)ei(~p·~r−Et)/~d~p

=
1

(2π~)3

∫

ψE(~r
′)ei(~p·(~r−~r

′)−Et)/~d~pd~r ′

=

∫

ψE(~r
′ )e−iEt/~δ(~r − ~r ′)d~r ′

= ψE(~r )e
−iEt/~ùL²§

ψ(~r, t) = ψE(~r )e
−iEt/~ (2.29)

1Annalen der Physik 384, 361 (1926); �o�Ø©
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94 CHAPTER 2. þfåÆÐÚǱ?¿�Ǳ t UþǱ E �G��Å¼ê"ÏǱ
O = 〈Ô〉 =

∫

ψ∗Ôψd~r =
∫

ψ∗
E(~r )e

iEt/~ÔψE(~r )e−iEt/~d~r ,¤±§é?ÛØw¹�m t�ÔnþO§Ñk
O =

∫

ψ∗
E(~r )ÔψE(~r )d~r ,��mÃ'"¿�§VÇ�Ý ρ(~r, t) = |ψ(~r, t)|2 = |ψE(~r )|2 w,��mÃ'"¤±ψ(~r, t) = ψE(~r )e

−iEt/~ £ã�þf�¡ǱUþǱ E �½�"w,§éu½�§XÚ�VÇ�Ý©ÙÚÔnþ�²þ�Ñ�±~þ§Ø��mCz"nnn!!!UUUþþþ���ÆÆÆ������UUU\\\XJψE(~r )ǱUþ�Æ�§¿k ψ(~r, 0) =
∑

E

cEψE(~r ) , K
ψ(~r, t) =

∑

E

cEψE(~r )e
−iEt/~ .ÏǱU\XêÚ�êÏfÑ�Uþ E �'§¤±TÅ¼ê£ã�þf���Ø´½�"ù«Ðm¡ǱªÌ©Û£½Ì©)¤§´~^�©Û��G��5���{"

2.5.3 ëëëYYY555���§§§���VVVÇÇÇÅÅÅððð���!!!ëëëYYY555���§§§½ÂµVÇ6�Ý
~j(~r, t) = − i~

2m
[ψ∗∇ψ − ψ∇ψ∗] =

1

2m
[ψ∗ ~̂pψ − ψ~̂pψ∗] .�VÇ�Ý ρ(~r, t) = |ψ(~r, t)|2�éX§Kk

∂

∂t
ρ(~r, t) +∇ ·~j(~r, t) = 0 .T�§¡ǱëY5�§"
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2.5. þf�ÚÔnþ��m�üz 95¿�§éu½�
~j(~r, t) = − i~

2m
[ψ∗(~r, t)∇ψ(~r, t)− ψ(~r, t)∇ψ∗(~r, t)]

= − i~

2m
[ψ∗
E(~r )∇ψE(~r )− ψE(~r )∇ψ∗

E(~r )]��mÃ'"���!!!½½½���666ÅÅÅðððéëY5�§3?¿NÈV È©§Kk
∫

V

∂

∂t
ρ(~r, t)dV +

∫

V

[∇ ·~j(~r, t)]dV = 0 .dÑÝ½n�§
∫

V

[∇ ·~j ]dV =

∮

~j · d~S ,Kþª=
∂

∂t

∫

V

ρdV = −
∮

S

~j · d~S .ùL²§?�NÈSVÇ��m�CzÇ�ud	Ü6\TNÈ�VÇ6�Ú"dÅ¼ê²��È�
~j|~r→∞ ⇒ 0 ,¤±

∫

total

ρ(~r, t)dV =~þ .

2.5.4 ÔÔÔnnnþþþ������mmm���üüüzzz999ÅÅÅðððþþþ���!!!ÔÔÔnnnþþþ���²²²þþþ���������mmm���CCCzzzÏǱéuþf� ψ(~r, t)§Ônþ Q �²þ�Ǳ
Q =

∫

ψ∗(~r, t)Q̂ψ(~r, t)dt ,K
dQ

dt
=

∫

ψ∗Q̂
(∂ψ

∂t

)

dt+

∫

ψ∗(∂Q̂
∂t

)

ψdt+

∫

(∂ψ∗

∂t

)

Q̂ψdt .
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96 CHAPTER 2. þfåÆÐÚdÅ½��§�
∂ψ

∂t
=

1

i~
Ĥψ ,

∂ψ∗

∂t
=

1

−i~(Ĥψ)
∗ ,@o§

dQ

dt
=

∫

ψ∗(∂Q̂
∂t

)

ψdt+
1

i~

∫

ψ∗Q̂Ĥψdt− 1

i~

∫

(Ĥψ)∗Q̂ψdt .ÏǱ Ĥ´���Î§=
∫

(Ĥψ)∗Q̂ψdt =
∫

ψ∗ ˜̂H∗Q̂ψdt =
∫

ψ∗Ĥ+Q̂ψdt =
∫

ψ∗ĤQ̂ψdt ,¤±
dQ

dt
=

∫

ψ∗(∂Q̂
∂t

)

ψdt+
1

i~

∫

ψ∗(Q̂Ĥ − ĤQ̂)ψdt ,=k
dQ

dt
=
∂Q̂
∂t

+
1

i~
[Q̂ , Ĥ ] .o�§ÔnþQ�²þ���müz�5Æ�±LãǱ

dQ

dt
=
∂Q̂
∂t

+
1

i~
[Q̂ , Ĥ ] . (2.30)���!!!ÅÅÅðððþþþ��ò²;Ôn¥Åðþ�½Âí2§<�¡²þ�9ÿ�VÇÑØ��mCz�Ônþ¡ǱÅðþ"¿�§ÅðþéA�þfê¡ǱÐþfê"dþãÔnþ�²þ���mCz�5Æ�§XJÔnþ Q éA��Î Q̂Øw¹�m t ,¿�� Ĥé´, =k

∂Q̂
∂t

= 0 ,
[

Q̂ , Ĥ
]

= 0 ,K
dQ

dt
=
∂Q̂
∂t

+
1

i~

[

Q̂ , Ĥ
]

= 0 + 0 = 0 .¤±§þfåÆ¥§ÔnþǱÅðþ�^�´: ÔnþØw¹�m,¿��M�îþ Ĥé´"
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2.5. þf�ÚÔnþ��m�üz 97âd§·��±?Ø~��¹�ÅðþXe"
(1) XJNX�M�îþØw¹�m t ,½=�p�^³Ø��mCz§KM�îþ´NX���Åðþ"
(2) gdâf�ÄþÚÆÄþÑ´Åðþ"
(3) k%å|¥�âf�ÆÄþ´Åðþ§ÄþØ´Åðþ"nnn!!!ÅÅÅðððþþþ���½½½������'''���£�cã?Ø�§Åðþ´ÔnNX��aAÏ�Ônþ§3��G�£Ø+´Ä´½�¤e§Ù²þ�Úÿ�VÇÑØ��mUC"½�´ÔnNX��«AÏG�§=Uþ�Æ�"3½�e§��Ø¹�m�Ônþ£Ø+´Ä´Åðþ¤�²þ�9ÿ�VÇÑØ��mUC"ooo!!!ÅÅÅðððþþþ���ééé¡¡¡555cã?Ø®²`²§3þfåÆ¥§²þ�9ÿ�VÇÑØ��mCz�ÔnþǱÅðþ§ÅðþéA�þfêǱÐþfê"·����§NXG�3,«C�£½ö�¤e�ØC5¡ǱNX�é¡5"dd�±íäµÔnNX�Åðþ�½�NX�é¡5�éA"î�/§·�k Nöther ½n£�IêÆ[!ÔnÆ[ Emmy Nöther 1918cJÑ¤µÔnNX�z��ëY�é¡5C�Ñk��Åðþ���éA"þã0�L²§Åðþ¢S´NX�,«é¡5¤éA�Ônþ"äN/kµ�m²£ØC£é¡5¤éA£û½
¤ÄþÅð¶�m=ÄØC£é¡5¤éA£û½
¤ÆÄþÅð¶�m²£ØC£é¡5¤éA£û½
¤UþÅð"¿�§cã�ëYC��é¡5£ØC5¤�±í2�©áC��é¡5§~Xµ�m�üØCéA�¡Åð"¤¢�¡§=LÆâf½âf|¤�XÚ�G�3�m�üe�C�5��Ônþ"�*/§P�m�üö��ÎǱ P̂!XÚ��p�^³Ǳ V (~r)!XÚ�Å¼êǱ ψ(~r)§�m�üØC�
P̂V (~r) = V (P̂ ~r) = V (−~r) = V (~r)§¿� ∣

∣P̂ψ(~r)
∣

∣

2
=

∣

∣ψ(−~r)
∣

∣

2
=

∣

∣ψ(~r)
∣

∣

2§=
P̂ψ(~r) � ψ(~r) =�����Ïf"2P P̂ψ(~r) = Pψ(~r)§ÏǱé�m�ü��G�2�ü�g�½£��5�G�§=k

P̂ 2ψ(~r) = P̂ (Pψ(~r)) = P (P̂ψ(~r)) = P 2ψ(~r) = ψ(~r) ,
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98 CHAPTER 2. þfåÆÐÚdd�� P 2 = 1§½=k P = ±1"ùL²§�m�ü��§XÚ�G��±�±ØC§= P = 1¶Ǳ�UUCÎÒ§=k P = −1"Tþfê=¡Ǳ�¡§¿� P = 1 ¡Ǳó�¡§P = −1 ¡ǱÛ�¡"é½�Å½��§��m�ü�§XJ P̂ V (~r) = V (−~r) = V (~r)§K�Au ψ(~r)§kUþ{¿� ψ(−~r)§¿��¡
P �±ó ½ Û ØC§=ü«�¡��Ø¬·Ü"'uëYC��é¡5�Åðþ�éA'X§�u�§�Æ§ùpØ�äN?Ø§k,�
)äNSN¿�\&?�Öö�ë�þfåÆ�á½k';Í"
2.5.5 ±±±µµµcã?ØL²§3þfåÆ¥§NX�þf�£Å¼ê¤ÚÔnþÑ�U´��mCz�§ǱÒ´�m�6�"Lã(þfåÆ) �nØµe¥��m�61Ǳ��Y¡Ǳ±µ£picture¤"þfåÆ¥~^�±µkÅ½�±µ!°Ü�±µÚ�p�^±µ"�u�§�Æ§ùpǱØ�äN?Ø"k,�
)äNSN¿��\&?�Öö�ë�þfåÆ�á½þf|Ø�á"
2.6 ������½½½���¯̄̄KKKÞÞÞ~~~
2.6.1 ������ÃÃÃ���������³³³²²²���!!!½½½ÂÂÂXmã¤«�n�z��.¡Ǳ��Ã���³²§=k
U(x) =











0 , (0 < x < a) ,

∞ , (x ≤ 0, x ≥ a) .

(2.31) Figure 2.11: ��Ã��³²�.«¿ã���!!!UUUþþþ���ÆÆÆ���ÚÚÚ���ÆÆÆ¼¼¼êêê
1. ³³³²²²			 (x ≤ 0, x ≥ a)
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2.6. ��½�¯KÞ~ 99ÏǱâf��3²S§¿�²9Ú²	Ñk U(x) = ∞ , d�*Ônã��§é x ≤ 0 Ú x ≥ a§âf�Å¼ê
ψ(x) = 0 .

2. ³³³²²²SSS (0 < x < a)d½�Å½��§���/ª
[

− ~
2

2m
∇2 + U(~r )

]

ψ(~r ) = Eψ(~r ) ,Ú³²S U(x) = 0 �§Ã��³²S$Ä�âf�½�Å½��§Ǳ
− ~

2

2m

∂2

∂x2
ψ(x) = Eψ(x) ,=

∂2ψ

∂x2
+

2mE

~2
ψ = 0 .P 2mE

~2
= k2§Kþª½= d2ψ

dx2
+ k2ψ = 0 .dD;.��Ä�§§ÙÏ)Ǳ

ψ(x) = A sin(kx+ δ) ,Ù¥ A Ú δ Ǳ�½~þ"d>^�ÚÅ¼ê�ëY5�§ψ(x = 0) = 0§=k A sin δ = 0 . dd�
δ = nπ (n = 1,±1, . . .)"Ǳ{ü§� n = 0§K δ = 0"E�â>^�ÚÅ¼ê�ëY5�§ψ(x = a) = 0§=k A sin ka = 0§@o
ka = nπ (n = 0,±1, . . .)§¤± k = nπ

a
"qÏǱ n = 0 �§ψ(x) = A sin 0 ≡ 0§K n = 0 A��§¤±

ψ(x)|0<x<a = A sin
nπx

a
(n = ±1,±2, . . .) .d8�z^�

∫ ∞

−∞

∣

∣ψ(x)
∣

∣

2
dx = A2

∫ a

0

∣

∣

∣
sin

nπx

a

∣

∣

∣

2

dx = 1 ,
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100 CHAPTER 2. þfåÆÐÚ�
A =

√

2

a
.�d§·�(½
�½~þ A Ú δ 9 k ���"� k ¥�ê n ǱIPG��SÒ§=k n = 1, 2, 3, · · ·§@o§�Æ¼ê�±LãǱ

ψ(x)|0<x<a =
√

2

a
sin

nπx

a
.d½Â k =

√

2mE
~2
ÚÔn^� k = nπ

a
�µ

E =
n2π2

~
2

2ma2
.du n A�©á� 1, 2, 3, . . .§¤±k©á��Æ�

En =
n2π2

~
2

2ma2
. (2.32)w,§E1 = Emin , K�Æ¼ê ψ1 ¡ǱÄ�§ψn (n = 2, 3, . . .) ¡Ǳ-u�"nnn!!!������ÃÃÃ���������³³³²²²¥¥¥$$$ÄÄÄ���âââfff���AAA:::o(þãO��(J�§��Ã���³²¥$Ä�âfkeãA:"

(1) âf?uåP�"
(2) âf�UÌ´lÑÌ£©áÌ¤§ÙUþ�âf��þm¤�'§�³²�°Ý�²�£ a2¤¤�'§�þf��SÒ n �²�£n2¤¤�'"
(3) âfäk":U E1 =

π2
~
2

2ma2
"

(4)âf�Å¼êǱ7Å§¿�d~jn(x) =
1
2m

(ψ∗ ~̂pψ−ψ~̂pψ∗) = 0Úλ = h
p
= h

k~
=

2π
k

= 2a
n
�§1 k-u�´äk k�!:�7Å"?§·�kUÌ�Å¼ê�'XµÅ¼ê�!:�õ!Å��á!ªÇ�p§âf�Uþ�p"~~~KKK. �âf?3 [0, a]��S���Ã���³²¥§¿�Å¼êǱψ(x) =

4√
a
sin πx

a
cos2 πx

a
§Á(½âfUþ��Uÿþ�9�A�VÇ"©Ûµ ·�®²��§ [0, a]��S���Ã���³²¥âf�Uþ�Æ� En�Uþ�Æ¼ê¥�þfê n �mk'X En = π2

~
2

2ma2
n2 (Ù¥n = 1, 2, 3, · · · )§¿�Uþ�Æ¼ê�±LãǱ ψn(x) =

√

2
a
sin nπx

a
"y3�äN¯K´§Ǳ,®
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2.6. ��½�¯KÞ~ 101��Å¼ê§�§Ø´�Æ¼ê�/ª"Ïd§·�AT�{ò���Æ¼êéX§?���ÆUþ9�A�ÿ�VÇ£�AÅ¼ê���²�¤"){1µ �â�U\�nÚ�Æ¼ê���8�5éÅ¼ê?1Ðm"Pψ =
∑

n

cnψn§K
cn =

∫ a

0
ψ∗
n(x)ψ(x)dx =

∫ a

0
4
√
2

a
sin nπx

a
sin πx

a
cos2 πx

a
dx

=
∫ a

0
2
√
2

a
sin nπx

a
sin πx

a

(

1 + cos 2πx
a

)

dx

=
∫ a

0
2
√
2

a
sin nπx

a
sin πx

a
dx+

∫ a

0
2
√
2

a
sin nπx

a
sin πx

a
cos 2πx

a
dx

=
√
2δn1 +

√
2
a

∫ a

0
sin nπx

a
sin 3πx

a
dx−

√
2
a

∫ a

0
sin nπx

a
sin πx

a
dx

=
√
2δn1 +

1√
2
δn3 − 1√

2
δn1

=
√
2
2
δn1 +

√
2
2
δn3 ,=k ψ(x) =

√
2
2
ψ1(x) +

√
2
2
ψ3(x).¤±éTâf?1ÿþ�§Uþ��U�´

E = E1 =
π2
~
2

2ma2
, E = E3 =

9π2
~
2

2ma2
.�A�ÿ�VÇÑ´ 1

2
"){2µ |^nÆ¼ê�5���éψ(x)?1Ðm"

ψ(x) = 4√
a
sin πx

a
cos2 πx

a
= 4√

a
sin πx

a
1
2

(

1 + cos 2πx
a

)

= 2√
a

(

sin πx
a
+ sin πx

a
cos 2πx

a

)

= 2√
a

[

sin πx
a
+ 1

2

(

sin 3πx
a

− sin πx
a

)]

= 1√
a
sin πx

a
+ 1√

a
sin 3πx

a

= 1√
2
ψ1(x) +

1√
2
ψ3(x) .¤±ÿþUþ����´ π2~2

2ma2
!9π2~2

2ma2
§ÿ�VÇÑ´ 1/2"

2.6.2 ���������555������fff���!!!½½½ÂÂÂ��É�£=k���Ä¤þfXÚ£Xµ�N¬�!©f!�¤Ñ�±±��f³XÚ�ǱéÐ�Cq"���!!!ÅÅÅÄÄÄåååÆÆÆ���{{{£££���IIILLL���¤¤¤¦¦¦)))
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102 CHAPTER 2. þfåÆÐÚd
U(x) =

1

2
kx2 =

1

2
mω2x2 ,

(2.33)Ù¥ m Ǳâf��þ! ω =
√

k
m
Ǳ����ªÇ§½Â�³¡Ǳ���5��f³§Xmã¤«" Figure 2.12: ���5��f³�.«¿ã

1. ½½½���ÅÅÅ½½½������§§§999ÙÙÙÃÃÃþþþjjjzzzòU(x) = 1
2
mω2x2 �\��/ª�½�Å½��§§Kk

[

− ~
2

2m

d2

dx2
+

1

2
mω2x2

]

ψ(x) = Eψ(x) ,=
[ d2

dx2
− m2ω2

~2
x2 +

2mE

~2

]

ψ(x) = 0 .½Â α =
√

mω
~
§ξ = αx§λ = 2mE

~2α2 = 2E
~ω
§KþãÅ½��§zǱÃþj/ª

d2

dξ2
ψ(ξ) + (λ− ξ2)ψ(ξ) = 0 .

2. ÅÅÅ¼¼¼êêê333ÃÃÃ¡¡¡���???���ìììCCC111ǱǱǱdλ = 2E
~ω
�§Ek��§λǱk�§K ξ = ±∞�§�éuξ§λ��Ñ"u´§þã�§zǱ

d2

dξ2
ψ − ξ2ψ = 0 ,Ù)Ǳ ψ ∼ e±

ξ2

2 .ÏǱ ξ → ∞ £= x → ∞¤�§U → ∞§��uÃ��³²§@o ψ(ξ →
∞) → 0"ψ ∼ e

ξ2

2 �)w,��ØÎ§ÏdA��"¤±§����f�Å¼ê3 ξ = ±∞?�ìC1Ǳ´ ψ(ξ → ±∞) ∼ e−
ξ2

2 .

3. ÷÷÷vvvåååPPP���^̂̂������???êêê)))���þþþfffzzz^̂̂���
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2.6. ��½�¯KÞ~ 103ÏǱÅ¼êkìC1Ǳ ψ(ξ → ±∞) ∼ e−ξ
2/2 , K½�Å½��§�)��Ǳ ψ = e−ξ

2/2u(ξ) . ¿�Ãþjz�½�Å½��§zǱ
d2

dξ2
u− 2ξ

d

dξ
u+ (λ− 1)u = 0 .dDIO����§£Hermite equation¤"���¹e§Ù)ǱÃ¡?ê§�kìC1Ǳ u(ξ → ±∞) ∼ e ξ

2§@o
ψ(ξ → ±∞) = e−ξ

2/2u(ξ) ∼ eξ
2/2 ,� ψ(ξ → ±∞) ∼ e−ξ

2/2 Ø��§ÏdA��"êÆïÄL²§� λ − 1 = 2n (n = 0, 1, 2 . . .)§= λ =Ûê �§T�§�)Ǳk��?ê(Hermite Polynomial) )§¿�±L«Ǳ
u(ξ) = Hn(ξ) = (−1)neξ

2 dn

dξn
e−ξ

2

.ÙcA��)Û/L«Ǳ
H0(ξ) = 1 , H1(ξ) = 2ξ ,

H2(ξ) = 4ξ2 − 2 , H3(ξ) = 8ξ2 − 12ξ ,

· · · · · ·¤±§Ǳ
�y��kÔn¿Â�)§���¹e���f�§�Ã¡?ê)AT¥äǱk��?ê§u´kþfz^� λ = 2n+ 1 . dëê λ �½ÂN´�� E = λ
2
~ω"u´§���5��f��ÆUþǱ

En =
(

n +
1

2

)

~ω . (2.34)

4. ���������555������fff���AAA:::
(1) UUUÌÌÌAAA:::~Xµ4He Ú 3He 3é$§ÝeEØ�z=´ù
�fäk��p":U�Ly"
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104 CHAPTER 2. þfåÆÐÚdUþ�Æ� En =
(

n + 1
2

)

~ω ´�§���5��fXÚ�UÌäkeãA:£Xmã¤«¤"
(a) En+1 − En = ~ω = ~þ§=U?þ!©Ù§ǱÒ´¥�ÄÌ"
(b) äk":U E0 =

1
2
~ω"

Figure 2.13: ���5��f�UÌ«¿ã
(2) UUUþþþ���ÆÆÆ¼¼¼êêê999ÙÙÙ���¡¡¡
〈1〉 Uþ�Æ¼ê��¡ÚA:d ψn(x) = Ane

−α2x2/2Hn(αx) ,Ù¥An =
√

α
2nn!

√
π
§α =

√

mω
~
§�§���5��f�Uþ�Æ¼êkeãA:£Xã2.14¤«¤µ

〈i〉 n =óê§�¡ P Ǳó¶
n =Ûê§�¡ P ǱÛ"

〈ii〉 1 n -u��Å¼ê�!:ê�u n§Uþ�'u n" Figure 2.14: ���5��f��
$U��Å¼ê9VÇ�Ý©Ù
2

2�âùp�£Uþ¤�Æ���Æ¼ê£Å¼ê¤�!:ê�'X9cã���Ã��³²�£Uþ¤�Æ���Æ¼ê£Å¼ê¤�!:ê�'X��§(ÜnØþ'u�©�§��Æ�Ú�Æ¼ê���½n£Sturm½n¤µéuåP�§Ä�Å¼êÃ!:£Ã¡�?�Ø	¤§1 n -u�k n �!:"¿?�Ú�ÄS�!:´dXÚ�é¡5û½�§<�JÑ
�NXÚ5��S�!:©Û�{§k,�é��\&?�ÓÆ�ë� Phys. Rev. Lett.
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2.6. ��½�¯KÞ~ 105

〈2〉 �²;åÆ¥��5��f�'�²;åÆ¥§3 x = 0?§�5��f��Ý ẋ��§âfÑyVÇ��¶3üà§ẋ = 0§âfÑyVÇ��"3þfåÆ¥§âf3 x = 0NCÑy�VÇ�nk'§~XP (x = 0, n =

0) = Pmax§P (x = 0, n =óê) 6= Pmin)"��X n O�§Åì�C²;�¹"�*'�Xã2.14�mýÜ©Úã2.15¤«"

Figure 2.15: ���5��f3þfên = 11��p-u�e�VÇ�Ý©Ù£¢�¤9Ù�²;�¹£J�¤�'�"nnn!!!UUUþþþÓÓÓkkkêêêLLL������{{{£££���gggþþþfffzzz���{{{¤¤¤¦¦¦)))
1. ���ÆÆÆUUUþþþòM�îþ Ĥ = p̂2

2m
+ 1

2
kx2 = 1

2m

(

p̂2 +m2ω2x2
) U�Ǳ

Ĥ =
1

2m

[

(p̂+ imωx̂)(p̂− imωx̂)− imω(x̂p̂− p̂x̂)
]

,|^é´'X
[x̂ , p̂] = x̂p̂− p̂x̂ = i~K�

Ĥ =
1

2m

(

p̂+ imωx̂
)(

p̂− imωx̂
)

+
1

2
~ω .

82: 61 (1999)¶Phys. Rev. C 67: 055207 (2003)¶5�NXÚ�þfåÆé¡56£�ÆÑ��§2006c1��¤¶��©z"
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106 CHAPTER 2. þfåÆÐÚ½Â���Ý�Î
â† = i

√

1

2m~ω

(

p̂+ imωx̂
)

, â = −i
√

1

2m~ω

(

p̂− imωx̂ ,
)

,w,k
[

â , â†
]

=
1

2m~ω

[

p̂− imωx̂ , p̂+ imωx̂
]

= − i

~

[

x̂ , p̂
]

= 1 .u´k
Ĥ =

(

ââ† +
1

2

)

~ω =
(

n̂+
1

2

)

~ω ,Ù¥ n̂ = â†â ¡Ǳâfê�Î"Pâf�G�Ǳψ = |n〉§²L�
|^é´'X�O���§TG�´âfê�Î n̂��Æ�§=k�Æ�§
n̂
∣

∣n
〉

= n
∣

∣n
〉

.5¿§ùp¤ã�âfê¢S´���$Ä�âf���Äê§<�~¡�Ǳ(fê"u´§����f�Uþ�Æ��±LãǱ
En =

(

n+
1

2

)

~ω .¿g,kÄ�Uþ E0 =
1
2
~ω > 0"

2. ���ÆÆÆ¼¼¼êêêd â Ú â† �½Â�§�I¦ÑÄ�Å¼ê ψ0(x) = |0〉§,�d,�Î a† �^§=���-u�Å¼ê§~X ψ1(x) ∝ â†|0〉!ψ2(x) ∝ (â†)2|0〉!��"e¡k�	Å¼ê3�IL�¥�/ª"PÄ�Å¼êψ0(x) Ǳ <x|0〉§KÄ�Å¼ê²Äþ�Î�^��(J3�IL�¥�±LãǱ
<x

∣

∣p̂
∣

∣0〉 = −i~ d

dx
<x

∣

∣0〉 = −i~dψ0(x)

dx
.ÏǱ â|0〉 = 0§= <x|(p̂− imωx̂)|0〉 = 0 .u´k ( d

dx
+
mω

~
x
)

ψ0(x) = 0 .)��
ψ0(x) = Ce−mωx

2/(2~) .
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2.6. ��½�¯KÞ~ 107d8�z^��
C =

√

mω

π~
.u´kÄ�Å¼ê

ψ0(x) =

√

mω

π~
e−mωx

2/(2~) .r (â†)n�^uψ0(x) =�-u�ψn(x)"~X§
ψ1(x) = â†

∣

∣0〉 = i

√

1

2m~ω
(p̂+ imωx̂)|0〉 =

√

~

2mω

( d

dx
− mω

~
x
)

ψ0(x) .¿�k4í'X
â†|n〉 =

√
n + 1|n+ 1〉 .£�þã?Ø�§ùpæ^��{¢S´�	�UþG��£�¤Ók�¹§ÏdÏ~¡�Ǳ£Uþ¤ÓkêL��{§½¡Ǳ�gþfz�{"äNïÄL²§éuõNXÚ§�gþfzL�¦)�k�"¿�§uÐïá
�Z�L�§l�±|^�ê�{ïÄõâfXÚ�8N$Ä£~X§©fÚ�fØ�Ñäk�Ä!=Ä��ª�8N$Ä¤�5�Ú5Æ"

2.6.3 ���������³³³^̂̂999ÙÙÙ���BBB���!!!���������³³³^̂̂¯̄̄KKK���½½½ÂÂÂUþǱE �âf3³|£Xã2.16 ¤«¤
U(x) =











U0 , (0 ≤ x ≤ a) ,

0 , (x < 0, x > a) .¥$Ä�¯K¡Ǳ���³^¯K" Figure 2.16: ���³^|«¿ãw,§U0 > 0��¹Ǳý���³^§U0 < 0��¹¢SǱ³²"¿�§aq/§k δ –³^!��f³^!��"
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108 CHAPTER 2. þfåÆÐÚ���!!!³³³^̂̂			ÜÜÜ���½½½���ÅÅÅ½½½������§§§999ÙÙÙ///ªªª)))ÏǱ³^	£= x < 0Ú x > a«�¤U(x) = 0§K ù
«�¥âf�½�Å½��§Ǳ
d2

dx2
ψ +

2mE

~2
ψ = 0 .½Â√

2mE
~2

= k§KÙ)�L«Ǳ
ψ1 ∼ eikx , ψ2 ∼ e−ikx .�*/, 3 x < 0«�§Qk\�Å£∼ eikx¤, Ǳ�Uk��Å£∼ e−ikx¤¶3 x > 0«�§�kß�Å£∼ eikx¤§¤±§³^	�Å¼ê��Ǳ

ψ(x) =







eikx +Re−ikx , (x < 0) ,

T eikx , (x > a) .=k\�6�Ý
jin = − i~

2m

(

e−ikx
d

dx
eikx − c.c.

)

=
~k

m
= v ,��6�Ý

jref = |R|2v ,ß�6�Ý
jtrans = |T |2v .Ù¥ v = ~k

m
= p

m
=\�âf��Ý"âd�½Â��Xê

Cref =
jref
jin

= |R|2ß�Xê
Ctrans =

jtrans
jin

= |T |2 .nnn!!!³³³^̂̂SSSÜÜÜ���½½½���ÅÅÅ½½½������§§§999ÙÙÙ///ªªª)))



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

2.6. ��½�¯KÞ~ 109ÏǱ3 0 ≤ x ≤ a «�S U(x) = U0§KÙ½�Å½��§Ǳ
d2

dx2
ψ − 2m

~2
(U0 −E)ψ = 0 .½Â√

2m(U0−E)

~2
= k′ , Kk

d2

dx2
ψ − k′

2
ψ = 0 .ÙÏ)�L«Ǳ

ψ(x) = Aek
′x +Be−k

′x .ooo!!!ÅÅÅ¼¼¼êêêäääNNN///ªªª���(((½½½dþã©Û�, ���³^¯K¥�«��Å¼ê�L«Ǳ
ψ(x) = eikx +Re−ikx , (x < 0) ,

ψ(x) = Aek
′x +B e−k

′x , (0 ≤ x ≤ a) ,

ψ(x) = T eikx , (x > a) .d x = 0?§ψ(x) Ú ψ′(x) �ëY5�
1 +R = A+B ,

ik

k′
(1− R) = A− B .d x = a?§ψ(x) Ú ψ′(x) �ëY5�

Aek
′a +Be−k

′a = Teika , Aek
′a −Be−k

′a =
ik

k′
Teika .dþão��§|¤��§|�)� R!T!A Ú B§l��(½XÚ�Å¼ê"¿k��Xê

Cref = |R|2 = (k2 + k′2)2sh2k′a

(k2 + k′2)2sh2k′a+ 4k2k′2
,ß�Xê

Ctrans = |T |2 = 4k2k′2

(k2 + k′2)2sh2k′a+ 4k2k′2
.
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110 CHAPTER 2. þfåÆÐÚw,k Cr + Ct = |R|2 + |T |2 = 1 . =k6Åð£½=UþÅð¤"ÊÊÊ!!!???ØØØþ¡?ØÅ½��§9Ù)�§E Ú U0 Ñ´�êþ§Ùm��é��'Xko«�U§©O?ØXe"
1. U0 > 0!!!E > U0���///£££���³³³^̂̂ÑÑÑ���¤¤¤d k′ =

√

2m(U0−E)

~2
�§k′ = ik′′ǱJê§K3 0 ≤ x ≤ a «�S§

ψ(x) = Aeik
′′x +Be−ik

′′x ,��XêÚß�Xê©OǱ
Cref = |R|2 = (k2 − k′′2)2 sin2 k′′a

(k2 − k′′2)2 sin2 k′′a+ 4k2k′′2
,

Ctrans = |T |2 = 4k2k′′2

(k2 − k′′2)2 sin2 k′′a+ 4k2k′′2
.dþãüL�ª�§Ï~�¹e§|T |2 = Ctrans < 1§=âfØU��ß�§ùw,�²;�¹ØÓ"�´§3 sin k′′a = 0 �AÏ�¹e§|T |2 = 1"dd�§3AÏ�¹e§k�U�²;�¹��§��ß�§vk��"

2. U0 > 0!!!E < U0���///d½Â k′ =
√

2m(U0−E)

~2
�§3U0 > 0!E < U0��¹e§k′ > 0§K3 0 ≤

x ≤ a «�S§
ψ(x) = Aek

′x +Be−k
′x ,¿�§

Aek
′x ∝ e−k

′(a−x) , Be−k
′x ∝ ek

′(a−x) .=3³^S§Å¼ê¥�êP~�1Ǳ"��XêÚß�Xê©OǱ
Cref = |R|2 =

(

k2 + k′2
)2
sh2k′a

(

k2 + k′2
)2
sh2k′a+ 4k2k′2

,

Ctrans = |T |2 = 4k2k′2
(

k2 + k′2
)2
sh2k′a + 4k2k′2

.
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2.7. �6O��{ 111dd�§¦+³^SÅ¼ê�êP~§�E,k |T |2 > 0§=ÑyþfBß"ù«�*âfBß'ÙUþp� ^�y�¡Ǳþf���A"þf���A¢~éõ§¿®k2�A^§~Xµ�6y�!ØPC!ØàC!Ø�C!>f×£��w�º£ESTM¤!1f×£��w�º£PSTM¤!�fåw�º£AFM¤!^åw�º£MFM¤!×£C|1Æw�º£SNOM¤!��"
3. U0 < 0!!!E > 0���///d k′ =

√

2m(U0−E)

~2
�§k′ = ik′′ǱJê§��XêÚß�Xê©OǱ

Cref = |R|2 =
(

k2 − k′′2
)2

sin2 k′′a
(

k2 − k′′2
)2

sin2 k′′a+ 4k2k′′2
,

Ctrans = |T |2 = 4k2k′′2

(k2 − k′′2)2 sin2 k′′a + 4k2k′′2
.

U0 < 0 L²§ùp¤`�/³^0¢S´³²§¿�¦+ E > 0!âfØ�åP§�³²SEǱÅÄ§ǱÒ´`§³²«���u1�0�"
4. U0 < 0!!!U0 < E < 0���///d k′ =

√

2m(U0−E)

~2
�§k′ = ik′′ǱJê§³²S�G�ǱÅÄ"ù«�¹q�� U0 < 0!E > 0��¹éaq"�´§U0 < 0 L²§ùp��¹¢S´³²¶¿� E < 0 `² k =

√

2mE
~2
ǱJê§âf3²	�G�ØǱÅ"Ïdù«�¹¢S´k��³²¥$Ä�âf§AT�â>^�#¦)")�K�§3 k′′a = nπ£n =�ê¤�¹e§Ñy/��ß�0y�§âf±���/ª���3³²S§�A����UþǱ

ER =
π2
~
2

2ma2
n2 + U0, ,=�Ó�°Ý���Ã��³²¥�âf£åP�¤éaq§�Uþ$ ∣

∣U0

∣

∣"
2.7 ���666OOO������{{{cã?ØL²§XJXÚ�M�îþØw¹�m t§KkUþ�Æ��§ Ĥψ =

Eψ"/ªþ§<��±ÏL¦)T�Æ�§(½XÚ�Å¼êÚUþ§?(
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112 CHAPTER 2. þfåÆÐÚ½XÚ�Ù§5�"�¢S�±î�¦)�XÚ4�"Ïd§<�I�æ^Cq�{?1¦)§cÙ´3O�Åê�¦)ÿØu�½O�]k���¹e"XJM�îþ�©)¤ü�Ü©
Ĥ = Ĥ0 + Ĥ ′ = Ĥ0 + λŴ ,Ù¥ Ĥ ′ = λŴ �éu Ĥ0 é�£|λ| � 1¤§u´�¡�Ǳ�6§@o�3 Ĥ0 ��Æ¼êÚ�Æ��Ä:þ?1Å?Cq¦)"ù«�{¡Ǳ½��6�{"XJ��ÄåP�§K¡�ǱåP��6"XJÙ¥� Ĥ0 ��Æ¼ê´�{¿�§K¡�Ǳ�{¿½��6"XJ Ĥ0 ��Æ¼êǱ{¿�§K¡�Ǳ{¿½��6"XJÌ�'%ëY�§K¡�ǱÑ���6§d��ïÄÑ�¯K"XJ Ĥ ′ = λŴ ´�m�'�§K¡�Ǳ¹��6¶XJ�6¦XÚd��½�=CǱ,��½�§¡�Ǳ�[¶XJG�ØC§K¡�Ǳ(�5)Ñ�"�u�§�Æ§ùp=é½��6�{Úþf�[�±{ü0�"

2.7.1 ���{{{¿¿¿½½½������666OOO������{{{���!!!������???ØØØP Ĥ0 ��Æ�§Ǳ
Ĥ0ψ

(0)
n = E(0)

n ψ(0)
n ,�Æ� E

(0)
n Ú�Æ¼ê ψ

(0)
n ®²)�"P�Ä
 Ĥ ′ �Cq)�±LãǱ
E = E(0) + λE(1) + λ2E(2) + · · · ,

ψ = ψ(0) + λψ(1) + λ2ψ(2) + · · · ,�\��Æ��§§'�λ��g§K�Å?Cq�§µ
0?Cq (=�Äλ0) : Ĥ0ψ

(0) = E(0)ψ(0), (2.35)�?Cq (�Ä�λ1) : Ĥ0ψ
(1)+Ŵψ(0)=E(0)ψ(1)+E(1)ψ(0), (2.36)�?Cq (�Ä�λ2) : Ĥ0ψ
(2)+Ŵψ(1)=E(0)ψ(2)+E(1)ψ(1)+E(2)ψ(0), (2.37)

· · · · · · · · · · · ·
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2.7. �6O��{ 113dd�§ò"?Cq�) E(0) Ú ψ(0) �\�?Cq��§§=�)��?Cqe�) E(1) Ú ψ(1)¶ò"?CqÚ�?Cqe�)�\�?Cq��§§=�)��?Cqe�) E(2) Ú ψ(2)¶�g¦)e�§=���÷v°Ý�¦�)"���!!!���???���666CCCqqqeee���UUUþþþ���ÆÆÆ���ÚÚÚ���ÆÆÆ¼¼¼êêêb�Ø�Ä�6�§XÚ�G�(½§=®k
E(0) = E

(0)
k , ψ(0) = ψ

(0)
k ,P ψ(1) =

∑

n

a
(1)
n ψ

(0)
n §K�?Cq£ λ��g�¤��§zǱ

∑

n

a(1)n E(0)
n ψ(0)

n + Ŵψ
(0)
k = E

(0)
k

∑

n

a(1)n ψ(0)
n + E(1)ψ

(0)
k .�§ü>Ñ�¦± ψ

(0)
m

∗ §¿�Ä�Æ¼ê���8�5§?1È©§K�
a(1)m E(0)

m +Wmk = E
(0)
k a(1)m + E(1)δmk ,Ù¥

Wmk =
〈

ψ(0)
m

∣

∣Ŵ
∣

∣ψ
(0)
k

〉

=

∫

ψ(0)
m

∗
Ŵψ

(0)
k dτ ,Ù¥� dτǱIPâfG��¤kmþ�m�È©NÈ�§¿�ùp¤`�È©Q�)éëYCþ�È©§Ǳ�)é©lCþ�¦Ú"TÈ©~�¡Ǳ3 Ŵ �^ed ψ0

k � ψ0
m ��[£=C¤�Ý
�£VÇÌ¤"w,§�m = k�§E(1) = Wkk§a(1)k = 0"�m 6= k�§a(1)m =

Wmk

E
(0)
k −E(0)

m

"¤±k�?�6Cq(J
E

(1)
k = E

(0)
k + λWkk = E

(0)
k +H ′

kk ,

ψ
(1)
k = ψ

(0)
k +

∑

n 6=k

H ′
nk

E
(0)
k −E

(0)
n

ψ(0)
n .~~~KKKµµµ Á(½��u�f�þ!>|¥�>ó4=f�G�")µ P>ó4=f�=Ä.þǱ I§>ó4ÝǱ ~p§þ!>|�|rǱ ~ε§��÷ x��§Xã2.17¤«"
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114 CHAPTER 2. þfåÆÐÚ
Figure 2.17: �u÷ x ����>|¥�>ó4f ~p «¿ã�K¿§P=f�=¶÷R�u�¡� z ��§®�=f�=Ä.þǱ I§KÃ	>|�§=f�M�îþǱ̂

H0 =
L̂ 2
z

2I
= −~

2

2I

d2

dϕ2
.Ù�Æ�§Ǳ

−~
2

2I

d2ψ

dϕ2
= Eψ ,�Æ¼êǱ

ψ(0)
m (ϕ) =

1√
2π
eimϕ , (m = 1,±1,±2, . . .) ,Uþ�Æ�Ǳ
E(0)
m =

m2
~
2

2I
.�kþ!	>|�§>ó4f�	>|�mk�p�^

Ĥ ′ = − ~̂p · ~ε = −Pε cosϕ .�K¿£>|�f¤§T�p�^�±ÀǱ�6§K
H ′
m′m = −Pε

2π

∫ 2π

0

e−im
′ϕ cosϕeimϕdϕ

= −Pε
4π

∫ 2π

0

[

ei(m−m′+1)ϕ + ei(m−m′−1)ϕ
]

dϕ

= −Pε
2

(

δm′,m+1 + δm′,m−1

)¤±�?Uþ?�
∆E(1) = H ′

mm = 0 ,
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2.7. �6O��{ 115�?Uþ?�
∆E(2) =

∑

m′ 6=m

|H ′
m′m|2

E
(0)
m − E

(0)
m′

=
P 2ε2I

~2

1

4m2 − 1
.�??���Å¼êǱ

ψm = ψ(0)
m +

∑

m′ 6=m

H ′
m′m

E
(0)
m −E

(0)
m′

ψ
(0)
m′ =

eimϕ√
2π

[

1 +
PεI

~2

( eiϕ

2m+ 1
− e−iϕ

2m− 1

)]

.d��VÇ�Ý©ÙǱ
∣

∣ψm(ϕ)
∣

∣

2
=

1

2π

∣

∣

∣
1 +

PεI

~2

4mi sinϕ− 2 cosϕ

4m2 − 1

∣

∣

∣

2

.w,§TVÇ�Ý©ÙØ2��Ó5§¿�ØÓ-u�e©ÙǱØÓ"~X§
∣

∣ψ0(ϕ)
∣

∣

2
=

1

2π

[

1 +
PεI

~2
2 cosϕ

]2

,

∣

∣ψ1(ϕ)
∣

∣

2
=

1

2π

∣

∣

∣
1 +

PεI

~2

4i sinϕ− 2 cosϕ

3

∣

∣

∣

2

.

2.7.2 {{{¿¿¿½½½������666OOO������{{{£�cã'uþf�ÚÔnþ�?Ø§·���§3"?Cq�G�{¿�§Å¼êØ��(½§cã��{¿�6O��{Ø·^§I��é{¿���6O��{",��¡§{¿´XÚ�3é¡5�Ly§)Ø{¿K´»�é¡5��{"P Ĥ0��Æ�E
(0)
n ´ k{¿�§�A��Æ¼êǱφ

(0)
i (i = 1, 2, . . . , k)§K��"?CqÅ¼êǱ

ψ(0)
n =

k
∑

i=1

c
(0)
i φ

(0)
i ,�\cã��?Cqe£λ��g�û½¤��§�

(

Ĥ0 −E(0)
n

)

ψ(1)
n = E(1)

n

k
∑

i=1

c
(0)
i φ

(0)
i −

k
∑

i=1

c
(0)
i Ŵφ

(0)
i .± φ

(0)
j

∗ �¦þªü>�?1È©§�Ä Ĥ0 ���5§K�
[LHS] =

∫

φ
(0)
j

∗(
Ĥ0 −E(0)

n

)

ψ(1)
n dτ =

∫

[(

Ĥ0 −E(0)
n

)

φ
(0)
j

]∗
ψ(1)
n dτ ≡ 0 .
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116 CHAPTER 2. þfåÆÐÚ
[RHS] =

k
∑

i=1

(

E(1)
n δji −Wji

)

c
(0)
i .u´k

k
∑

i=1

[

Hji − λE(1)
n δji

]

c
(0)
i = 0 ,Ù¥ Hji =

∫

φ
(0)
j

∗
Ĥ ′φ

(0)
i dτ"w,§λE(1)

n (½�T'u c
(0)
i ��5àg�§|â��(½"dêÆ�n�§T'u c

(0)
i ��5àg�§|kØ�Ǳ"�)�^�´ÙXêÝ
�1�ªǱ 0§=kÈÏ�§
det

∣

∣Hji − λE(1)
n δji

∣

∣ = 0 .)dÈÏ�§=����??��UþλE
(1)
n §?��(½'u c

(0)
i ��5àg�§|")d'u c

(0)
i ��5àg�§|=�(½�Ø{¿�Å¼ê¥�ÐmXê c

(0)
i §l(½�??��Å¼ê"

2.7.3 ¹¹¹������666���þþþfff���[[[·�®²Ù�§þf���m�üz�ÅÅ½��§
i~
∂

∂t
ψ(~r, t) = Ĥψ(~r, t) ,¿�XJ ∂Ĥ

∂t
= 0§KUþÅð§Å½��§k)

ψ(~r, t) = Û(t)ψ(~r, 0) = e−iĤt/~ψ(~r, 0) ,Ù¥� ψ(~r, 0) ǱM�îþ Ĥ ��Æ¼ê��5U\§=k
ψ(~r, 0) =

∑

n

anψn(~r ) ,Ù¥ ψn ÷v�§Ĥψn = Enψn , ¿�ÐmXê an �±LãǱan = (

ψn , ψ(~r, 0)) .XJÐ©�ǱXÚ?uM�îþ��Æ�§=k ψ(~r, 0) = ψk§K
ψ(~r, t) = e−iEkt/~ψk(~r ) ,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

2.7. �6O��{ 117ùÒ´`§NXò���±3þf� ψk(~r )"dd�§½~�p�^Ø¬Úå½��m�[",§¯¢þ§©f!�fÚ�fØÑ¬u1§ùL²�f£©f!�fØ¤�G�¬±“½�”�m�[��ªu)UC§�f£©f!�fØ�¤�G�UC�§Ù¥��p�^|�½UC"du½~�^Ø¬Úå½��m�[§@o§éu��G�UCL§§ÚåG�UC�Ï��½´�m�'��^"Ïd§éuäk�m�65��^��J�ïÄÒ´7L&?��¯K"du����p�^e�O�4ÙE,§¹��^e�O�Ò�E,§Ïdy3<�U
{B/äN?n�Ò==´U
æ^�6�{O���f�¹��^"ùpé¹��6�¹e�O�V�Úþf�[��6O��±{�0�"���!!!¹¹¹������666eee���OOO������VVV���òcã�±Å½��§�)£ãþf��Yí2§þf��üz1Ǳ£3Å½�±µe¤�±LãǱ
ψ(~r, t) = Û(t)ψ(~r, 0) ,Ù¥
Û(t) = T̂ e−

i
~

∫ t
0 Ĥdt ,

T̂ Ǳ�Å�m^S�?��Î"���!!!þþþfff������mmm������[[[P�fNX�M�îþ�±LãǱ
Ĥ = Ĥ0 + Ĥ ′(t) ,Ù¥ Ĥ0 k�Æ�§
Ĥ0ψn = Enψn .Ð©�Ǳ§�f?u Ĥ0 �,��Æ�§=k ψ(t = 0) = ψk .3�p�^ Ĥ ′ KǱe§�f�u)�["XJ Ĥ ′ ér§�A��[éE,§lJ±?Ø"XJ Ĥ ′ '��f£�éu Ĥ0¤§¿�Ù��mCz�ªÇ�$udü½��Uþû½�Ùm�[��ÆªÇ (Ek′ − Ek)/~£=÷vý9C
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118 CHAPTER 2. þfåÆÐÚq^�¤§K3?¿�Ǳ t§�f�G��±LãǱ
ψ(t) =

∑

n

Cnk(t)e
−iEn

~
tψn .Ù¥ Cnk(t) Ǳ�½�ÐmXê"òþã t �Ǳ�f�G� ψ(t) �\Å½��§

i~
∂

∂t
ψ(t) =

(

Ĥ0 + Ĥ ′)ψ(t) ,¿�Ä Ĥ0 ��Æ�§§K�
i~

∑

n

dCnk(t)

d t
e−i

En
~
tψn =

∑

n

Cnk(t)e
−iEn

~
tĤ ′ψn .þª�Òü>�¦ ψ∗

k′§�¤È©§K�
i~
dCnk(t)

d t
=

∑

n

eiωk′nt
(

ψ∗
k′ , Ĥ

′ψn
)

Cnk(t) ,Ù¥ ωk′n =
E

k′
−En

~
"3Ð^� Cnk(0) = δnk e)d�©�§=�(½ÐmXê"?§�â?¿Å¼êU�Æ¼êÐm�¿Â§3�Ǳ t ÿ��f?uG� n�VÇǱ

Pnk(t) = |Cnk(t)|2 .duÐ©�Ǳ�f?uG� ψk§=�f?u ψn (n 6= k) ��VÇǱ 0§Ïdþª=d k �� n ���[VÇ"3O�þã�[VÇ��m�CzÇ=k�[�Ç
ζnk =

d

dt
Pnk(t) =

d

dt

∣

∣Cnk(t)
∣

∣

2
.du Ĥ ′ Ǳ�6§=k Ĥ ′ � Ĥ0 , léu n 6= k§ ∣

∣Cnk(t)
∣

∣

2 � 1 .3"?Cqe§ ψ(t = 0) = ψk§u´
dCk′k
d t

= 0 , Ck′k(t) = δk′k .
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2.7. �6O��{ 119Uì�6O��{§3�?Cqe
Cnk(t) = C

(0)
nk (0) = δnk ,cã�'u Ck′k ��§zǱ

i~
dCk′k(t)

d t
= eiωk′k

tH ′
k′k ,Ù¥ H ′

k′k =
(

ψk′ , Ĥ
′ψk

)

. T�§�)�±/ª/LãǱ
C

(1)
k′k(t) =

1

i~

∫ t

0

eiωk′k
tH ′

k′kdt .o�§3�?�6Cqe§·�k
Ck′k(t) = C

(0)
k′k + C

(1)
k′k(t) = δk′k +

1

i~

∫ t

0

eiωk′k
tH ′

k′kdt .é k′ 6= k§
Ck′k(t) =

1

i~

∫ t

0

eiωk′k
tH ′

k′kdt ,

Pk′k(t) =
1

~2

∣

∣

∣

∫ t

0

eiωk′k
tH ′

k′kdt
∣

∣

∣

2

,?�±���[�Ç ζnk =
d
dt
Pnk(t)"XJ�f�G�k{¿§=Ð�Ǳ�X�{¿�¥�,��§"��±Ǳ,�X�{¿�¥�?¿��§¤±O��[VÇÚ�[�Ç�Aé"�¦Ú!éÐ�¦²þ"o�§éu÷vý9Cq�¹��6Úå�þf��m��[§·�ÏLO��6�^ Ĥ ′ 3 Ĥ0 ��Æ��m�Ý
�5¢y"Ïd§d�·�?Ø�[¯K´Ì�l?ØÚå�[��6�^�Ý
�5Ðm"
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120 CHAPTER 2. þfåÆÐÚggg���KKKÚÚÚSSSKKK
2.1. éUþ©OǱ 1 eV!100 eV!1 keV!1MeV!12GeV �>f§Á(½Ù�ÙÛ¿Å�ÚªÇ"éq¬N§¢�ÿ�Ù¬�måǱ 0.215 nm§Á(½þã=
Uþ�>f�3q¬Nþu)wÍ�û�¶é(½� 30◦ û�ÆQº
2.2. éÅ�þǱ 0.4 nm �1fÚ>f§Á(½1f�Äþ�>f�Äþ�'�±9 1f�ÄU�>f�ÄU�'�"
2.3. XJ�>f�ÄU�uÙ·�þU§Á(½T>f��ÝÚ�ÙÛ¿Å�"
2.4. òØ�Aæ�)�9¥fÄåÝ��¬�måǱ 0.16 nm �¬Nþ§Á(½Uþ©OǱ 2 eV!10 eV �¥f�r�û��Ù/�Æ"
2.5. 3�9¥få²¬Nû��¢�¥§ÿ��?4�Ñy3�¬¡¤ 30◦ NC"XJ¬N�¬�måǱ 0.18 nm§Á(½9¥f�Uþ"
2.6. 3�>fü¿û�¢�¥§XJ¤^>f��ÙÛ¿Å�Ǳ 10��§d¿�°ÝǱ 100��§Á(½d¿û�Úå�>få�ÆÐ°"
2.7. Áy²µ$Ä�ÝǱ v ��*âf��ÙÛ¿Å��ÙxÊîÅ��'�Ǳ

√

(

c
v

)2 − 1§Ù¥ c Ǳý�¥�1�¶Ǳ�±dÙoUþ E Ú·�þU E0L«Ǳ √

(

E
E0

)2 − 1"¿�`²>f�ÄUǱÛ��§Ù�ÙÛ¿Å��uÙxÊîÅ�"
2.8. >fw�º¥¤^�\�>Ø��Ñép§Ïd\���>f��Ýé�§lAT�Ä�éØ�A"Áy²µ>f��ÙÛ¿Å��\�>Ø�m�'X�±L«Ǳ λ = 1.226√

Vr
§Ù¥ Vr = V

(

1 + 0.978× 10−6
) Ǳ>f��éØ?�>Ø§\�>Ø V �ü æ^
ÏA§Å� λ �ü æ^
B�"

2.9. 3±âf�Ǳ&��ÿþ¥§&ÿâf7Lo�u£����� 1/10¤�ÿÔN§ÄK�ÿÔN� �Ú�ÝÑ¬É�wÍ�KǱ"y[©Oæ^1få!>få!�få!¥få�Ǳ&�ÿþ��»Ǳ 10 fm ��fØ§Á(½ù
��Ǳ&��âf���Uþ"
2.10. ÿþ��f3 x ����Ý�°ÝǱ 10−7m/s§Á(½Ó�ÿþT�f3

x ��Ú y �� ��°Ý"XJòþã��f�Ǳ>fQº
2.11. ®����ÿþ>f ��Ø(½ÝǱ 0.01 nm§yÿþ>fUþǱ�

1 keV§Á(½TUþÿþ�Ø(½Ý"éu�»Ǳ� 5 fm ��fØS�Uþ�Ǳ 2MeV ��f§ÿþÙUþ�Ø(½ÝǱõ�Qº
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2.7. �6O��{ 121

2.12. ��f-u�u�Å�Ǳ 600 nm �1Ì�§ÿþ�ÿ�Å��°ÝǱ
∆λ
λ

= 10−7§Á(½T�f��Æ·Ǳõ�"
2.13. þ�Ù?Ø α âf�7Ê�Ñ��æ^�´²;�.§=Ñ��Æ©Ùd�þǱ m �>þǱ Z1e �âf��>þǱ Z2e ��½q�mU²;>^�^Ñ���;,û½"�¯¢þ§ù
âfÑ´�*âf§P\�âf��ÇǱ v§Á(½þã²;£ã�Y¤á�^�"
2.14. Á�����5��f³|¥$Ä�âf��$Uþ"
2.15. ÿþ��fØ�Uþ�Ø(½ÝǱ 33 keV§Á(½�fØ?uù�UþG��Æ·"
2.16. ÁÒ·�~^�� 1 kg �)P�>M§��ÙU���$��Ý4�"
2.17.  u{I#LÜ²�#6ÖI[¢�¿ïÄØf(��CEBAFOy¥§[æ^>få3¥fþ�Ñ�5ïÄ¥fSÜ�>Ö©Ù§¥f��»Ǳ

0.8 fm§Á(½¤^>f�\�ÄU��ATõ�"
2.18. du�*âfäkÅâ��5§�âf�A�Åk��U�§·�¡âfmkér�'é"�´§�âf��Ý£½Óâ��m��Ý¤�uÙ ��Ø(½Ý�§·�¡ù
âf?u{¿G�§¦âf?u{¿G��§Ý¡ǱXÚ�{¿§Ý"éu©Od�þǱm���éØ5âfÚd4à�éØ5âf/¤�§ÝǱT!ê�ÝǱn�n�íNXÚ§Pùü«�¹eâf�²þUþ©OǱ 3

2
kBT !3kBT§Ù¥ kB ǱÀ�[ù~þ§Á©O�Ñùü«n�íN�{¿§Ý"

2.19. |^pUâfñÂ�fØ´~^�ïÄ�fØ�|©Ô�©Ù!SÜ(�ÚÙ§5���{"¢�ÿ�|^ C �fØñÂ 11Li �fØ��¡�Ô�î�Äþ©ÙXKã¥��Ø����:¤«§¢�Ǳé¢�êâ[ÜÑ��¶ñÂ 9Li �����¡�Ô�î�Äþ©ÙXKã¥�J�¤«"�Ǳ� ï?ÔnÆ�ÓÆ§Álù
¢�(J§©Û 11Li Ú 9Li �5�kõ��É" SK 2.19 ã
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122 CHAPTER 2. þfåÆÐÚ
2.20. Á(½pd.Å¼ê ψ(x) = Ae−ax

2/2eip0x/~ �8�zXê A"
2.21. ÁÒpd.Å¼ê ψ(x) = 1

(πa)1/4
e−ax

2/2eip0x/~ £ã�G�§(½é � x�²�?1ÿþ�²þ�"
2.22. Á�ÑéAu�IL�¥�pd.Å¼ê ψ(x) = 1

(πa)1/4
e−ax

2/2eip0x/~ 3ÄþL�¥�Lã/ª"¿©O3�IL�ÚÄþL�äNO�é � x ?1ÿþ�Ø(½Ý√

x2 ÚéÄþ?1ÿþ�Ø(½Ý√

(p̂− p0)
2§�yØ(½'X"

2.23. ÁÒÅ¼ê ψ(r, θ, φ) = 1√
πa3B

e−r/aB§Ù¥ aB Ǳ¡ǱÀ�;��»�~þ§�Ñ³U U(r) = − 1
4πε0

e2

r
£Ù¥ ε0 Ǳý��0>~ê§e ǱÄ�>Ö>þ¤�²þ�"

2.24. Áy²§3Äþ ~p L�¥§ �¥þ ~r = x̂i + yĵ + zk̂§Ù¥ î!ĵ!k̂ ©OǱ x!y!z ���ü ¥þ§�±±�Î/ªLãǱ ~̂r = i~∇p§Ù¥
∇p = î ∂

∂px
+ ĵ ∂

∂py
+ k̂ ∂

∂pz
ǱÄþ�m¥�FÝ"

2.25. Áy²µü��5�Î�ÚEǱ�5�Î¶ü����Î�ÚEǱ���Î¶�ü����Î�È��Ø´���Î"
2.26. Áy²é´ªkeãð�ªµ

〈i〉
[

Ô1 , Ô2 ± Ô3

]

=
[

Ô1 , Ô2

]

±
[

Ô1 , Ô3

]

.

〈ii〉
[

Ô1 , Ô2Ô3

]

= Ô2

[

Ô1 , Ô3

]

+
[

Ô1 , Ô2

]

Ô3 .

〈iii〉
[

Ô1Ô2 , Ô3

]

= Ô1

[

Ô2 , Ô3

]

+
[

Ô1 , Ô3

]

Ô2 .

2.27. Áy²§XJü�Î Ô1!Ô2©Oäk_�Î Ô−1
1 !Ô−1

2 §K (

Ô1Ô2

)−1
= Ô−1

2 Ô−1
1 .

2.28. Áy²§é'u»��I ~r �?¿¼ê F (~r) ÚÄþ�Î ~̂p = −i~∇§Ñk
[

~̂p , F (~r)
]

= −i~∇F (~r) .

2.29. Áy²§é'uÄþ ~p �?¿¼ê F (~p) Ú�I�Î ~̂r = i~∇~p§Ñk
[

~̂r , F (~p)
]

= i~∇~pF (~p) .¿��Ñ [

~̂r , ~̂p2
] �äN/ª"
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2.7. �6O��{ 123

2.30. ÏǱ�I�ÄþØé´§KþfåÆ¥½Â»�ÄþǱ
p̂r =

1

2

(

~̂p · ~r
r
+
~r

r
~̂p
)

,Á�Ñ¥�IX¥ p̂r �äNL�ª§¿y²µ[

p̂r , r̂
]

= −i~"
2.31. ÁÒd ��Î ~̂r ÚÄþ�Î ~̂p ½Â�ÆÄþ�Î l̂ = ~̂r × ~̂p§y²µ

(1)
[

~̂l , 1

~̂r

]

= 0 ,
[

~̂l , ~̂p 2
]

= 0 ;

(2) ~̂r · ~̂l = ~̂l · ~̂r = 0 , ~̂p · ~̂l = ~̂l · ~̂p = 0 ;

(3) ~̂p× ~̂l + ~̂l × ~̂p = 2i~ ~̂p .

2.32. ÁÒ���¹§y²ëY5�§ ∂
∂t
ρ(~r, t) +∇ ·~j(~r, t) = 0§�½¤á"

2.33.Áy²µéu��åP�§Å¼ê ψ(x)�ëY5ÚÅ¼ê����ê dψ(x)
dx�±Ú�LãǱ lnψ(x)

dx
ëY"

2.34. Áy²µéu3³| V (~r) ¥$Ä��þǱ m �åP�âf§PÙÅ¼êǱ ψ(~r)§K�½ÂÙUþ�ÝǱ
W =

~
2

2m
∇ψ∗ · ∇ψ + ψ∗V ψ ,ÚU6�ÝǱ

~̂S = − ~
2

2m

(∂ψ∗

∂t
∇ψ +

∂ψ

∂t
∇ψ∗

)

,¿kUþ²þ� E =

∫

Wd3~r§ ÚUþÅð½Æ ∂W

∂t
+∇ · ~S "

2.35. é3Ø��mCz�³| V (~r) ¥$Ä��þǱ m �âf§Áy²µÙÄU�²þ�kaq²;åÆ¥� König ½n� Virial ½nµ
2T̂ = ~r · ∇V .

2.36. é3Ø��mCz�³| V (~r) ¥$Ä��þǱ m �âf§Áy²µÙ �¥þ�²þ���müz�1Ǳkaq²;åÆ¥�Úî1�½Æ�
Ehrenfest ½nµ

m
d2

dt2
~̂r = −∇V (~r) =

ˆ~F (~r).

2.37. Áy²gdâf�ÄþÚÆÄþÑ´Åðþ"
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124 CHAPTER 2. þfåÆÐÚ
2.38. Áy²k%å|¥$Ä�âf�ÆÄþ´Åðþ§�ÄþØ´Åðþ"
2.39. Á(½ u −a

2
� a

2
���Ã��³²¥�âf��ÆUþÚ�Æ¼ê§¿?Ø§��A:"

2.40. Á(½3 u −a
2
� a

2
��ÝǱ V0 ���k��³²¥$Ä�âf��ÆUþÚ�Æ¼ê§¿?Ø§��A:"

2.41. �k�þǱ m �âf3�9Ã��³²¥$Ä§¤¢�9Ã��³²=³U¼ê�±LãǱ
V (x) =



















∞ , x < 0,

0 , 0 ≥ x ≤ a,

V0 , x > a ,�³|"Áé E < V0 �åP��¹§(½Tâf��ÆUþ�L�ª§¿y²3T³²¥���3��åP��^�´³²�Ý V0 �³²°Ý a ÷v'X V0a
2 ≥ h2

32m
"

2.42. Á(½ u�I�:��� δ-³^�BßXê§¿?ØÅ¼ê�A:"
2.43. ÁlþfåÆ�g`²>f×£��w�º!1f×£��w�º!�fåw�º��±ÿþÔ�L¡NC�f�G���Ä��n"
2.44. d?êÐm�Vg�§��£P�Ǳ x¤Ã¡�²£C��Î£)¤�¤�±L«Ǳ T̂ = d

dx
§=�'uþfåÆ¥x���Äþ�Î"éuk��²£ d§K�ÀǱÃ¡õÚÃ¡�²£��ª(J§u´§�±d�ÎLãǱ T̂ (d) = ei

~p·~d
~ §@o§éu����f�Ä��Å¼êψ0(x)�k�²£ d§K� ψ0(x) =⇒ ψ0(x− d) = e−i

pd
~ ψ0(x)"Áâdy²

∣

∣α
〉

= e−α
∗α

∞
∑

0

αn√
n!

(

â†
)n∣
∣0
〉

,Ù¥ â† Ǳ(f£ÀÚf¤��)�Î§∣

∣0
〉 ´ý��§LÆ�þf�Ø=´(f��«�Î â ��Æ�§�´± α ǱLÆ8N$ÄAÆ�mþ�8N$Ä�"N5µd=1f��Z�Lã/ª§½=�ê�{£ãõâfNX�8N$Ä5��Ä:"
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2.7. �6O��{ 125

2.45. éu��Ó5>0�§3vk	>|�§0�¥�lf3Ù²ï �NC��±CqǱ{��Ä���Ä§3k	>|�^�£~X§��÷ x ��¤§0�=u)4z"Á�Ñd	>|Úå�>ó4ÝÚ4zÇ£¤¢�4zÇ�±CqǱ>ó4Ý�Ú�Ñ>ó4Ý��>|rÝ�'�¤"
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126 CHAPTER 2. þfåÆÐÚ
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Chapter 3

������fffÚÚÚaaa���lllfff���(((������555���
3.1. k%å|¥�âf 3.2. ��f�U?ÚUþ�Æ¼ê
3.3. ��fÚa�lf�(�Ú5�

3.1 kkk%%%ååå|||¥¥¥���âââfff�p�^å÷»����å|¡Ǳk%å|"ǱÒ´§�p�^³=�»�ålk'!���Ã'�³|"P�p�^³Ǳ U(~r)§Kk%å|=
U(~r ) = U(r)�å|§ÏǱ§¤éA�åǱ

~F = −∇U = −r̂ ∂
∂r
U(r) ,Ù¥ r̂ Ǳ»����ü ¥þ"

3.1.1 kkk%%%ååå|||¥¥¥$$$ÄÄÄ���âââfff������ÿÿÿþþþþþþ������888þ�Ù'uþfåÆ�Ä��n�?ØL²§Ǳ��£ã���*XÚ�þf�§·�I��ÿþþ��8û½�Ônþ�þfê§Ùê8�XÚ�gdÝê8�Ó"3k%å|¥$Ä�üâfXÚ´�{ü�k%å|XÚ§Ïd§·�k?Øk%å|¥$Ä�âf��ÿþþ��8"���!!!kkk%%%ååå|||¥¥¥$$$ÄÄÄ���âââfff���MMM���îîîþþþ
127
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128 CHAPTER 3. ��fÚa�lf�(��5�Pâf��þǱ m§k%å|Ǳ U(r)§K
Ĥ =

~̂p 2

2m
+ U(~r ) = − ~

2m
∇2 + U(r) .du U(r) Øw¹�m§dE

dt
= dĤ

dt
= ∂Ĥ

∂t
+ 1

i~

[

Ĥ , Ĥ
]

= 0§ÏdXÚ�M�îþ´��Åðþ£=��(½þf��Uþ´Åðþ¤§�±�Ǳ£ãk%å|¥$Ä�âf�þf����Ônþ"���!!!���


ééé´́́'''XXX999ÅÅÅðððþþþþ�Ù®²?ØL§éÆÄþ�?�©þ L̂α

[

L̂α , ~̂p
2
]

=
[

L̂α , p̂
2
α

]

+
[

L̂α , p̂
2
β

]

+
[

L̂α , p̂
2
γ

]

= 0 ,

[

L̂α , U(r)
]

= 0 ,¤±§
[

L̂α , Ĥ
]

= 0 ,

[

~̂L 2 , Ĥ
]

= 0 .dd�§k%å|¥$Ä�âf�ÆÄþ9Ù?�©þÑ´Åðþ"nnn!!!���ÿÿÿþþþþþþ������888·���§Ï~� /�m´n��m§Ïdk%å|¥$Ä�âfkn�gdÝ {r, θ, ϕ}§K£ãÙG���ÿþþ��8A�¹n�Ônþ"þã?ØL²§k%å|¥$Ä�âf�M�îþ Ĥ!ÆÄþ�²� ~̂L2 ÚÆÄþ�?�©þ L̂α ´k%å|¥$Ä�âf�Åðþ§d§��±�¤k%å|¥$Ä�âf��ÿþþ��8"Ïd§k%å|¥$Ä�âf��ÿþþ��8Ï~�Ǳ
{Ĥ, ~̂L 2, L̂z}"
3.1.2 »»»������ÆÆÆ���§§§���UUUþþþ���ÆÆÆ������!!!½½½���ÅÅÅ½½½������§§§ÏǱk%å|¥$Ä�âf�M�îþǱ

Ĥ = − ~
2

2m
∇2 + U(r) ,
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3.1. k%å|¥�âf 129Ù¥� ∇2 3¥�IX¥�±LãǱ
∇2 =

1

r2
∂

∂r
r2
∂

∂r
− 1

~2r2

[ 1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂ϕ2

]

=
1

r

∂2

∂r2
r −

~̂L 2

~2r2
.Pk%å|¥$Ä�âf�Å¼êǱ ψ(r, θ, ϕ)§�\��/ª�½�Å½��§§Kk%å|¥$Ä�âf�½�Å½��§�±LãǱ

[

− ~
2

2m

1

r

∂2

∂r2
r +

~̂L 2

2mr2
+ U(r)

]

ψ(r, θ, ϕ) = Eψ(r, θ, ϕ) . (3.1)duþãM�îþ¥� ~̂L 2

2mr2
=

~̂L2

2I
Ǳl%³U VC§ÙÏ"�Ǳ 〈VC〉 =

〈 ~̂L2

2I

〉

=

〈~̂L2〉
2I

= L(L+1)~2

2I
§w, L ��§〈VC〉 ��§Ïdk%å|¥$Ä�âf�Ä��ÆÄþ Lg ≡ 0"���!!!»»»������§§§ÏǱNX��ÿþþ��8Ǳ {Ĥ, ~̂L 2, L̂z}§¿�Ù¥� {~̂L 2, L̂z} k�Ó�Æ¼ê Yl,ml

(θ, ϕ)§K��âf�Å¼ê ψ(r, θ, ϕ) = R(r)Yl,ml
(θ, ϕ)§²{üO�!¿|^þ�Ù¥����
(Ø§Kk

~̂L 2Yl,ml
(θ, ϕ) = l(l + 1)~2Yl,ml

(θ, ϕ) ,

L̂zYl,ml
(θ, ϕ) = ml~Yl,ml

(θ, ϕ) ,¿kUþ�Æ�§
[

− ~
2

2m

1

r

∂2

∂r2
r +

l(l + 1)~2

2mr2
+ U(r)

]

R(r) = ER(r) .£�K�
[1

r

∂2

∂r2
r +

2m

~2
(E − U(r))− l(l + 1)

r2

]

R(r) = 0 . (3.2)P R(r) = χ(r)/r§½=k rR(r) = χ(r)§KþªzǱ
∂2

∂r2
χ(r) +

[2m

~2
(E − U(r))− l(l + 1)

r2

]

χ(r) = 0 . (3.3)d=k%å|¥$Ä�âf�»��§"
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130 CHAPTER 3. ��fÚa�lf�(��5�
3.2 ������fff���UUU???ÚÚÚUUUþþþ���ÆÆÆ¼¼¼êêê
3.2.1 »»»������§§§������%%%$$$ÄÄÄ������ééé$$$ÄÄÄ���©©©lll·�®²��§��f´d���fØ£���f¤���>f/¤�åP�§�A�¯K´��;.�üN¯K"P�f!>f��þ©OǱm1!m2§Ù �©OPǱ ~r1!~r2§�p�^³Ǳ
U(|~r1 − ~r2|)§KküNÅ½��§

[

− ~
2

2m1

∇2
1 −

~
2

2m2

∇2
2 + U(|~r1 − ~r2|)

]

ψ(~r1, ~r2) = Etψ(~r1, ~r2) . (3.4)�²;åÆ¥aq§½ÂTüNXÚ��%�I ~R!�é�I ~r!�%�þ
M!òÜ�þ µ ©OǱ

~R =
m1~r1 +m2~r2
m1 +m2

, ~r = ~r1 − ~r2 , M = m1 +m2 , µ =
m1m2

m1 +m2

, (3.5)N´)�
~r1 =

M ~R +m2~r

M
, ~r2 =

M ~R−m1~r

M
,K

1

m1

∇2
1 +

1

m2

∇2
2 =

1

M
∇2
R +

1

µ
∇2
r .u´§cã�'u��f�üNÅ½��§�±U�Ǳ

[

− ~
2

2M
∇2
R − ~

2

2µ
∇2
r + U(r)

]

ψ(~R, ~r ) = Etψ(~R, ~r ) .P ψ(~R, ~r ) = φ(~R )ψ(~r )§E = Et − Ec§KþªzǱ�%$Ä��é$Ä©l�Å½��§
− ~

2

2M
∇2
R φ(

~R) = Ecφ(~R) ,

[

− ~
2

2µ
∇2
r + U(r)

]

ψ(~r ) = Eψ(~r ) .

(3.6)é��f§Pm1=mp, m2=me§ÏǱmp=1836me§KM∼=mp§µ∼=me§l�%$ÄG�φ(~R)�±d�fØ(�f)�$ÄG�CqLã"dÙ$Ä�§�Lã/ª�§§�±dgdâf�G�5Lã"¿�§�é$Ä�G�ψ(~r)�±dk%å|U(~r) = U(r)¥$Ä�>f�G�5Lã"¦)�A�Å½��§=�(½��f¥>f�U? E = Et − Ec§Ï~{¡�Ǳ��f�U?"
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3.2. ��f�U?ÚUþ�Æ¼ê 131

3.2.2 ������fff���»»»������§§§���UUUþþþ���ÆÆÆ������!!!»»»������§§§999ÙÙÙÃÃÃþþþjjjzzzÏǱ��f¥�fØ£�f¤�>fm��p�^´�>Ö©OǱ e!−e�ü>Öm�¥Õ�p�^§=k U(r) = − e2

4πε0r
§P e2s =

e2

4πε0
§Kk»��§

χ′′(r) +
[2µ

~

(

E +
e2s
r

)

− l(l + 1)

r2

]

χ(r) = 0 . (3.7)½Â ρ = r
aB
§Ù¥ aB = ~2

µe2s
= 0.529 × 10−10m = 0.0529 nm§ε = E

2EI
§Ù¥

EI =
µe4s
2~2

= e2s
2aB

= 13.60 eV§KþªzǱ
d

dρ2
χ(ρ) +

[

2ε+
2

ρ
− l(l + 1)

ρ2

]

χ(ρ) = 0 . (3.8)d=Ãþjz���f¥>f�£î�5ù§��f¥�é$Ä�¤»��§"���!!!ìììCCC111ǱǱǱ·���§��f¥$Ä�>fkü«4�$ÄG�§Ù�´ r → ∞§Ù�´ r → 0"Ǳ(½��f¥>f����$ÄG�§·�k?Ø>f�Å¼ê3ùü«4��¹e�ìC1Ǳ"
1. ρ→ ∞ £= r → ∞¤�ìC1Ǳd (3.8) �§3 ρ→ ∞ £= r → ∞¤��¹e§Ãþjz�»��§zǱ

d2χ

dρ2
+ 2εχ = 0 ,dD�;.��Ä�§§ÙÏ)Ǳ

χ ∼ c1 sin
√
2ερ+ c2 cos

√
2ερ .XJ ε > 0§K χ ok)§Ã��"XJ ε < 0§K

χ ∼ a e
√
−2ερ + b e−

√
−2ερ , (Ù¥ a!bǱ~ê) .ÏǱ e

√
−2ερ

∣

∣

ρ→∞ → ∞§Ø÷våP�^�§KA��§¤±k
χ
∣

∣

ρ→∞ → e−
√
−2ερ .
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132 CHAPTER 3. ��fÚa�lf�(��5�
2. ρ→ 0 £=r → 0¤�ìC1Ǳd (3.8) �§3 ρ→ 0 £= r → 0¤��¹e§Ãþjz�»��§zǱ

d2χ

dρ2
− l(l + 1)

ρ2
χ = 0 .� χ ∼ ρs§K�)� s = l + 1 ½ s = −l§Ù¥ l ≥ 0"é s = −l§χ ∼ 1

ρl
§K χ

∣

∣

ρ→0
→ ∞§�Å¼ê�k�5Ø��§ÏdA��"u´kìC) χ

∣

∣

ρ→0
∼ ρl+1"nnn!!!»»»������§§§999ÙÙÙ)))�Ä»��§�)�ìC1Ǳ§��

χ = ρl+1e−βρu(ρ) , (Ù¥β =
√
−2ε) ,K»��§zǱ

ρu′′ +
[

2(l + 1)− 2βρ
]

u′ − 2
[

(l + 1)β − 1
]

u = 0 .2½Â ξ = 2βρ§γ = 2(l + 1)§α = l + 1− 1
β
§K»��§zǱ

ξ
d2u

dξ2
+ (γ − ξ)

du

dξ
− αu = 0 .dDIO�Ü6�AÛ�§"Ù)ǱÜ6�AÛ¼ê

u = F (α, γ, ξ) = 1 +
α

γ
ξ +

α(α+ 1)

γ(γ + 1)

ξ2

2!
+
α(α+ 1)(α + 2)

γ(γ + 1)(γ + 2)

ξ3

3!
+ · · · .ooo!!!UUUþþþ���ÆÆÆ���þãÜ6�AÛ¼êǱÃ¡?ê§ØU�yÅ¼êk�"Ǳ�yÅ¼êk�§þãÜ6�AÛ¼êA�äǱÜ6�AÛõ�ª"êÆïÄL²§þã�ä�¦

α = l + 1− 1

β
= −nr , Ù¥nr = 0, 1, 2, · · · .ÏǱ l Ǳ�ê!nr Ǳ�ê§K 1

β
Ǳ�ê§P�Ǳ n§Kk

n = nr + l + 1 = 1, 2, 3, · · · .
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3.2. ��f�U?ÚUþ�Æ¼ê 133ÏǱ
β =

√
−2ε , ε =

E

2EI
=

~
2E

µe4s
=
aB
e2s
E ,¤±k

En =
e2s
aB
ε =

e2s
aB

(

− β2

2

)

= − e2s
2aB

1

n2
.äN/§=k

En = −µe
4
s

2~

1

n2
= − µe4

32π2ε20~
2

1

n2
. (3.9)ÊÊÊ!!!þþþfffêêê������ÆÆÆ¼¼¼êêêþã?ØL²§éu��f�G�£åP�¤§£ã§�I��þfêk·�þ�Ù®²ÙG�ÆÄþþfê l ÚÆÄþ3 z ��þ�ÝKþfê ml§±9ùpǱ��kÔn¿Â�£åP��¤»�Å¼êI��þfê n"d n �½Â n = nr + l+1 �§§�¹
»�þfêÚÆÄþ��z§Ïd~¡�ǱÌþfê"ù
þfê��U��Ú�p'XXeµÌþfêµ n = nr + l + 1 = 1, 2, 3, · · · ;ÆÄþþfêµ l = n− nr − 1 = 0, 1, 2, · · · , n− 1,

(éz�n, Ñkn��);ÆÄþ3 z���ÝKþfêµ ml = 0,±1,±2, · · · ,±l ,
(éz� l,Ñk (2l + 1)��).¿�§��f��Æ¼êǱ

Ψ(r, θ, ϕ) = Ψnlml
(r, θ, ϕ) = Rnl(r)Yl,ml

(θ, ϕ) , (3.10)Ù¥
Rnl(r) =

χnl(r)

r
= Nnle

−ξ/2ξlF (−n + l + 1, 2l + 2, ξ) , (3.11)

ξ =
2r

naB
§F (−n+ l + 1, 2l + 2, ξ) ǱÜ6�AÛõ�ª§8�zXê Nnl =

2

a
3/2
B n2(2l + 1)!

√

(n + 1)!

(n− l − 1)!
"
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134 CHAPTER 3. ��fÚa�lf�(��5�
3.3 ������fffÚÚÚaaa���lllfff���(((������555���
3.3.1 ������fffÚÚÚaaa���lllfff���UUU???AAA:::999{{{¿¿¿ÝÝÝ���!!!������fff���UUU???���AAA:::d�ÆUþ

En = − e2s
2aB

1

n2
, (Ù¥n = 1, 2, 3, · · · ) ,�§��f�U?äkeãA:µ

(1) Uþ�U�lÑ�¶
(2) Uþ En � n O�,p£ýé�± 1

n2 ~�¤¶
(3) ü��U?m�må En+1 − En = − e2s

2aB

1
(n+1)2

−
(

− e2s
2aB

1
n2

)

= e2s
2aB

2n+1
n2(n+1)2� n O�~�¶½=� n O�§U?�5��"

(4) 3 n→ ∞ �¹e§En→∞ → 0§>f���øl�fØ�åP>l"���!!!UUUþþþ{{{¿¿¿ÝÝÝdUþ�Æ��L�ª�§��f�Uþ=�6uÌþfê n"dÅ¼ê�L�ª�§Å¼ê ψnlml
(r, θ, ϕ) = Rnl(r)Yl,ml

(θ, ϕ) Ø=�6u n§��6u l Ú
ml"dué�� n§l = 0, 1, 2, · · · , n− 1§k n ���§é�� l§ml = 0,±1,±2,

· · · ,±l§k 2l + 1 ���§K��f�Uþ{¿ÝǱ
dn =

n−1
∑

l=0

(2l + 1) = 2 · n(n− 1 + 0)

2
+ n = n(n− 1) + n = n2 .'���k%å|¥U?�{¿Ý 2l + 1 p"�	��f�Uþ{¿Ý'���k%å|¥$Ä�âf�Uþ{¿Ý 2l + 1p��Ï§é���k%å|¥$Ä�âf§Ù�ÆUþØ=�6uÌþfê

n§��6uÆÄþþfê l¶��f��ÆUþ=�6u�¹�«ÆÄþ
l ∈ [0, n) �Ìþfê n"ǱÒ´`§��f�é¡5'���k%å|¥$Ä�âf�é¡5p¶�\�ïÄL²§���k%å|¥$Ä�âfäkn���C�ØC5£O(3) é¡5¤§��fäko���C�ØC5£O(4) é¡5§¿� O(4) ⊃ O(3)⊗O(3)¤"
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3.3. ��fÚa�lf�(��5� 135nnn!!!������fff���111ÌÌÌÚÚÚ111ÌÌÌXXX�âUþÅð�n§>fdU? En �[� En′ �Ë�Ñ�1�ªÇǱ
ν =

Eγ
h

=
En − En′

2π~
=

1

2π~

µe4s
2~2

( 1

n′2 − 1

n2

)

= Rc
( 1

n′2 − 1

n2

)

,Ù¥
R =

µe4s
4πc~3

=
µ

4πc~3

e4

(4πε0)
2
=

µe4

8ε20h
3c

= 109677.6 cm−1¡Ǳp��~þ"w,§ù�(J�¢�*ÿ(JéÐÎÜ§²w)û
À��.�Ñ� RBM = mee
4

8ε20h
3c

= 109737.32 cm−1 �¢�*ÿ(J£109677.58 cm−1¤��� 1
2000
�¯K"�âÐ� n Úª� n′ ��ØÓ§þã�[uÑ�1/¤ØÓ�1ÌX§~Xµ� n′ = 1!n = 2, 3, · · · =k4ùX§� n′ = 2!n = 3, 4, · · · =kn�"X§� n′ = 3!n = 4, 5, · · · =kø0X§� n′ = 4!n = 5, 6, · · · =kÙ.mX§��"¤��ù
1ÌXXã 1.11 «"

3.3.2 ������fff���ÅÅÅ¼¼¼êêê999VVVÇÇÇ���ÝÝÝ©©©ÙÙÙ���!!!ÅÅÅ¼¼¼êêêǱäN?Ø��f�(�§=Ù¥>f�VÇ�Ý©Ù§·�k?Ø��f�Å¼ê"c®`²§��f�Å¼êǱ
ψnlml

(r, θ, ϕ) = RnlYl,ml
(θ, ϕ) = Rnl(r)Θl,ml

(θ)Φml
(ϕ) .e¡éÙ¥���Ïf�±?Ø"

(1) ���   ÆÆÆÅÅÅ¼¼¼êêêΦml
(ϕ)'u� ÆÅ¼ê Φml

(ϕ) ��Æ�§ǱµL̂zΦml
(ϕ) = ml~Φml

(ϕ);�A��Æ�ǱµLz = ml~, ml = 0,±1,±2, . . . ,±l;�Æ¼ê�äNLãǱµΦml
(ϕ) = 1√

2π
eimlϕ"

(2) 444ÆÆÆÅÅÅ¼¼¼êêê
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136 CHAPTER 3. ��fÚa�lf�(��5�'u4ÆÅ¼ê Θl,ml
(θ) ��Æ�§Ǳµ

~
2

sin θ

d

dθ

(

sin θ
d

dθ

)

Θl,ml
(θ) +

(

λ− m2

sin2 θ

)

Θl,ml
(θ) = 0 ,�A��Æ�Ǳµλ = l(l + 1) ,�Æ¼ê�äNLãǱ£V4�õ�ª�/ª¤µ

Θl,ml
(θ) = (−1)ml

√

(2l + 1)(l − |ml|)!
2(l + |ml|)!

P
|ml|
l (cos θ) .�
�$���Æ¼ê�äN/ª´µ

Θ00 =
√
2
2
;

Θ10 =
√
6
2
cos θ , Θ1±1 = ∓

√
3
2
sin θ ;

Θ20 =
√
10
4
(3 cos2 θ − 1) , Θ2±1 = ∓

√
15
2

sin θ cos θ ,

Θ2±2 =
√
15
4

sin2 θ .

Θ30 =
3
√
14
4

(

3
5
cos3 θ − cos θ

)

, Θ3±1 = ∓
√
42
8

sin θ
(

5 cos2 θ − 1
)

,

Θ3±2 =
√
105
4

sin2 θ cos θ , Θ3±3 = ±
√
70
8

sin3 θ .

l = 0, 1, 2, 3 �¹e���f�Æ��Æ¼ê�äN1ǱXã 3.1 ¤«"
(3) »»»���ÅÅÅ¼¼¼êêê'u»���Æ�§Ǳµ

[

− ~

2µ

1

r

∂2

∂r2
r +

l(l + 1)~2

2µr2
− e2s

r

]

Rnl(r) = ERnl(r) ,�A��Æ�ǱµEn = −µe
2
s

2~2

1

n2
= − µe4

32π2ε20~
2

1

n2
,�Æ¼ê�äNLãǱµ

Rnl(r) = Nnle
−ξ/2ξlF (−n + l + 1, 2l + 2, ξ) ,Ù¥ Nnl =

2

a
3/2
B n2(2l + 1)!

√

(n+ l)!

(n− l + 1)!
, ξ =

2r

naB
.�
$-u��äNLã/ªǱµ

R10 = 2
( 1

aB

)3/2

e−r/aB ,

R20 =
( 1

aB

)3/2 1

2
√
2

(

2− r

aB

)

e−r/2aB , R21 =
(

1
aB

)3/2
1

2
√
6
r
aB
e−r/2aB .
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3.3. ��fÚa�lf�(��5� 137

Figure 3.1: ��f�Æ��Æ¼ê3 l = 0, 1, 2, 3 �¹e�äN©Ù1Ǳ"éu n = 1, 2, 3§ÙäN©ÙXã3.2¤«"
(4) ������fff������¡¡¡þ�Ù®²ã9§�¡´LÆÔ�G�3�m�ü�¹e�C�5��Ônþ§P�Ǳ P§¿PÔ�G�Ǳ Ψ(~r)§=k

P̂Ψ(~r) = Ψ(P̂ ~r) = Ψ(−~r) = PΨ(~r) .éu��f§�m�ü¦ ~r C�Ǳ −~r§3¥�IX¥Lã§=k
~r = (r, θ, ϕ)

P̂ ~r=−~r−−−−→ −~r = (r, π − θ, π + ϕ) ,du Rnl(r) �ÆÝÃ'§¿�3�m�üC�e r ØC§Ïd Rnl(r) Ø�¹�¡�&E"ÏǱ¥�¼ê Yl,ml
(θ, ϕ) k5�µYl,ml

(π − θ, π + ϕ) = (−1)lYl,ml
(θ, ϕ) ,
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138 CHAPTER 3. ��fÚa�lf�(��5�

Figure 3.2: ��f�»��Æ¼ê3 n = 1, 2, 3 �¹e�äN©Ù1Ǳ£±À��»
a
3/2
B Ǳü ¤"

Y ∗
l,ml

(θ, ϕ) = (−1)mlYl,−ml
(θ, ϕ) ,@o

P̂ψnlml
(r, θ, ϕ) = (−1)lψnlml

(r, θ, ϕ) ,¤±§��f��¡ P = (−1)l§=d;�ÆÄþþfê l û½§e l Ǳóê§KǱó�¡¶e l ǱÛê§KǱÛ�¡"~~~KKK: ®���f¥�>f?uG� ψ(r, θ, ϕ) = 0.1ψ321 + b ψ210§Ù¥ ψnlml
´��f��Æ¼ê"eÿþd�¥Û�¡�VÇǱ 80%§Á(½dÅ¼ê¥ b �ê�")))µµµ dcã?Ø�§é��f��Æ¼ê ψnlml

(~r) Ú�m�üC� P̂§
P̂ψnlml

(~r ) = ψnlml
(−~r ) = (−1)lψnlml

(~r ) ,=��f��Æ¼ê��¡Ǳ Pnlml
= (−1)l "ùp®�

ψ(~r ) = ψ(r, θ, ϕ) = 0.1ψ321(r, θ, ϕ) + b ψ210(r, θ, ϕ) ,ÏǱ P321 = (−1)2 = 1§P210 = (−1)1 = −1§¤±T�¥Û�¡Ü©d b ψ210 �û½"
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3.3. ��fÚa�lf�(��5� 139dÅ¼ê�ÚO¿ÂÚK�^��
|b|2

0.12 + |b|2 = 0.8 ,)��§b = 0.3eiα§Ù¥ α Ǳ?¿¢ê"¤±§K��Å¼ê¥ b = 0.2eiα§Ù¥ α Ǳ?¿¢ê"���!!!ÅÅÅ¼¼¼êêê���¢¢¢êêêLLL«««þ�Ù�?ØL²§þfåÆ7L´ïá3E�mþ�"éu��f§þãE�mþLã�Å¼ê´ {Ĥ, ~̂L2, L̂z} ��Ó�Æ¼ê§Ø��Ð�Ä��¦��	§�´u?Ø�Æ�9Åðþ"�´§Eê'�E,§Ïd3Ù§�'Æ�¥§<��â�U\�nÏLéÆ�Ü©�Å¼ê?1�5|Ü§òÙ¢êz"éu l = 0 �¹§ÏǱ l = 0!ml = 0§Y0,0 �5Ò´¢�£~ê¤§ÏdØIÏL�5|Ü§§g,Ò´¢�"éu l = 1�¹§�Äî.úª§Kk
{

p0 ∝ cos θ

p±1 ∝ sin θe±iϕ
¢êzǱ−−−−→



























pz = p0 ∝ cos θ ∝ z/r ,

px =
p+1 + p−1√

2
∝ sin θ cosϕ ∝ x/r ,

py =
p+1 − p−1√

2i
∝ sin θ sinϕ ∝ y/r .éu l = 2�¹§æ^aqué l = 1 �¹�?n�{§K�



















d0 ∝ (3 cos2 θ − 1)

d±1 ∝ cos θ sin θe±iϕ

d±2 ∝ sin2 θe±2iϕ

¢êzǱ−−−−→



























dz2 = d0

dxz =
d+1 + d−1√

2
, dyz =

d+1 − d−1√
2i

dx2−y2 =
d+2 + d−2√

2
, dxy =

d+2 − d−2√
2iù
¢êz��Å¼ê�©ÙXã 3.3 ¤«"nnn!!!VVVÇÇÇ©©©ÙÙÙ

1. »»»���   ���VVVÇÇÇ©©©ÙÙÙdÅ¼ê�ÚO¿Â´�§��f¥�>f3�mN� dτ = r2 sin θdrdθdϕ ¥�VÇǱ
Wnlm(r, θ, ϕ)dτ = |ψnlm(r, θ, ϕ)|2r2 sin θdrdθdϕ , (3.12)
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140 CHAPTER 3. ��fÚa�lf�(��5�

Figure 3.3: ��f��
¢êz�Å¼ê3�
�I²¡S��p�ã£±À��» aBǱü ¤"ÏǱ dτ = r2 sin θdrdθdϕ = r2drdΩ§�¤éÆ��È©§K�
Wnlm(r)dr =

∫ π

0

∫ 2π

0

|ψnlm(r, θ, ϕ)|2r2 sin θdrdθdϕ

=

∫ π

0

∫ 2π

0

|Rnl(r)Yl,m(θ, ϕ)|2r2 sin θdrdθdϕ

= R2
nl(r)r

2dr = χ2
nl(r)dr .¤±§��f¥�>f�»� �VÇ�Ý©ÙǱWnl(r) = χ2

nl(r)"
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3.3. ��fÚa�lf�(��5� 141�Ä¦ Wnl(r) �����^�
dWnl(r)

dr
= 0 ,

d2Wnl(r)

dr2
< 0 ,K�)���f¥�>f��V,�»Ǳµ

rn = n2aB , (Ù¥n = 1, 2, 3, · · · ) .dd�§À�;�´��f¥>f3ÙNCÑyVÇ�Ý��� ��8Ü§ùǱÒ´`§À�;�´��f(��oÑCq§�ǱØ´��vk�n"Ìþfê n = 1, 2, 3 n«�¹e�»� �VÇ�Ý©ÙXã 3.4 ¤«"

Figure 3.4: Ìþfê n = 1, 2, 3 n«�¹e���f¥�>f�»� �VÇ�Ý©Ùã£±À��» aB Ǳü ¤"dã 3.4 ´�§��f¥�>f�»� �VÇ�Ý©ÙkeãA:"
(1) é��Ìþfê n§ÆÄþǱ l �§Wnl(r) k (n− l) �4��¶
(2) é��Ìþfê n§ÆÄþ l ��§Ì¸ �å�fØ��¶
(3) é��ÆÄþ l§éA�Ì¸ �� n O�	£"

2. VVVÇÇÇ���ÝÝÝ©©©ÙÙÙ���ÆÆÆÝÝÝCCCzzz���111ǱǱǱ
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142 CHAPTER 3. ��fÚa�lf�(��5��âÅ¼ê�ÚO¿Â§�¤ (3.12) ¥'u r �È©§K���f¥>f�VÇ�Ý©Ù�ǱÆÝ�¼êǱ
Wlm(θ, ϕ) =

∫ ∞

r=0

∣

∣Rnl(r)Yl,m(θ, ϕ)
∣

∣

2
r2drdΩ =

∣

∣Yl,m(θ, ϕ)
∣

∣

2
dΩ .

l = 0, 1, 2, 3 �¹e§��f¥>f�VÇ�Ý©ÙXã 3.5 ¤«"

Figure 3.5: l = 0, 1, 2, 3 �¹e§��f¥>f�VÇ�Ý©Ù�ÆÝCz�1Ǳ£�ýǱÙ3y-z²¡S�ÝK§mýǱÙáN/G¤"dã 3.5 �§��f¥>f�VÇ�Ý©Ù�ÆÝCz�1ǱkeãA:"
(1) VÇ�Ý©Ù�� Æ ϕ Ã'¶
(2) l = 0 �¹e�VÇ�Ý©Ù¥¥/¶l = 1 �¹e�VÇ�Ý©ÙCq¥å$/¶l = 2 �¹e�VÇ�Ý©Ù��ä¡Cq¥ý¥/"

3.3.3 aaa���lllfff���555����fØ	�k��>f�lf¡Ǳa�lf§~XµHe+!Li++!Be+++!��"
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3.3. ��fÚa�lf�(��5� 143���f�'§Ø>ÖêǱ Z �a�lf���f��O3u�fØ�>þ§��fØ�>þ=Ǳ +e§a�lf�>þǱ Ze"
1. ÅÅÅ¼¼¼êêêkþãa�lf���f��O�§a�lf�Æ�Å¼ê��Æ�§���f����Ó§a�lf�»�Å¼ê��Æ�§zǱ

χ′′(r) +
[2µ

~

(

E +
Ze2s
r

)

− l(l + 1)

r2

]

χ(r) = 0 .T�§�'u��f��A�§£(3.7) ª¤�'§Ùm��O=3u (3.7) ª¥� e2s �¤
 Ze2s§@o§Ù)�/ª���f��A�§�)�/ª�Ó"¿�§du aB = ~2

µe2s
§K�Iò (3.11) ª¥� 1

aB
O�Ǳ Z

aB
! r

aB
O�Ǳ Zr

aB
=�a�lf�»�Å¼ê"

2. UUU???999111ÌÌÌdua�lf���f����O´Ø>Öêd 1 �Ǳ Z§�A�Czk
e2s → Ze2s , aB → aB

Z
, rn → rn

Z
,@odC�

En = − e2s
2aB

1

n2
→ EH-ion

n = −Z
2e2s

2aB

1

n2
,=�a�lf��ÆUþ"?�Ú=�a�lf��Au��f�1ÌX�Ì�éA�ªÇÚÅê©OǱ

νH-ion = Z2νH , ν̃H-ion = Z2ν̃H .



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

144 CHAPTER 3. ��fÚa�lf�(��5�ggg���KKK���SSSKKK
3.1. Áy²§ØØÆÄþ��õ�§3lm�I�:é�?§gdâf�Å¼êo�±LãǱ f(θ)

r
e±ikr§Ù¥ k =

√
2mE
~
§f(θ) ´dÆÄþû½�Æ�mþ

θ �¼ê§¿`²�ê¼ê¥�KÒ�Ôn¿Â"
3.2. éu��f�UÌÚ1Ì§<�~Ú\p��~þ?1{'�Lã§Á`²Ǳ�o|^À���²;þfØO������f�p��~þ�¢�ÿþ(J�m�3�É,¿�Ñ3þfåÆµee)ûù�¯K��Y"
3.3. ��f1Ì�n�"X¥��
Ì��Å�©OǱ 366.9 nm!377.1 nm!

379.8 nm!383.5 nm!388.9 nm!397.0 nm!410.2 nm!434.0 nm!486.1 nm!
656.3 nm§¿©O¡��1«Å�d��á�o^©OǱHα�!Hβ �!Hγ�!Hδ �§Á�Ñn�"X¥Ì��Åê ν̃ � n Cz��§¿(½þã
10 ^Ì�éA��[�þU?�n�"

3.4. ï?ÔnÆ�\�3E±�f��Ǳ¿\íN�Å=�–â[¢�§XJ>f���ÄUǱ 12.5 eV§\ò3��f1Ì¥*ÿ�=
Ì�"
3.5. Áé����Ó ��!�!�/¤���f�1Ì¥� Hα �§�Ñ§��Å��"
3.6. Á(½=«a�lf�1Ì�n�"XÚ4ùX�Å��Ǳ 133.7 nm"
3.7. Á(½��f1Ì�=
Ì�Ú±lf He+ 1Ì�=
Ì�3��1«£400 nm ≤ λ ≤ 770 nm ¤"\UÄ£OÑ±�¬¥´Ä·k�"
3.8. éu��f!±lf He+ Ú �lf Li++§(1) Á�Ñ§��1�À�;��»!1�À�;��»9>f3ù
;�þ��Ý¶(2) >f�(ÜU¶(3) dÄ��1�-u�¤I�-uU9d1�-u�ò-�Ä��¤u1�Å�"
3.9. �g>l���±lf He+ ¥�>fl1�-u��Ä��[�u��1f�±¦?uÄ����f>l§l�Ñ>f"Á(½ù��Ñ�>f��Ç"
3.10 ��>f����>f/¤�åPXÚ¡Ǳ>fó�"Á(½µ(1) Ä��>fó�¥>f��>f�m�må¶(2)Ä�>f�>lUÚdÄ��1�-u��-uU¶(3)d1�-u�ò-�Ä��uÑ�1�Å�"
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3.3. ��fÚa�lf�(��5� 145

3.11.éud�fÚ µ− âf£Ø�þ	§Ù§5�Ñ�>f�Ó�âf¤/¤�åP�§<�~¡�Ǳ µ-�f"¢�ÿ� µ− âf��þǱ>f� 207�§Á�Ñ µ-�f�p��~þ!1�À�;��»!�$UþÚ1Ì�4ùX¥��áÅ�"
3.12. éud�fÚ π− 0f/¤�åP�§<�~¡�Ǳ π−-�f"¢�ÿ�

π− 0f��þǱ� 138MeV§Á�Ñ π−-�f�p��~þ!1�À�;��»!�$UþÚ1Ì�4ùX¥��áÅ�"
3.13. Á(½��f� n = 2!l = 1 �þf�þ>f�»�VÇ�Ý��� �93d�þ>f�»��I�²þ�"
3.14. ÁdþfåÆéu��f�)Ñuy²µ?u 1s!2p ����f¥§��Uuy>f� �©O´�»Ǳ aB!4aB �¥�"
3.15. Á(½��f¥>f�Æ�Ý!³UÚÄU�ǱÌþfê n �¼ê§¿�Ñ§�'u n ��§`²§��>foUþO\Cz�1Ǳ"
3.16. þf��mþ�m¥é�âf�VÇǱ"�:¡Ǳ!:"Á(½a�lf� n ≤ 3 ��þf��!:� �"
3.17. Áy²ØÓþf��a�lf��»�²þ��±dÙÌþfê n ÚÆÄþþfê l L«Ǳ r =

n2aB
Z

[

1 +
1

2

(

1− l(l + 1)

n2

)]

. ¿�±²þ�»d���^Sü� n ≤ 20 ��þf�§`²a��f¥>f�»�VÇ�Ý©Ù�þfêCz�1Ǳ�ÔnÅ�"
3.18. Á(½��f�Ìþfê n = 1!2!3!n�À�;�þ�>f/¤�>6rÝ±9��f�^Ý"
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146 CHAPTER 3. ��fÚa�lf�(��5�



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

Chapter 4

õõõ>>>fff���fff���(((���
4.1. �*âfäkg^gdÝ 4.2. ü>f�g^��£ã
4.3. ü>f�g^��U\9ÙÅ¼ê 4.4. �Óâf9Ù��é¡5
4.5. õ>f�f(��ïÄ�{Vã

4.1 ���***âââfffäääkkkggg^̂̂gggdddÝÝÝ
4.1.1 ¢¢¢���ÄÄÄ:::���!!!���fff111ÌÌÌäääkkk°°°[[[(((���|^©EÇ�p�1Ì¤*ÿuy§3w7á�f�1Ì�¥§�5¤*ÿ��^Ì�¢Sþ´dü^½�õ^Ì�|¤§ù«(�¡Ǳ�f1Ì�°[(�£fine structure¤1"~Xµ?�1 D �"|^p©EÇ1Ì¤*ÿuy§Ï~¤`�Å�Ǳ 589.3 nm �?�1 D �¢Sd Å�©OǱ 589.6 nm Ú 589.0 nm �ü^Ì� D1 Ú D2 |¤"���!!!���~~~lllùùù���AAA¢��uy§3f^|¥§�f�1Ì�©�¤óê^"ù�y�¡Ǳ�~lù�A(anomalous Zeeman Effect)2"~Xµ3f^|¥§?�1�D1�£589.6 nm¤©�¤ 4 ^§D2 �£589.0 nm¤©�¤ 6 ^"nnn!!!¤¤¤AAA���)))XXX...âââ¢¢¢���

1ùp=�Ñy�§e�Ùò��äN?Ø
2ùp=�Ñy�§18Ùò��äN?Ø

147
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148 CHAPTER 4. õ>f�f�(�
1922c O. Stern Ú W. Gerlach ?1
¦ Ag!Li!Na!K!Cu!Au ��fåÏL�å6��R��Øþ!^|!*ÿÑ�å6�©Ù�¢�3§(Juyå6Ñ©�Ǳüå§�©O©Ù3�å6���þ!eüý"�A�–X.â¢��¢�C�9¢�ÿþ(J�«¿ãXã 4.1 ¤«"

Figure 4.1: �A�–X.â¢��¢�C�9¢�ÿþ(J�«¿ã"·���§^Ý~µ�÷ z���	^|m��p�^³Ǳ
U = −~µ · ~B = −µzB .XJ ~B÷ z��Øþ!§KT^ÝÉå
fz = −∂U

∂z
= µz

∂B

∂z
.P�fk�þm§�f?\^|���ÝǱ v§�þ!^|�°ÝǱL§dåÆ�n��§�f3Øþ!^|��þk\�Ý

az =
fz
m

=
µz
m

∂B

∂z
,¿��f3�\���þØÉå§l�±�ÝǱ v!�$Ä§Ïd�f3�þ!^|�� =�ålǱ

∆z =
1

2
azt

2 =
1

2

µz
m

∂B

∂z

(L

v

)2

.

3�5§<�¡*ÿâfåÏL�å6��R��Øþ!^|�� =�¹�¢�ÑǱ�A�–X.â¢�"�CÏ�nã�ë� European Physical Journal H 41: 327 (2016)
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4.1. �*âfäkg^gdÝ 149¢�¥§m!L!v!∂B
∂z
�½§K¢�*ÿ� ∆zk�Kü��`²µzk�Kü��"du�)�få�p§¬�§ÝǱ 103 K �þ?£= 10−1 eV�þ?¤§dcAÙ�?Ø�§�f�1�-u��Uþ£�éuÄ�¤Ǳ eV ½ 10 eV �þ?§¤±�få¥��fATÑ´£��ý�õê¤Ä��f§K¢��«�^Ý&EǱù
�f�Ä��^Ý�&E. dd¢�(J�§ù
�f�Ä��^Ý=k�Kü�ê�"

4.1.2 >>>fffäääkkkSSS���gggdddÝÝÝ— ggg^̂̂���!!!ggg^̂̂VVVggg���JJJÑÑÑ
1. ¢�¯¢Ø�Ud;�$ÄÚå�â^Ý�S�>6Å�§1k>6rÝ I �¡ÈǱ S �£´�^ÝǱ

~µ = ISn̂ ,Ù¥ n̂ Ǳ£´¡È��{����ü ¥þ"P�þǱm!�>þǱ q�âf¤�±Ï$Ä�±ÏǱ τ§KÙ/¤�>6rÝǱ
I =

q

τ
.b�âf¤�±Ï$Ä�/;�0Ǳý�/§KÙ¡ÈǱ

S =
1

2

∫ 2π

0

r · rdϕ =
1

2

∫ τ

0

r2ωdt =
1

2m

∫ τ

0

mr2ωdt =
l

2m

∫ τ

0

dt =
lτ

2m
.Ù¥ mr2 Ǳâf�=Ä.þ Ir§l = Irω Ǳâf�/;�0ÆÄþ"¤±§/;�0ÆÄþǱ ~l!�>þǱ q �âf�/;�0^ÝǱ

~µl =
q~l

2m
.P µB = e~

2me
= 9.2740154 × 10−24J/T§¿¡�ǱÀ�^f£Bohr Megne-

ton¤§Kâf�/;�0^Ý�þfz/ª�±LãǱ
~̂µl =

qe
~mme

µB~̂l ,
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150 CHAPTER 4. õ>f�f�(�Ù¥ mme´±>f�þǱü ��þ§qe´±�>f>þ eǱü �>þ§~̂l ǱÆÄþ�Î"Pâf�/;�0ÆÄþ3 z ���ÝKǱ lz~ = ml~§=ÆÄþÝKþfêǱ ml§Kâf�/;�0^Ý3 z ���ÝKǱ
µz =

qml~

2m
=
qeml

mme

µB .�A�–X.â¢�¥� Ag!Li!Na!K!Cu!Au �fÑ´�x�f§Ù¥Ä�>f�;�$ÄÆÄþþfê lo =�ê£0¤§Ù z©þmlk 2lo + 1 = Ûê£1¤��§d�Úå� z��^ÝÑØ�UǱóê�"Ïd§�A�–X.â¢�L²§ù
�f£½Ù¥�>f¤�½�3Ù§gdÝ"
2. K�b�

1921c§A. Lande �â�~lù�AJÑµÆÄþ3 z ���ÝKþfê£^þfê¤Ø´
ml = lz = l, l − 1, · · · , 1, 0,−1, · · · ,−(l − 1),−l, , (Ûê��) ;AT
ḿ = l − 1

2
, l − 3

2
, · · · ,−(l − 3

2
),−(l − 1

2
) , (óê��) .

3. �|b�
1924c§W. E. Pauli JÑµ÷���>f�ÆÄþAǱ"§�~lù�A¥�Ì�©���f¢Ã'§�dd>fÚå§§5g/�«Ak�²;þØU£ã�d>fþfØ5���50"

4. ¿Õ��Ú�[�A�>fg^b�w,§K�b�éâô§�|b�éqÛ!7�§¿�ÑØ�*"
1925c§G. E. Uhlenbeck Ú S. A. Goudsmit JÑµ>fØ´:>Ö§§Ø
;�$Ä	§�kg^$Ä"z�>fÑäkg^ÆÄþ~s§§3�m?���þ�ÝK sz�U�ü��§§�´ sz = ±1

2
~"�A/§z�>f�äkg^^
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4.1. �*âfäkg^gdÝ 151Ý ~µs§§�g^ÆÄþ~s�m�'X´
~µs= − e

me

~s ,

µsz = ± e~

2me

= ±µB .
(4.1)Ǳ£ã^Ý��A�ÆÄþ�m�'X§<�Ú\^^'£gyromagnetic

ratio¤ g �Vg">fg^�^^'=>f�g^^Ý�À�^f�'� µsz
sz

=

− e
me

= gs
e

2me
§l>f�g^^^' gs = 2"���!!!'''uuu������fffååå������AAA���–XXX...âââ¢¢¢���3��§'u�f(��@£�Ø
�\§þã/÷��>f�ÆÄþǱ"0�ØäI�"&é�"¹�§cã¢����'u^Ý�&EÑ´£å6¥�¤�f�§Ø==´>f�"Ïd§lcã¢�(JÿØU����>fäkg^^ÝÚg^�(Ø"Ǳ)ûù�¯K§O. Stern Ú W. Gerlach 3 1927c?1
��fåÏLØþ!^|�¢�§(Juy§��fåǱ3Øþ!^|���þ©�Ǳüå"�âcã?Ø§��f�^ÝAǱÙ|©âf—�fÚ>f�^Ý�Ú§=k

~µH = ~µp + ~µe,l + ~µe,s ,lÙ z ©þǱ
~µH,z = ± 1

mp,me

µB −mlµB ± µB .ÏǱ��fÄ��/;�0ÆÄþþfê(½Ǳ lo = 0§= ml = 0§¿� mp,me = 1836me§l µB
mp,me

� µB§¤± µH,z ≈ µe,sz§ǱÒ´`§'u��f��A�–X.â¢������f^Ý�&EÒ´£±ép�°Ý¤Ä���f¥>f�g^^Ý�&E§l`²>f(¢kg^§¿�Ù3 z ��þ�ÝKǱ sz = ±~

2
"nnn!!!>>>fffggg^̂̂nnnØØØ���uuuÐÐÐ'u>fg^�@£Ú£ãg^�nØ�ïá§Ì�keãn��ã"

1. Uhlenbeck Ú Goudsmit �b�9éÙ���@£">f�g^ÆÄþÚg^^Ý´>f���S�á5§´þf5�§ØU^²;ÆÄþ5n)"Ä
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152 CHAPTER 4. õ>f�f�(�K§b�>fS>Öþ!©Ù§Ǳ¦Ùg^^Ý��ǱµB§§Akã��>6§lÙL¡Ü©>Ö��Ý�Lý�¥�1�£v ∼ 10c¤§�dÂ�éØ�nØ��"
2. 1927c W. E. Pauli JÑ Pauli Ý
nØ§rg^VgB\þfåÆNX"
3. 1928c P. A. M. Dirac Má�éØþfåÆ§`²>fg^��þ´�éØ5þf�A"�5�ïÄL²§¤k�*âfÑäkg^gdÝ"�u�§�Æ§e¡=0�'ug^��{ü£ã§Ø?Ø�A�ÄåÆ"
4.2 üüü>>>fff���ggg^̂̂������£££ããã
4.2.1 ggg^̂̂������£££ããã���!!!üüüXXXggg^̂̂������£££ããã>fg^ ~s� z©þ=U��±~

2
§= szk�Æ�±~

2
§�Ù�Æ�Ǳχms

(sz)§Kk
ŝzχms

(sz) = msχms(sz) ,Ù¥ ms = ±~

2
"PéA�Æ� ~

2
!−~

2
��Æ�©OǱα!β§K§��dÝ
L«Ǳ

α = χ 1
2
(sz) =

(

1
0

)

, β = χ− 1
2
(sz) =

(

0
1

)

.w,§
|α|2 = (1, 0)

(

1
0

)

= 1 , |β|2 = (0, 1)
(

0
1

)

= 1 ,

α†β = (1, 0)
(

0
1

)

= 0 , β†α = (0, 1)
(

1
0

)

= 0 ,=αÚ β�¤>fg^��m��|����Ä"@o§���>fg^��±L«Ǳ
χ(sz) = aα+ b β =

(

a
b

)

.
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4.2. ü>f�g^��£ã 153Ù��8�5�L«Ǳ
∑

sz=± ~

2

∣

∣χ(sz)
∣

∣

2
= χ†χ = (a∗, b∗)

(

a
b

)

= |a|2 + |b|2 = 1 .���!!!���¹¹¹ggg^̂̂gggdddÝÝÝ���>>>fffÅÅÅ¼¼¼êêêÏǱ>fØ=äkn��mgdÝ§�äk��g^gdÝ§@o£ãÙG��Å¼êAL«Ǳψ(~r, sz)"�þã'uXg^��?Ø§eP� sz =
~

2
!−~

2
§éA��mÅ¼ê©OǱ

ψ
(

~r,
~

2

)! ψ
(

~r,−~

2

)

,�Ä�Ï~�¹e§�m�I�g^gdÝ�±©lCþ§K���Å¼ê�±L«Ǳ
ψ(~r, sz) = ψ

(

~r,
~

2

)

α + ψ
(

~r,−~

2

)

β =
(

ψ
(

~r, ~
2

)

ψ
(

~r,−~

2

)

)

.T���Å¼ê ψ
(

~r,±~

2

)Ï~¡Ǳ^þÅ¼ê"Ù8�5Ǳ
∑

sz=± ~

2

∫

d3~r
∣

∣Ψ(~r, sz)
∣

∣

2
=

∫

d3~r
[∣

∣Ψ(~r,
~

2
)
∣

∣

2
+
∣

∣Ψ(~r,−~

2
)
∣

∣

2]
=

∫

d3~r ψ†ψ = 1 ,Ù¥ψ† =
(

Ψ∗(~r, ~
2
), Ψ∗(~r,−~

2
)
)"��5¿�´§Xd©lCþ�^�´µM�îþ�±L«Ǳ�mÜ©�g^Ü©�Ú!½Ø�¹g^Ü©"

4.2.2 ggg^̂̂���ÎÎÎ������|||���ÎÎÎ���!!!ggg^̂̂���ÎÎÎc®ã9§g^´X{þfAÆ�Ônþ§ØUL«Ǳ�IÚÄþ�¼ê§ÏdATÄ�/^g^�Î ~̂s5£ã"
1. é´'Xdug^�=Ääk�Ó�AÆ§�ØLg^´X{�þf5��=Ä§Ïd ~̂säk�ÆÄþ�Î���Ó�5�§Äk§A÷v�;�ÆÄþ ~̂L�Ó�é´'X§=k

[

ŝα, ŝβ
]

= i~εαβγ ŝγ . (4.2)
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154 CHAPTER 4. õ>f�f�(�
2. �Æ�§!�Æ�9>f�g^þfêdÄ�b½�§~s3?���þ�ÝKÑ�U��±~

2
§¤± ŝx!ŝy!ŝz n��Î��Æ�Ñ´±~

2
§=k

ŝαχms
= ms~χms

, (4.3)Ù¥ms = ±1
2
"@o§

s2x = s2y = s2z =
~
2

4
,

~s 2 = s2x + s2y + s2z =
3

4
~
2 .� ~̂L 2��Æ��§ ~̂L 2Yl,ml

= l(l + 1)~2Yl,ml
a'§P

~̂s 2χsms
= s(s+ 1)~2χsms

,Kk s = 1
2
"Tþfê¡Ǳ (>f�) g^þfê£quantum number of spin¤"���!!!���|||���ÎÎÎ

1. �|�Î�Ú\ÏǱ ~sǱ�ÆÄþk�ÓAÆ�Ônþ§Ùþfê säk~�þj§Ǳ{B§Ú?Ãþj�Î ~̂σ§¦� ~̂s = ~

2
~̂σ§T�Î ~̂σ¡Ǳ�|�Î"

2. �|�Î��ê'Xd [

ŝα, ŝβ
]

= i~εαβγ ŝγ Ú�|�Î�½Â²{üO�=���y²§�|�Îäkeã�ê'Xµ
[

σ̂α, σ̂β
]

= 2iεαβγ σ̂γ . (4.4)

σ̂2
x = σ̂2

y = σ̂2
z = 1 . (4.5)

{σ̂α, σ̂β} = 0 . (4.6)

σ̂ασ̂β = −σ̂β σ̂α = iσγ , (Ù¥ α 6= β) . (4.7)

~̂σ† = ~̂σ . (4.8)
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4.3. ü>f�g^�U\9ÙÅ¼ê 155¿�½Â σ̂± = 1
2

(

σ̂x ± iσy
)

, K
σ̂ 2
± = 0 ,

[

σ̂+, σ̂−
]

= σ̂z ,
[

σ̂z , σ̂±
]

= ±σ̂± . (4.9)ù
é´'X£�ê'X¤L²§�|�Î�¤ su(2) o�ê"ǱÒ´`§�n��m¥�ÆÄþ�Ó§g^Ǳäk SU(2) é¡5£SO(3) é¡5¤"�u�§�Æ§ùpØéd�±Ðm?Ø§k,��ÓÆ§�ë�+Ø½o+�o�ê��á½;Í"
3. �|Ý
3± ŝz��Æ�α!βǱÄ¥��m£½¡3 σ̂zéÆz�L�¤¥§�±r�|�ÎL«¤Ý
/ª"ÏǱ σ̂z��Æ��U�±1§K σ̂z�±L«Ǳ

σ̂z =

(

1 0

0 −1

)

.w,kµ
σ̂zα = α , σ̂zβ = −β .?�Ú§�âcã�ê'X£é´'X¤��

σ̂x =

(

0 1

1 0

)

, σ̂y =

(

0 −i
i 0

)

.

~σ �ù«Ý
L«/ª¡Ǳ�|Ý
"î�5ù§~σ �ù«Ý
Lã/ª´�|Ý
3 z L�¥�Lã/ª"�,§�|Ý
 ~σ Ǳ�±3 xL�Ú y L�¥LãÑ5§k,��Öö�gC�¤ù
L�C��O�"
4.3 üüü>>>fff���ggg^̂̂���UUU\\\999ÙÙÙÅÅÅ¼¼¼êêê
4.3.1 üüü>>>fffggg^̂̂UUU\\\���VVVgggÚÚÚ���êêê'''XXXcã?Ø®²L²§�/;�0ÆÄþaq§g^´¥þ£î�5ù§AT´^þ¤"üg^�ÍÜǱ¥þÍÜ

~S = ~s1 + ~s2 .
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156 CHAPTER 4. õ>f�f�(�¿�§k'X
[

Ŝα , Ŝβ
]

= i~εαβγŜγ ,
[

Ŝ2 , Ŝα
]

= 0 .Ù¥ α, β = x, y, z"duÏ~`�ü�g^�gÕá§Ïdk'X
[

ŝ1α , ŝ2β
]

≡ 0 .

4.3.2 üüü>>>fff���oooggg^̂̂999ÙÙÙÅÅÅ¼¼¼êêê���!!!üüü>>>fff���oooggg^̂̂���M-Scheme (((½½½ü>f�k��g^gdÝ§Kü>fXÚ�g^kü�gdÝ§Ù�ÿþþ��8A�¹ü�Ônþ"Ï~§<��±æ^�ÍÜL�½ÍÜL�5LÆü>fg^XÚ�G�"éü>f�g^�Ñ� zL�§K {ŝ1z , ŝ2z} =�¤�ÍÜL�¥��ÿþÔnþ��8"éu1 i �>f£i = 1, 2¤§PÙg^3 z ���ÝK��Æ�Ǳ
α(i) Ú β(i)§Kk

ŝizα(i) =
~

2
α(i) , ŝizβ(i) = −~

2
β(i) .¿�§duü>fg^�gÕá§XÚ�g^Å¼êǱ�g�g^Å¼ê��È§=k

{α(1) , β(1)} ⊗ {α(2) , β(2)} = {α(1)α(2) , α(1)β(2) , β(1)α(2) , β(1)β(2)} .éuÍÜL�§<�Ï~æ^�LÆ��ÆÄþ�G��Ó��Y£QkÆÄþ§qkÆÄþ3 z ���ÝK¤§=� { ~̂S2 , Ŝz} ǱÍÜL�¥��ÿþÔnþ��8"d Ŝz = ŝ1z+ŝ2z �§ÍÜL�¥XÚ�og^3 z���ÝKǱü>f�g�g^3 z��þ�ÝK�{üU\§@o§α(1)α(2)!α(1)β(2)!β(1)α(2)!β(1)β(2)éA� Sz ©OǱ 1!0!0!−1.dÆÄþ� z ©þ ml �ÆÄþ l �'X
ml = 0, ±1,±2, · · · ,±l ,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

4.3. ü>f�g^�U\9ÙÅ¼ê 157�§þã� Sz = ±1 Ú�� Sz = 0 éA S = 1 3 z ���n�ÝK�§��
Sz = 0 éA S = 0 3 z ���ÝK�"¤±§ü>fXÚ£üg^þfêÑǱ 1

2�XÚ¤�og^þfê�UǱ
S = 1 , 0 .ù«ÏL©ÛÆÄþ£g^¤3 z ��þ�ÝK!?(½oÆÄþ£g^¤��{Ï~¡ǱÆÄþ£g^¤U\�M-Scheme"���!!!üüü>>>fff���oooggg^̂̂ÅÅÅ¼¼¼êêêd½Â ~̂S = ~̂s1 + ~̂s2 Úg^�Î��|�Î�'X§�

~̂S2 =
(

~̂s1 + ~̂s2
)2

= ~̂s 2
1 + ~̂s 2

2 + 2~̂s1 · ~̂s2

= ~̂s 2
1 + ~̂s 2

2 + 2
(

~̂s1xŝ2x + ŝ1y ŝ2y + ŝ1z ŝ2z
)

=
3

2
~
3Î +

~
2

2

(

σ̂1xσ̂2x + σ̂1yσ̂2y + σ̂1zσ̂2z
)

=
3

2
~
3Î +

~
2

2

(

σ̂1yσ̂2y
(

Î − σ̂1zσ̂2z
)

+ σ̂1zσ̂2z
)

.P ξ!η Ǳü>f�?Ò§d½ÂÚÝ
$�5KK�
σ̂ξzα(η) = δξηα(η) , σ̂ξzβ(η) = −δξηβ(η) ,¿�
σ̂ξyα(η) = iδξηβ(η) , σ̂ξyβ(η) = −iδξηα(η) .u´

~̂S 2α(1)α(2) = 2~2α(1)α(2) ,

~̂S 2β(1)β(2) = 2~2β(1)β(2) ,

~̂S 2α(1)β(2) = ~
2
(

3
2
+ 1

2

(

2σ̂1yσ̂2y − 1
))

α(1)β(2) = ~
2α(1)β(2) + ~

2β(1)α(2) ,

~̂S 2β(1)α(2) = ~
2
(

3
2
+ 1

2

(

2σ̂1yσ̂2y − 1
))

β(1)α(2) = ~
2β(1)α(2) + ~

2α(1)β(2) ,ùL²§α(1)α(2) Ú β(1)β(2) ´ ~̂S 2 ��Æ¼ê§�A��Æ�Ǳ S = 1¶�
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158 CHAPTER 4. õ>f�f�(�
α(1)β(2) Ú β(1)α(2) Ø´ ~̂S 2 ��Æ¼ê",§éw,
~̂S 2

(

α(1)β(2) + β(1)α(2)
)

= ~
2
(

α(1)β(2) + β(1)α(2)
)

+ ~
2
(

β(1)α(2) + α(1)β(2)
)

= 2~2
(

α(1)β(2) + β(1)α(2)
)

,

~̂S 2
(

α(1)β(2)− β(1)α(2)
)

= ~
2
(

α(1)β(2) + β(1)α(2)
)

− ~
2
(

β(1)α(2) + α(1)β(2)
)

= 0 ·
(

α(1)β(2)− β(1)α(2)
)

,ùL²§α(1)β(2) � β(1)α(2) ��5|Ü (

α(1)β(2) + β(1)α(2)
) Ú (

α(1)β(2)−
β(1)α(2)

) Ñ´ ~̂S 2 ��Æ¼ê§�Æ�©OǱ S = 1!S = 0"o�§üg^ 1
2
�>f/¤�XÚog^Ǳ

S = 1 , 0 .¿�§|^+nØ½cã� M-scheme �±y²§üÆÄþ l1!l2 ÍÜ¤�oÆÄþ�±��/LãǱ
L = |l1 − l2| , |l1 − l2|+ 1 , · · · , l1 + l2 − 1 , l1 + l2 . (4.10)�Ä8�z§Kü�g^ÑǱ ~

2
�>f�og^��Æ¼êǱ

ψS=1 =



















χ1,1 = α(1)α(2) , (S = 1,M = 1) , (a)

χ1,0 =
1√
2

[

α(1)β(2) + α(2)β(1)
]

, (S = 1,M = 0) , (b)

χ1,−1 = β(1)β(2) , (S = 1,M = −1) . (c)

ψS=0 = χ0,0 =
1√
2

[

α(1)β(2)− α(2)β(1)
]

, (S = 1,M = 0) . (d)Ù�*ã�Xã 4.2 ¤«"ù
(JäN`²§og^ S = 1 ��´n�§©OéA MS = 1, 0,−1¶og^ S = 0 ��Ǳü�§ÏǱ=kMS=0 ≡ 0"±�fkn���±Úü�®±�´üg^ 1
2
XÚ�og^�k S = 1 �n�Ú S = 0 �ü�����N"nnn!!!ÅÅÅ������£��ÙÚcüÙ�?Ø9êÆ�n§·���§¦)õCþ��Æ�§�§U
r���Å¼êLãǱ±�CþǱmþ�Å¼ê�¦È£ǱÒ´U
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4.3. ü>f�g^�U\9ÙÅ¼ê 159

Figure 4.2: üþfêǱ 1
2 �g^�U\9Ù/¤��«¿ã"©lCþ¤�^�´ù
Cþ�g�pÕá!�pvkKǱ"í2�§ÕáâfXÚ�Å¼êU
LãǱ�âfÅ¼ê�{ü¦È£�È¤"@o§NX�Å¼êØULãǱ|¤NX��|©âf�Å¼ê�{ü¦È�õâfNX��|©âf�m�½k�p�^§ǱÒ´�|©âf�mkÅ�"~Xcã�ü>fg^NX�Å¼êLãǱ�>f�g^�Å¼ê {α(i), β(i)} ��È

{α(1)α(2) , α(1)β(2) , β(1)α(2) , β(1)β(2)} �§α(1)β(2) Ú β(1)α(2) ==´�>f�g^� z ©þ��Æ¼ê§Ø´og^ Ŝ = ŝ1 + ŝ2 9Ù²���Æ¼ê¶og^ Ŝ = ŝ1 + ŝ2 9Ù²���Æ¼ê�½´ α(1)β(2) � β(1)α(2) ��5|Ü"u´§éuõâf£õCþ¤XÚ�þf�§<�¡ØULãǱ�|©âf�þf��{ü¦È�þf�ǱÅ��"2X§ü>f�og^�Å¼ê¥� (b)ªÚ (d) ª"2£�cã�ü>fg^�£o¤Å¼ê§Ù¥� χ10 Ú χ00 ´Å��§ χ11 Ú χ1−1 Ø´Å��"¯¢þ§<��±rü>f�o�£o¤g^Å¼êÑLãǱÅ��"~X§3cã� {σ̂1zσ̂2z} L�¥§�Î8
{σ̂1xσ̂2x , σ̂1yσ̂2y}!{σ̂1xσ̂2y , σ̂1yσ̂2x} Ñ�¤�ÿþþ��8§§���Ó�Æ¼êÒÑ´Å��£�ǱSK§�ÓÆ��ÑÙäNL�ª¤"ùü��ÿþþ
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160 CHAPTER 4. õ>f�f�(���8��g��Ó�Æ¼êXÑ¡Ǳ£Í¶�¤��Ä§3 2–qubits XÚ�£þf&E¤ïÄ¥�2�A^"é 3–qubits XÚÚ 4–qubits XÚ§y3~^�k Greenberger-Horne-Zeilinger (GHZ) Ä!�"�u�§�Æ§ùpØ2äN?Ø"�I�J�5¿§¿Ø´?¿�þf�Ñ�±�¤Å��"cã?ØL²§�±�¤Å���^�´§��|¤ü�´�ÿþþ��8¥�Ônþ��Ó�Æ¼ê"
4.4 ���ÓÓÓâââfff999ÙÙÙ������ééé¡¡¡555
4.4.1 ���ÓÓÓâââfffNNNXXX���VVVgggÚÚÚÄÄÄ���AAAÆÆÆ���!!!½½½ÂÂÂ��8c·���§éu�*âf§§�Øäk·�®²Ù���þÚ>ÖgdÝ	§�äkg^gdÝ"��\�ïÄL²§k
âf£~X§|¤�f�§�Ú�f¤�äkôÚgdÝ"·�þ!>ÖÚg^�S�á5���Ó�Óa�*âf¡Ǳ�Óâf(identical particle)"d�|¤�õâfNX¡Ǳ�ÓâfNX"·���§3²;Ôn¥§£ãâfG��ÔnþÑ�±ëYCz§Ã¡���O=w«ØÓ§ÏdØI��Óâf9�ÓâfNX�Vg"3þfÔn¥§ÔnþÑ´lÑCz�"Ïd�*âf��Ó5´éâfG�þfz�(J§½ö`§�Ó5´�*âf�þf5���Ny"���!!!ÄÄÄ���AAAÆÆÆ£££þþþfffåååÆÆÆÄÄÄ���bbb������ÊÊÊ¤¤¤'u?Û�ÿþÔnþ§AO´M�îþ§éu?Ûü��Óâf���Ñ´ØC�"~X§?u>ÖêǱZ�âf/¤�·>|¥�ü�Ó>f§PÙ ��I©OǱ ~r1!~r2§Äþ©OǱ ~p1!~p2§§�|¤�NX�M�îþǱ

Ĥ =
~̂p 2
1

2m
+
~̂p 2
2

2m
− Ze2

r1
− Ze2

r2
+

e2

|~r1 − ~r2|
.�ùü�>f���§TM�îþw,ØC"í2�§éu�ÓâfNX¥?Ûü�âf���§NX�?Û�ÿþÔnþÑ´ØC�"ù´þfåÆ¥���Ä��n£½¡Ä�b�¤§~¡�Ǳ�Ó5�n"
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4.4. �Óâf9Ù��é¡5 161�Ó5�n�þf�b�!�Îb�!ÿþb�ÚÅ½��§�å§�¤þfåÆ�nØNX�nØµe£½¡Ä�¤"
4.4.2 ���ÓÓÓâââfffNNNXXXÅÅÅ¼¼¼êêê���������ééé¡¡¡555���!!!���ÓÓÓâââfffNNNXXX���ÅÅÅ¼¼¼êêê���������ééé¡¡¡555999ÙÙÙ©©©aaaé�dN��Óâf|¤�õâfNX§Pþf�Ǳ

ψ(q1, q2, · · · , qi, · · · , qj , · · · , qN) ,Ù¥ qi (i = 1, 2, · · · , N) ǱLÆ1 i �âfG���«gdÝ�/�I0§2Pé1 i!jüâf��Ü�I?1����ÎǱ P̂ij§K
P̂ijψ(q1, q2, · · · , qi, · · · , qj , · · · , qN) = ψ(q1, q2, · · · , qj , · · · , qi, · · · , qN) .duâfäk�Ó5§âf i Úâf j �´éâf�<Ǳ?Ò§Ù¢´ØU«©�§Ïd P̂ijψÚψ £ã�´Ó��þf�§ùÒ´`§��XÚSÜ?¿ü�âf��IØUCXÚ�G�§u´k�Æ�§µ

P̂ijψ = cψ .@o
P̂ 2
ij ψ = P̂ij

(

P̂ijψ
)

= P̂ijcψ = cP̂ijψ = c2ψ .,��¡§�*/§ëYüg���½£�Ù���G�§=k
P̂ 2
ij ψ ≡ ψ .u´k
c2 = 1 .¤±
c = ±1 .= ���Î�kü��Æ� c = +1Ú c = −1"XJP̂ijψ = ψ§K¡ψǱé¡Å¼ê§=µüâfp��§Å¼êØC"
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162 CHAPTER 4. õ>f�f�(�XJ P̂ijψ = −ψ§K¡ψǱ�é¡Å¼ê§=µüâfp��§Å¼êUCÎÒ"?�Ú�±y²§���Î P̂ij´Åðþ"Ïd§�ÓâfNX�Å¼ê���é¡5´Ø��mUC�"XJâf3,��Ǳ?3é¡£½�é¡¤�þ§K§ò[�?3é¡£½�é¡¤�þ"���!!!���ÓÓÓâââfff���©©©aaaÏǱéuâf��§�ÓâfNX�Å¼ê�ké¡Ú�é¡üa§¿�ùü«��é¡5´��(½�§Ø��mUC§@o�Óâf�±UÙÅ¼ê���é¡5©ǱÀÚXÚÚ¤�XÚüa"XJ�ÓâfXÚ�Å¼êéÙ¥�?¿üâf���Ñ´é¡�§K¡ùaâfǱÀÚf (boson)"ÚOÔnÆ�ïÄL²§g^Ǳ ~��ê�§=g^þfê s = 0, 1, 2, · · ·�âfǱÀÚf§ÙG�UUþ�©Ù5Æ�ÅÀÚÚO{K"XJ�ÓâfXÚ�Å¼êéÙ¥?¿üâf���Ñ´�é¡�§K¡ùaâfǱ¤�f(fermion)"ÚOÔnÆïÄL²§g^Ǳ ~ ��Ûê�§=g^þfê s = 1
2
, 3
2
, · · · �âfǱ¤�f§ÙG�UUþ�©Ù5Æ�Å¤�ÚO{K"'uÀÚf�¤�f�«©§é/Ä�âf0£vk|©(��âf¤é{ü§���	ÙS�gdÝ – g^=�£g^þfêǱ�ê�´ÀÚf§g^þfêǱ�Ûê�=´¤�f¤"é/EÜâf0§=äk|©(��âf§'�E,§ATÄk�	ÙSÜgdÝ´ÄÈ(¶XJÙSÜgdÝÈ(§Këìé/Ä�âf0�©a=�é�©a¶XJÙSÜ(�ØÈ(§KA�âÙSÜ|©âfÍÜ¤�og^5©a§~Xé�K>f/¤�åP�£�K>fó�¤Ï~@Ǳ´ÀÚf"

4.4.3 ===���¹¹¹üüü���ÓÓÓâââfff���NNNXXX���ÅÅÅ¼¼¼êêê������|||ØØØ���NNN���nnndcüÙ�?Ø�§��þfNX�Å¼ê£G�¤dNX��p�^û½§éu{ü�NX§ÙG��N´(½"éuE,�NX§ÙG�éJ(½"ùpé�{ü�õâfNX— ü�Óâf|¤�NX�±{�?Ø"���!!!ÃÃÃ���ppp���^̂̂���üüü������ÓÓÓâââfff|||¤¤¤���NNNXXX
1. M�îþ
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4.4. �Óâf9Ù��é¡5 163Püâf�M�îþ©OǱ Ĥ(q1)!Ĥ(q2)§Ù¥ qi (i = 1, 2)ǱLÆâf i�G��¤k�I§ÏǱâfmÃ�p�^§KNX�M�îþǱ
Ĥ = Ĥ(q1) + Ĥ(q2) .

2. üâfÅ¼êÏǱüâfM�îþǱ Ĥ(q)§Kk�Æ�§
Ĥ(q)φk(q) = εkφk(q) ,Ù¥ k Ǳ£ãüâfG��¤kþfê�8Ü§εkǱüâfUþ§φk(q)Ǳ8�z�üâfÅ¼ê"

3. NX�Å¼êÏǱüâf�mÃ�p�^§KNX�Å¼ê�±©lCþ£Ïfz¤ǱüâfÅ¼ê�È§éüâf©O± 1!2?Ò§P��âf?uφk1�§,��âf?uφk2§KÏfz��NX�Å¼ê���Ǳ
φk1(q1)φk2(q2) Ú φk1(q2)φk2(q1) .�A��ÆUþǱ

E = εk1 + εk2 ,=k��{¿"XJ k1 = k2 = k§K φk(q1)φk(q2) Ú φk(q2)φk(q1) ´��«©Øm�§=´é¡�"XJ k1 6= k2§K φk1(q1)φk2(q2) Ú φk1(q2)φk2(q1) QØé¡ǱØ�é¡"��âéü>fg^��?Ø�²�§·��±ÏL�5|Ü��äk(½��é¡5�Å¼ê"Ù¥��é¡�Ǳµ
ψS
k1k2

=
1√
2

[

φk1(q1)φk2(q2) + φk1(q2)φk2(q1)
]

,���é¡�Ǳµ
ψAS
k1k2

=
1√
2

[

φk1(q1)φk2(q2)− φk1(q2)φk2(q1)
]

.
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164 CHAPTER 4. õ>f�f�(����!!!kkk���ppp���^̂̂���üüü������ÓÓÓâââfff|||¤¤¤���NNNXXXPüâf�M�îþ©OǱ Ĥ(q1)!Ĥ(q2)§Ù¥ qi (i = 1, 2)ǱLÆâf i�G��¤k�I§ÏǱâfmk�p�^§P�Ǳ Vq1q2§KNX�M�îþǱ
Ĥ = Ĥ(q1) + Ĥ(q2) + Vq1q2 .ÏǱüâf�mk�p�^§dêÆ�n�§ùü�âf|¤�NX��Æ¼ê�CþØU©lm§=NX�Å¼êψØUÏfzǱüüâfÅ¼ê�È§��±��/LãǱ φ(q1, q2)"¿�§o�±d�Æ�§
Ĥφ(q1, q2) = Eφ(q1, q2) ,)Ñ£¦+�Ué(J¤�Æ¼ê φ(q1, q2)"?§ÏL�5|Ü§·��±��NX���é¡�Ǳ

ψS(q1, q2) =
1√
2

[

φ(q1, q2) + φ(q2, q1)
]

,NX����é¡�Ǳ
ψAS(q1, q2) =

1√
2

[

φ(q1, q2)− φ(q2, q1)
]

.nnn!!!���|||ØØØ���NNN���nnnéü�¤�f|¤�NX§XJùü�¤�f�mÃ�p�^§¿�z�âf�Å¼ê�PǱφki(qi) (i = 1, 2)§KNX�Å¼ê£���é¡¤Ǳ
ψAS
k1k2

=
1√
2

[

φk1(q1)φk2(q2)− φk1(q2)φk2(q1)
]

.XJ k1 = k2 = k§Kþª¥ü��~�(JǱ 0§=k
ψAS
kk ≡ 0 .ùÒ´`§k1 = k2 = k ��¢SØ�3"þã?ØL²§Ø�Ukü��Ó�¤�f?3Ó��£üâf¤þf�"ùÒ´Í¶��|Ø�N�n£Pauli exclusion principle§1925c1�JÑ¤"w
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4.4. �Óâf9Ù��é¡5 165,§T�né¤�fNX�Å¼ê�Ñ
ér���§´�ï¤�fXÚ�Å¼ê�7L�Ì�Ä�5K"~~~KKKµµµ �kü��Ó�gdâf§þ?uÄþ�Æ�§�A��Æ�©OǱ ~~kα! ~~kβ§ÁÒ vk��é¡5!���é¡Ú ��é¡ n«�¹©O?Ø§�3�m��é ��VÇ�Ý©Ù")µ (1) �K¿§ØO9��é¡5�§ü�gdâf�Å¼ê�±L«Ǳ
ψ~kα~kβ(~r1, ~r2 ) =

1

(2π~)3
ei(

~kα·~r1+~kβ ·~r2 ) .Ǳ�B?Ø�é ��VÇ©Ù§·�Ú\�é�I£ÏǱ�Ó§�þÏf®²�K¤ ~r = ~r1 − ~r2!�%�I ~r = ~r1+~r2
2
!�éÅ¥þ ~k =

~kα−~kβ
2
!ÚoÅ¥þ

~K = ~kα + ~kβ§K
ψ~kα~kβ(~r1, ~r2 ) =

1

(2π~)3
ei(

~kα·~r1+~kβ ·~r2 ) =
1

(2π~)3
ei(

~K·~r+~k·~r) .dd�§ùü��Óâf��é$ÄÅ¼êǱ
φ~k(~r ) =

1

(2π~)3/2
ei
~k·~r .�âÅ¼ê�Ôn¿Â§·���§3��âf±��»Ǳ (r, r + dr)�¥�SÑy,��âf�VÇǱ

4πr2P (r)dr = r2dr

∫

∣

∣φ~k(~r )
∣

∣

2
dΩ = r2dr

4π

(2π~)3
.¤±�é$Ä�VÇ�ÝǱ

P (r) =
1

(2π~)3
.

(2) éu���é¡��¹�âcã��ï�é¡�Å¼ê�5K§��TXÚ��é¡z
�Å¼êǱ
ψAS
~kα~kβ

(~r1, ~r2 ) =
1

(2π~)3
1√
2

[

ei(
~kα·~r1+~kβ ·~r2 ) − ei(

~kα·~r2+~kβ ·~r1 )
]

.
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166 CHAPTER 4. õ>f�f�(�æ^�cã�Ó�©l�%$Ä��é$Ä��Y§K�
ψ~kα~kβ(~r1, ~r2 ) = 1

(2π~)3
ei
~K·~r 1√

2

[

ei
~k·~r − e−i

~k·~r ]

=
√
2 i

(2π~)3
ei
~K·~r sin(~k · ~r) .dd�§�Ä���é¡5�§�%$ÄÜ©Øu)Cz§�é$ÄÜ©UCǱ

φAS
~k
(~r ) =

√
2 i

(2π~)3/2
sin(~k · ~r) .@o§²æ^�cã�Ó�O��YO��§���Ä�é¡5�¹e��é$Ä�VÇ�Ý©ÙǱ

PAS(r) =
1

2(2π~)3

(

1− sin(2kr)

2kr

)

.

(3) éu��é¡��¹�âcã��ïé¡�Å¼ê�5K§¿æ^�cã�Ó�©l�%$Ä��é$Ä��Y§K�
ψS
~kα~kβ

(~r1, ~r2 ) = 1
(2π~)3

1√
2

[

ei(
~kα·~r1+~kβ ·~r2 ) + ei(

~kα·~r2+~kβ ·~r1 )
]

= 1
(2π~)3

ei
~K·~r 1√

2

[

ei
~k·~r + e−i

~k·~r ]

=
√
2

(2π~)3
ei
~K·~r cos(~k · ~r) .dd�µ�Ä��é¡5�§�%$ÄÜ©Øu)Cz§�é$ÄÜ©UCǱ

φS
~k
(~r ) =

√
2

(2π~)3/2
cos(~k · ~r) .²æ^�cã�Ó�O��YO��§���Ä��é¡5�¹e��é$Ä�VÇ�Ý©ÙǱ

P S(r) =
1

2(2π~)3

(

1 +
sin(2kr)

2kr

)

.o�§éuvk��é¡5!���é¡Ú��é¡n«�¹§ü�Ógdâf3�m��éVÇ�Ý©Ù©OǱ 1
(2π~)3

! 1
(2π~)3

(

1− sin 2kr
2kr

)! 1
(2π~)3

(

1 + sin 2kr
2kr

)

.dd~f��§´Ä�ÄõâfXÚ���é¡5§XÚ�G�£VÇ�Ý©Ù¤ké��O"Ïd§3?n¢S¯K�§�½��ÄXÚ���é¡5"
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4.4. �Óâf9Ù��é¡5 167

4.4.4 ���ÓÓÓõõõâââfffNNNXXX555���ïïïÄÄÄ���{{{{{{ããã���!!!N ���ÃÃÃ���ppp���^̂̂������ÓÓÓâââfff|||¤¤¤���NNNXXX
1. MMM���îîîþþþP1 i�âf�M�îþǱ Ĥ(qi)§d N ��Óâf|¤�XÚ�M�îþǱ�âfM�îþ�{ü�\§=k

Ĥ = Ĥ(q1) + Ĥ(q2) + · · ·+ Ĥ(qN ) .

2. üüüâââfff���z�âfk�Æ�§
Ĥ(qi)φki(qi) = εkiφki(qi) ,Ù¥ εki ǱüâfUþ§ki L«£ãâfG��þfê�8Ü§φki(qi) ǱNX¥£8�z�¤üâf�Å¼ê"

3. XXXÚÚÚ���ÅÅÅ¼¼¼êêêÏǱ�âf�mÃ�p�^§Ĥ = Ĥ(q1) + Ĥ(q2) + · · ·+ Ĥ(qN)§KXÚ�Å¼ê�±©lCþ§ǱÒ´�±ÏfzǱ�üâfÅ¼ê�¦È§=k
Φ(q1, q2, · · · , qN) = φk1(q1)φk2(q2) · · ·φkN (qN ) ,¿k�Æ�§

ĤΦ = EΦ ,XÚ�UþǱ
E = εk1 + εk2 + · · ·+ εkN .�ÄXÚÅ¼ê�é¡5§I�ÏLéþãÅ¼ê Φ(q1, q2, · · · , qN) ?1�«âf��C�5�ï"é¤�fXÚ§ÙÅ¼êäk�é¡5§K~LãǱ Slater 1�ª�/ª

ΨAS
k1k2···kN (q1, q2, · · · , qN) =

1

N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

φk1(q1) φk1(q2) · · · φk1(qN)

φk2(q1) φk2(q2) · · · φk2(qN )
...

φkN (q1) φkN (q2) · · · φkN (qN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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168 CHAPTER 4. õ>f�f�(�éÀÚfXÚ§ÏǱÃ�|Ø�N�n��§K�Ukni�âf?u1 ki�§@o
ΨS
n1n2···nN

(q1, q2, · · · , qN) =

√

∏

i

ni!

N !

∑

P

P
[

φk1(q1)φk1(q2) · · ·φk1(qn1
), · · · , φkN (qN)

]

.Ù¥� P L«¤k�«��C�"���!!!kkk���ppp���^̂̂���ÓÓÓâââfff|||¤¤¤���NNNXXXéE,§ùpØ;�?Ø"3?Øõ>f�f�(�Ú©f�(��§�±{�0�"
4.5 õõõ>>>fff���fff(((������ïïïÄÄÄ���{{{ÐÐÐÚÚÚõ>f�f=d���fØÚõ�>f/¤�åP�"du�fØ���>f�mÑk>^�p�^£áÚ�¤!?¿ü�>f�mǱÑk>^�p�^£ü½�¤§¿�>f´£g^ 1

2
�¤¤�f§Ïdõ>f�f´��;.�k�p�^�¤�fNX§éE,"ùp=Òé�ïÄ��{�±{ü0�"

4.5.1 ������???ØØØëì?Ø��f�æ^�©l�%$Ä��é$Ä��{§duõ>f�f¥��fØé§Ïd�%3é�C�fØ�/�§u´�±r�fØw��½ØÄ£½ö`·�Ø'%�gd$Ä¤!�f¥�¤k>fÑ�éu�fØ$Ä��Y£ãõ>f�f"Põ>f�f¥�fØ�Ø>ÖêǱ Z!>f�ê8Ǳ n!1 i �>f�é�fØ� ��IǱ ~ri§1 i �>f�1 j �>f�m��é�IǱ ~rij = ~ri − ~rj§Kõ>f�f�M�îþ�±LãǱ
Ĥ = Ĥ1 + Ĥ2 ,Ù¥

Ĥ1 =

n
∑

i

ĥi =

n
∑

i

(

T̂i + V̂Ni
)

=

n
∑

i

(

T̂i −
Ze 2

s

ri

)

,

Ĥ2 =
∑

i<j

e2s
rij

=
1

2

∑

i 6=j

e2s
rij

.
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4.5. õ>f�f(��ïÄ�{ÐÚ 169Å¼êK�LãǱ
Φ =

1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

uk1(q1) uk1(q2) · · · uk1(qn)

uk2(q1) uk2(q2) · · · uk2(qn)

· · · · · · · · · · · ·
ukν(q1) ukν(q2) · · · ukν(qn)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,Ù¥ ki (i = 1, 2, · · · , ν) Ǳ£ãâfG��þfê�8Ü¥�1 i �"du¤�fXÚÉ�|Ø�N�n���§K ν ≥ n"Ǳ�yk��)§KAk£�ÿþþ��8�y¤ ν = n"uki(qj) Ǳ�¹¤kgdÝ�üâfÅ¼ê"dªwq�Ã�p�^�¹e�Å¼ê�Ó§�¯¢þ§du1 i >fØ=É�fØ N ��^§�ÉÙ§ (n− 1) �>f��^§=ØUdM�îþ¥�¹3
Ĥ1 ¥� ĥi (½§Ad Ĥ1 Ú Ĥ2 �Ó(½"Ïd§AÏLÚ�¦)�Æ�§

ĤΦ = EΦ5(½"ùǱ�´¦)õ>f�f£k�p�^�õ¤�fXÚ¤�(J¤3"�,§¦)
þã'u Φ ��Æ�§=�(½õ>f�f�UÌ§?=�(½õ>f�f�(�ÚÙ§5�"
4.5.2 MMMAAAppp–444���gggUUU|||���{{{duM�îþ=��Ik'§�¹¤kgdÝ�üâfÅ¼ê uki(qj) �±ÏfzǱ'uÙ§gdÝ�Å¼ê��I�m¥�üâfÅ¼ê ϕki(rj) �¦È"¿�§þãõ>f�f�M�îþ�±LãǱÝ
/ª

Ĥ = {Iλ}+
1

2
{Jλµ −Kλµ} ,Ù¥ Iλ ǱM�îþ�Ý
Lã/ª�éÆ�§ǱÒ´üN�^Ý
�§

Iλ = 〈uλ(qi)
∣

∣ĥi
∣

∣uλ(qi)〉 = 〈ϕi(~ri)
∣

∣ĥi
∣

∣ϕi(~ri)〉 ,

Jλµ Ú Kλµ ǱM�îþ�Ý
Lã/ª¥��éÆ�"du�Ó¤�fäkØ�©F5§Ïd~òüN�p�^LãǱb��±«©âf����^Ü© Jλµ§
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170 CHAPTER 4. õ>f�f�(�Ú���^Ü© Kλµ"du>fäk���é¡5§Ïd���^3/ªþ����^���KÒ§äN=k
Jλµ = 〈uλ(qi)uµ(qj)

∣

∣

∣

e2s
rij

∣

∣

∣
uλ(qi)uµ(qj)〉 = 〈ϕi(~ri)ϕj(~rj)

∣

∣

∣

e2s
rij

∣

∣

∣
ϕi(~ri)ϕj(~rj)〉 ,

Kλµ = 〈uλ(qi)uµ(qj)
∣

∣

∣

e2s
rij

∣

∣

∣
uµ(qi)uλ(qj)〉 = 〈ϕj(~ri)ϕi(~rj)

∣

∣

∣

e2s
rij

∣

∣

∣
ϕi(~ri)ϕj(~rj)〉 .äN¦)�§ké�|Á&�üâfÅ¼ê {ϕ(0)

i (~ri)}§~Xd ĥi û½�üâfÅ¼ê�8Ü§�¤þãnª¤«�O�½e�p�^§¦)�A��Æ�§���|#�üâfÅ¼ê {ϕ(1)
i (~ri)}"dù|#�üâfÅ¼ê§#O�M�îþ�Ý
�§½e#��p�^¶ÏL¦)d#��p�^�¤��Æ�§���#�üâfÅ¼ê {ϕ(2)

i (~ri)}§dd�±½e2#��p�^Ý
!��2#�M�îþ"Xd4íO�e�§����÷v°Ý�¦�Âñ�)"ù«ÏL4íO�¦)õ>f�f¯K��{¡ǱHartree-FockgU|�{"duù«4íO�4ÙE,§Ïd3éõO�¥Ñ=�ÄüN���^!�ÑüN��¥�^§ù«CqO��Y¡Ǳ Hartree Cq"
4.5.3 ���ÝÝÝ���¼¼¼���{{{Ø
cã�MAp–4�gU|�{	§�uÐ
�Ý�¼��{"�u�§�Æ§ùp=é�Ý�¼�{��¿0�Xe"cã?ØL²§ïÄõ>f�f�(�§½ö2Â5ù§ïÄ��XÚ�|©âf(��²;�{´Hartree-Fock�{9ÙU?"ùa�{�Ä:´E,�õ>f£õâf¤Å¼ê§O�4ÙE,"Ǳ)ûù�¯K§<��Äþf��Å¼ê�Ôn¿Â—Å¼ê���²�ǱâfVÇ�Ý§lïá
���Ä>f�Ý©Ù��Ý�¼�{£Phys. Rev. Lett. 76, 3168 (1996); J. Phys. Chem.

100, 12974 (1996); ��¤"ÏǱéud N �>f£âf¤/¤�XÚ§XÚ�k 3N �mþ£z�âfkn��mgdÝ¤¤§>f£âf¤�Ý©Ù=kn�mþ£�mgdÝ¤§lA^å5�{B"�Ý�¼�{�V�´NX�Ä�Uþ==´>f£âf¤�Ý��¼§±Ä��ÝǱCþ§òNXUþ�¼��z=�Ä�Uþ"�cã�²;�{��§
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4.5. õ>f�f(��ïÄ�{ÐÚ 171�Ý�¼�{¥�J?n�Ǳ´õN�^¯K§~^�?n�Y´ò�{zǱ��vk�p�^�>f£âf¤3k�³|¥$Ä�¯K§k�³|�)	Ü³|±9>f£âf¤m��p�^£'éÚ��üÜ©¤"�{ü�Cq¦)�{ǱÛ��ÝCq£LDACq¤§§æ^þ!>f£âf¤í�.5(½NX���Ü©��z§¿æ^égd>f£âf¤í?1[Ü��{?n'éÜ©��z"8c§�Ý�¼�{Ø
A^uïÄõ>f�f�õNåPXÚ�5�Ú(�	§�õ/A^u?1và�Ôn£�)pUIe�ØÔ��¤9áÆ5�Ú(��O�"
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172 CHAPTER 4. õ>f�f�(�ggg���KKK���SSSKKK
4.1. 3���A�–�.â¢�¥§?uÄ��Ä��fåÏL�å6��R��Øþ!^|����É¶þ§Øþ!^|£^4¤�°ÝǱ 10 cm§^4¥%�¶�ålǱ 25 cm§XJ��f��ÇǱ 1200m/s§Ǳ¦¶þ�Â����få�©�måǱ 2.0mm§^aArÝ�FÝAǱõ�"
4.2. 3���A�–�.â¢�¥§î�^|�Øþ!FÝǱ ∂Bz

∂z
= 5.0T/cm§^4�p�°ÝǱ 10 cm§^4¥%�¶�ålǱ 30 cm§XJ\��´?uÄ� 4F3/2 ���få§\��f�ÄUǱ 50MeV§Á(½¶þ�Â���å>Æ¤©�m�ål"

4.3. 3���A�–�.â¢�¥§�f���l§ÝǱ 400K �¬¥�Ñ§3�Â¶þ�Â�ü^å�§Ùm�måǱ 0.60 cm"er��f�ǱÅ�f£Ä�Ǳ 2P3/2¤§Ù§¢�^�ØC§@o§�Â¶þ�±�Â�A^Åå�§Ù¥��üå�måǱõ�"
4.4. 3���A�-�.â¢�¥§^N�°ÝǱ 0.2m§�å6R����þ�^|FÝǱ 1.5T/m§�få¥�f�²þ�ÇǱ 800m/s"(1) XJ&ÿì�uR�u^|��!�;�^|�>Æ£=éfÑ^N���få?1ÿþ¤§@oÿþ�få©��&ÿì��m©EÇ��´õ���£®��f��þǱ 5.0 × 10−27 kg§�f�^ÝǱn�À�^f¤"(2) XJ¢�ÿþ�l^|¥Ñ���få©�Ǳoå£\���þe�üå¤§Á`²ùa�f�g^Ǳõ�"
4.5. ��FÝǱ dB/dz ��þ!^| B �^3�^å µ þ�åǱ F =

±µ(dB/dz)"b½3,�«�¥FÝǱ 1.5 × 102Tm−1§Á(½>fduÙg^^åÉ��å"XJ����f±�Ý 105ms−1 ÷R�uù�|���£Ä 1.00m§Á(½Ù3^|��� £"
4.6. �å²þ�ÝǱ 7 × 102ms−1 �Õ�fÏL� 0.1m °��þ!^|"3R�u�f$Ä���þ§T^|�FÝǱ 3 × 102Tm−1§b½z��f�À^ÝǱ1À�^f§Á(½l^|«�¥Ñ5�ü�få���ål"
4.7. �A�–�.â¢�´;.�ÿþ�f£íNz�Ô�¤�g^�¢�"Á�O���±ÿþvà�Ô�¥�f�g^�¢�C�"
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4.5. õ>f�f(��ïÄ�{ÐÚ 173

4.8. Á(½ 1.2T �þ!^|¥g^��²1u^|��²1u^|�>f�Uþ�É"
4.9. Á�Ñ�|Ý
 σ̂y3 σ̂z L�¥��Æ�Ú�Æ�"
4.10. Áy²µéu?¿¢ëê α§eiασz = Î cosα + iσz sinα "
4.11. é,ü�Î σ̂± = 1

2

(

σ̂x ± iσ̂y
)§Áy²µσ̂ 2

± = 0"
4.12. P4ÆǱ θ!� ÆǱ φ ����ü ¥þǱ n̂§Á(½ ~̂σ · n̂ 3 σ̂zL�¥��Æ�Ú�Æ�"
4.13. y33� z ¶��¤ θ Æ���þé�ÝK÷ z ¶����g^Ǳ ~

2
��Æ�?1ÿþ§Á(½�Uÿ��g^�k=
§�A�ÿ�VÇ©OǱõ�"

4.14. Á�Ñ z L�¥��|Ý
�Lã/ª� x L�¥��|Ý
�Lã/ª�mC�'X"
4.15. Á�Ñ z L�¥��|Ý
�Lã/ª� y L�¥��|Ý
�Lã/ª�mC�'X"
4.16. �å��fÏL^|��� z ¶���¤ θ Æ��A�–X.â^4�§?\^|��÷ z ¶����1���A�–X.â^4§Áy²ÏL1���A�–X.â^4����få¥g^÷ z ¶�����fê�g^÷ z¶�����fê�'�Ǳ cos2

θ

2

/

sin2 θ

2
"

4.17. é£ãüg^þfêÑǱ 1
2
�âf�g^��|�Î ~̂σ1!~̂σ2§Áy²µ[

σ̂1xσ̂2x , σ̂1zσ̂2z
]

= 0§[

σ̂1yσ̂2y , σ̂1zσ̂2z
]

= 0§[

σ̂1xσ̂2y , σ̂1zσ̂2z
]

= 0§[

σ̂1yσ̂2x , σ̂1zσ̂2z
]

=

0"
4.18. Á�Ñ�Î8 {σ̂1xσ̂2x , σ̂1yσ̂2y} ��Ó�Æ¼ê3 {σ̂1zσ̂2z} L�¥�äNLã§¿`²§�´Å��"
4.19. Á�Ñ�Î8 {σ̂1xσ̂2y , σ̂1yσ̂2x} ��Ó�Æ¼ê3 {σ̂1zσ̂2z} L�¥�äNLã§¿`²§�´Å��"
4.20. 3'u���BCSnØ¥§��Ñy$§���'�Ï���´ü�>f/¤ Cooper é§Á`²ùé>f?u�o��g^�9ÙÅ�"
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174 CHAPTER 4. õ>f�f�(�
4.21. �g^Ǳ 1

2
~ �ü�Ó¤�f�mkrÝ�ålO�~f�áÚ�p�^§Á`²Tü¤�fXÚ�U�3=
g^�±9Ù¥�=��éAXÚ�Ä�"

4.22. Áéü�;�ÆÄþþfêÑǱ 1 �>f/¤�XÚ�Ñ (1) ML =

2!MS = 0§(2) ML = 1!MS = 1§ü«�¹e�Å¼ê�1�ªLã/ª"
4.23. äk�Ó�þ�Ã�p�^�üâf3°ÝǱ 2a �Ã��³²¥$Ä§ÁÒ (1) ü�âfǱg^ 1

2
~ ��Ó¤�f!(2) ü�âfǱg^ 1

2
~ ���Ó¤�f!(3) ü�âfǱg^þfêÑǱ 1 ��ÓÀÚf!n«�¹§©O�ÑNX�o�$-u�U?�Uþ�9�AG��{¿Ý"

4.24. ü�Ã�p�^��Óâf3������f³|¥$Ä§ÁÒ (1) ü�âfǱg^þfêÑ�u 1
2
�¤�f!(2) ü�âfǱg^þfêÑ�u 1�ÀÚf!ü«�¹§©O�ÑNX�n^$-uU?�Uþ�Ú�AG��{¿Ý"

4.25. ü��Óâf3������f³|¥$Ä§ùüâf�m�k��émå¤�'��p�^å§ÁÒ (1) ü�âfǱg^þfêÑ�u 1
2
�¤�f!(2) ü�âfǱg^þfêÑ�u 0 �ÀÚf!ü«�¹§�ÑNX�Uþ�Æ�Ú�A��Æ¼ê"

4.26. ��fÄ��>f|�Ǳ (1s)2(2s)1§Á�Ñ MS = 1
2
���Å¼ê�1�ªLã/ª"

4.27. Á3Ã�p�^Cqe§�Ñ (2p)2(3s)1 |��n>fNX�éAuML =

1!MS = 1
2
���Å¼ê�1�ªLã/ª"

4.28. é�gküâf� ψ1!ψ2!ψ3 �n��Óâf§P?u�üâf��âfê©OǱ n1!n2!n3§Á�Ñ (1) n1 = 3!n2 = n3 = 0§(2) n1 = 2!n2 =

1!n3 = 0§(3) n1 = n2 = n3 = 1§n«�¹e�é¡½�é¡�Å¼ê"
4.29. ¢�ÿþuy§n��þ�Ó!>Ö�Ó!g^þfêÑǱ 1

2
�Ä�âf�±/¤og^þfêǱ 3

2
�âf£?u;�þfêØ-u�åPXÚ¤§Á`²ù
Ä�âfØäk�þ!>ÖÚg^S�gdÝ	§�½�kÙ§S�gdÝ"
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4.5. õ>f�f(��ïÄ�{ÐÚ 175

4.30. £ãØf�§�(���{ü�.´òn�g^Ǳ 1
2
~ �§�åP3Ã��¥�³²¥$Ä/¤�EÜâf"Á�ÑT�.¥ü�§��Ä�Ún�$-u��üâfU?Ú»�Å¼ê±9Øf�U?§¿�JÑéþã=lüâfÑu��.�?��Y"
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176 CHAPTER 4. õ>f�f�(�
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Chapter 5

���fffUUU???���°°°[[[(((������������±±±ÏÏÏLLL
5.1. °[(��Vg�©a 5.2. >f�g^�;�ÆÄþ�mk�p�^
5.3. ��fU?�°[(� 5.4. w7á�f�U?�°[(�
5.5. õ>f�fU?�°[(� 5.6. �fU?��°[(��=0£Ä
5.7. �f���(����±ÏL
5.1 °°°[[[(((������VVVggg���©©©aaa¢�uy§�fU?Ø=�3dÌþfê n ÚÆÄþþfê l û½�(�, �k�E,�(�"�â�E,(��E,§Ý£½ê���¤©O¡�Ǳ°[(�!�°[(�!=0 £"
5.2 >>>fff���ggg^̂̂���;;;���ÆÆÆÄÄÄþþþ���mmmkkk���ppp���^̂̂
5.2.1 ggg^̂̂–;;;������ppp���^̂̂���VVVggg���!!!½½½ÂÂÂÏ~�¹e§��mk'�;�ÆÄþ ~̂lÚ�S�gdÝk'�g^ ~̂s�mk�p�^§ù«�p�^¡Ǳg^–;��p�^§{¡g^–;�ÍÜ"���!!!ÔÔÔnnnÅÅÅ����*þ§3�f¥§�éu>fó§±�fØǱ1N��>Ö7>f$Ä§l�)/S^|0§>f�S�^Ý�TS^|k�p�^"duS^|�;

177
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178 CHAPTER 5. �fU?�°[(����±ÏL�ÆÄþk'§S�^Ý�g^k'§¤±>f�g^�;�ÆÄþk�p�^"��\��éØ5þfåÆ�gþ�ïÄL²§g^;�ÍÜ�Ôn��´£�éØ5¤þfnØ3��éØCq�¹(pc � mc2, Dirac �§CqǱ
Schrödinger �§¤e�Ny"
5.2.2 ggg^̂̂–;;;������ppp���^̂̂���LLLããã///ªªªP>f��þǱme§�fØ��þǱmN§>f�éu�fØ� �¥þǱ ~reN!ÆÄþǱ~le§�fØ�éu>f� �¥þǱ ~rNe!�ÝǱ~vNe!ÆÄþǱ~lN§=Ø>ÖêǱZe ��fØk>6� I = Ze~vNe§¿��fØ�éu>f$Ä�ÄþǱ~pNe = mN~vNe§d'c-ix�½Æ�§T��fØ$Ä�A�>6�3>f¤3?�)�^|�^aArÝǱµ

~B =
µ0

4π

Ze~vNe × ~reN
r3eN

=
µ0

4π

ZemN~vNe × ~reN
mNr

3
eN

=
µ0

4π

Ze~pNe × ~reN
mNr

3
eN

,�Ä>f��fØ� �9Äþ��é5§Kkþª =
µ0

4π

Ze~pNe × (−mN

me
~rNe)

mNr
3
eN

=
µ0

4π

Ze~rNe × (~pNe)

mer
3
eN

=
µ0

4π

Ze~lN
mer

3
eN2�Ä�fØ�éu>f�;�ÆÄþ½=>f�éu�fØ�;�ÆÄþ§K�§

~B =
µ0Ze

~le
4πmer

3
eN

=
Ze~l

4πε0mec
2r3eN

.>f�g^^ÝǱ
~µs = − e

me

~s .þã^|�>f^Ý�m��p�^Ǳ
U = −~µs · ~B = −

(

− e~s

me

)

· Ze~l

4πε0mec2r3eN
=

Ze2s
m2

ec
2r3eN

~s ·~l ,Ù¥ e2s =
e2

4πε0
"
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5.2. >f�g^�;�ÆÄþ�mk�p�^ 179æ^�éØ5þfåÆ3$��¹e�Cq�O���§g^–;�ÍÜ�^�±LãǱµ
Usl =

1

2µ2c2
1

r

dV

dr
~̂s · ~̂l ,Ù¥ µ Ǳâf3¤?XÚ�òÜ�þ§V Ǳâf¤?�	|�³U"'��§ÏL�*Ônã�©Û!O����(J��Ä
�éØ�A�î�O����(J�Lã/ªaq§�´�p�^rÝXêk�O"Ïd§<�Ï~{P�Ǳ

Vsl = ξ(r)~̂s · ~̂L . (5.1)Ù¥� ξ(r)dâf¤?�	|û½"Pâf��þ£¢SAǱòÜ�þ¤Ǳ µ§K ξ(r)�±LãǱ
ξ(r) = − 1

2µ2c2
1

r

dV

dr
.Ù¥�ÎÒgr>f�g^^Ý�L�ª¥>f�>þ/−e0Lã¤���>þIP/q0"

5.2.3 ���ÄÄÄggg^̂̂–;;;������ppp���^̂̂eee���fff���MMM���îîîþþþ999ÙÙÙ���ÆÆÆ¼¼¼êêê���!!!MMM���îîîþþþP�Ä¥Õ�^�M�îþǱ Ĥ0§g^–;�ÍÜ�^Ǳ Ĥls§KXÚ�M�þǱ
Ĥ = Ĥ0 + Ĥls . (5.2)é��fÚa�lf
Ĥls = ξ(r)~̂l · ~̂s .éõ>f�f§Ï~=�Ä

Ĥls =
∑

i

ξ(ri)
~̂li · ~̂si ,Ù¥ i =�)÷�	�>f£d>f¤¶Ø�Ä ~̂li · ~̂sj!~̂si · ~̂sj 9 ~̂li · ~̂lj ��^"���!!!���ÆÆÆ¼¼¼êêê���IIIPPP

1. oooÆÆÆÄÄÄþþþ
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180 CHAPTER 5. �fU?�°[(����±ÏLdu;�ÆÄþ~lÚg^ ~sÑ´¥þ§KÙÍÜ´¥þÍÜ"P�öÍÜ¤�oÆÄþǱ~j§=k
~̂j = ~̂l + ~̂s .¿�§ÏLí2þ�Ù'uüg^U\¤�og^�(J�£¢Sþ§�±ÏLo+£o�ê¤L«nØy²¤§;�ÆÄþ�g^ÍÜ¤�oÆÄþ�þfêǱµ

j = |l − s|, |l − s|+ 1, · · · , l + s− 1, l + s . (5.3)

2. ���ÄÄÄggg^̂̂–;;;���ÍÍÍÜÜÜ������ÅÅÅðððþþþÚÚÚ���ÓÓÓ���ÆÆÆ¼¼¼êêêP;�ÆÄþ l �?�©þǱ lα (α = x, y, z)§g^ s �?�©þǱ sβ (β =

x, y, z)§oÆÄþ j �?�©þǱ jγ (γ = x, y, z)§ÏǱé���f§�¹¥Õ�^� Ĥ0 Ǳk%å|§K;�ÆÄþ!g^ÚoÆÄþÑ� Ĥ0 é´"u´§�	ù
ÆÄþ´ÄǱÅðþ�§�I�	§��g^–;�ÍÜ�^m�é´'X"��O��
[

l̂α, ~̂s · ~̂l
]

=
[

l̂α, ŝxl̂x + ŝy l̂y + ŝz l̂z
]

6= 0 ,

[

ŝβ, ~̂s · ~̂l
]

=
[

ŝβ, ŝxl̂x + ŝy l̂y + ŝz l̂z
]

6= 0 ,¤±§�Äg^–;�ÍÜ�^�§;�ÆÄþ ~̂l Úg^ ~̂sÑØ2´Åðþ"�´§ÏǱ
[

~̂l2, ~̂s · ~̂l ] =
[

l̂2x + l̂2y + l̂2z , ŝxl̂x + ŝy l̂y + ŝz l̂z
]

= 0 ,dd�§�Äg^–;�ÍÜ�^�§;�ÆÄþ�²� ~̂l 2 E´Åðþ"P ~i!~j!~k ©O´ x!y!z ���ü ¥þ§Kk
[

~̂j, ~̂s · ~̂l
]

=~i
[

l̂x + ŝx, ŝxl̂x + ŝy l̂y + ŝz l̂z
]

+~j
[

l̂y + ŝy, ŝxl̂x + ŝy l̂y + ŝz l̂z
]

= 0 .ùL²§3�Äg^–;�ÍÜ�^�¹e§oÆÄþ ~j 9Ù3n��I¶��þ�ÝK jα (α = x, y, z) Ñ´Åðþ"o�§éuk%å|¥$Ä�âf§;�ÆÄþ�²� ~l
2 !oÆÄþ�²� ~j

2 9oÆÄþ3?��I¶��þ�ÝK jα ´Åðþ§Ïd3k%å|¥$
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5.3. ��fÚa�lf�U?�°[(� 181Ä�>f�Uþ�Æ��ÀǱ {Ĥ,~̂l
2

, ~̂j
2

, ĵz} ��Ó�Æ�"3�|L�¥§T�Æ��±L«Ǳ ψnljmj
§¿k̂

~l 2ψnljmj
= l(l + 1)~2ψnljmj

,

~̂j 2ψnljmj
= j(j + 1)~2ψnljmj

,

ĵzψnljmj
= mj~ψnljmj

.dd�§ù«�¹e,ÐþfêØ2´ n!l!ml!s!ms§´ n!l!j!mj§Ù¥ mj = ml +ms"
5.3 ������fffÚÚÚaaa���lllfff���UUU???���°°°[[[(((���·�®²Ù�§��fÚa�lfÑ�k��d>f"P>f��þǱ m§Ø�Äg^–;�ÍÜ�§��fÚa�lf�M�îþ£î�5ù´Ù¥�é$Ä�M�îþ¤Ǳ

Ĥ0 =
~̂p 2

2m
+ VC(r) ,Ù¥ r Ǳ>f��fØ�m�må§VC(r) Ǳ¥Õ³§äk¥é¡5"�ÿþþ��8Ǳ {Ĥ,~̂l 2, l̂z, ŝz}§�Ó�Æ�Ǳ ψnlmlms

§Uþ�Æ�Ǳ E = Enl§äk'u ml Ú ms �{¿5"�Äg^–;��p�^�§
Ĥ = Ĥ0 + Ĥls ,Ù¥ Ĥls = ξ(r)~̂l · ~̂s .�ÿþþ��8Ǳ {Ĥ,~̂l 2, ~̂j 2, ĵz}§Ù¥ ~̂j = ~̂l + ~̂s Ǳ>f�oÆÄþ§�Ó�Æ��IPǱ ψnljmj

"ÏǱ
~̂l · ~̂s = 1

2

(

~̂j 2 − ~̂l 2 − ~̂s 2
)

,
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182 CHAPTER 5. �fU?�°[(����±ÏLK Ĥls ��Æ�Ǳ
Els =

〈

nljmj

∣

∣Ĥls

∣

∣nljmj

〉

=
1

2

〈

nljmj

∣

∣ξ(r)
(

~̂j 2 − ~̂l 2 − ~̂s 2)
∣

∣nljmj

〉

=
1

2

〈

nl
∣

∣ξ(r)
∣

∣nl
〉〈

ljmj

∣

∣~̂j 2 − ~̂l 2 − ~̂s 2
∣

∣ljmj

〉

=
1

2
ξnl(r)

[

j(j + 1)− l(l + 1)− 3

4

]

~
2

= Els
nlj .�âÆÄþU\���5K j = |l− s|, |l− s|+ 1, · · · , l+ s− 1, l+ s§·���§��f�oÆÄþǱ j = l± 1

2
"u´§é¤k�" l§U?ÑU j = l± 1

2
©�Ǳ

2§�é�U?��åǱµ
∆Els

nlj =







1
2
lξnl(r) , (j = l + 1

2
),

−1
2
(l + 1)ξnl(r) , (j = l − 1

2
) .

(5.4)3���U?måǱµ
∆Els

nlj± =
1

2
(2l + 1)ξnl(r) . (5.5)ù«d>f�g^–;��p�^Úå�U?(�¡Ǳ�fU?�°[(�"dcã�U?�äNL�ª�§é�";�ÆÄþ§U?Ñ�©Ǳ�§�E�3'u j � (2j + 1) {¿"·����§��fÚa�lf¥��p�^³´î��¥Õ³§�î�O�£1nÙ®�ÑÙ)¤"u´�O�ÑþãÃª¥� ξnl(r) Ǳ

ξnl(r) =
〈

nl
∣

∣ξ(r)
∣

∣nl
〉

=

∫ ∞

0

ξ(r)r2
∣

∣Rnl(r)
∣

∣

2
dr =

Ze2s
m2
ec

2

∫ ∞

0

(
1

r3
)r2

∣

∣Rnl(r)
∣

∣

2
dr

=
Ze2s
m2
ec

2
· Z3

2l(l + 1
2
)(l + 1)n3a3B

=
Z4mee

8

n3~6c2
· 1

2l(l + 1
2
)(l + 1)

,P
α =

e2

c~
, (5.6)
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5.3. ��fÚa�lf�U?�°[(� 183¿¡�Ǳ°[(�~ê£8cæ^�IO�Ǳ α−1 = 137.03599880(52)¤§K
ξnl(r) =

α2meZ
4e4

n3~4
· 1

2l(l + 1
2
)(l + 1)

. (5.7)·�®²��§3Ø�Ä>f�g^–;�ÍÜ�^�¹e§��fØ=���ü �>Ö§= Z = 1§��f�U?=�6uÌþfê n§�k
En = − mee

4

2n2~2
,K��fU?�°[(�©��U�Ǳ

∆Els
nlj = −α

2

n
En

j(j + 1)− l(l + 1)− 3
4

2l(l + 1
2
)(l + 1)

. (5.8)�Äp�$Ä��éØ5?��O�£�Ä�§�Æ§î��O�ùpÑ�"oÑ��.�Öö�ǱSK�¤¤�Ñ�éØ?�Úå�U?©�Ǳ
∆Erel.

nlj =
α2

n
En

( 1

l + 1
2

− 3

4n

)

, (5.9)ùw,�g^–;�ÍÜ�^Úå�U?©�3�Ó�þ?"ùL²�éØ�AǱé�"�Äü«�A���fU?°[(�©�Ǳ
∆Etotal

nlj = ∆Els
nlj +∆Erel.

nlj =
α2

n
En

[ 1

l + 1
2

− 3

4n
− j(j + 1)− l(l + 1)− 3

4

2l(l + 1
2
)(l + 1)

]

.é
l 6= 0 , j = l ∓ 1

2
,

∆Etotal
nlj =

α2

n
En

( 1

j + 1
2

− 3

4n

)

. (5.10)ÏǱ
α2 =

( e2

c~

)2

=
1

1372
≈ 5.33× 10−5 ,

Ek = −1

2
En ∝ 10−5 mc2 ,
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184 CHAPTER 5. �fU?�°[(����±ÏLK
Els
nlj ∝ 10−10 mc2 ∼ 10−5eV ,o�§��fU?�°[(�©�)Ø
'u;�ÆÄþ l �{¿£�éØþfåÆ�Ñ�Ó(Ø§�é l = 0 �U?Ǳk?�¤§�éu�ÓÌþfê n ��§E�3'uoÆÄþ j �{¿"ã 5.1 �ÑT°[(�©��«¿ã"

Figure 5.1: ��fU?�°[(�©�«¿ã"dcã� (5.7) ª!(5.8) ªÚ (5.9) ª�§a�lfäk���f��aq�°[(�§Ùê�Ǳ��f��Aê��Z4�"���!!!���fff���ÎÎÎÒÒÒcã?Ø£cÙ´'u�Ä>f�g^–;�ÍÜ�^��fÚlf��ÿþþ��8�?Ø¤L²§��£ã�fÚlf£î�5ù´�fÚlf¥�>f¤�G�I��þfêkµÌþfê n!;�ÆÄþþfê l!g^þfê
s!oÆÄþþfê j"Ǳ
Lã{ü§Ï~æ^�
ÎÒ5IPù
þfê§~X§é;�ÆÄþþfê l = 0!1!2!3!4!5!6!7!8!· · ·§Ï~©Od��i1 S!P!D!F!G!H!I!K!L!· · ·§�Ǳ�LÎÒ5IP§¿�éuü>f�Ï~æ^��i1IP"�A/§ÌþfêǱ n!;�ÆÄþþfêǱ l!g^þfêǱ s!oÆÄþ
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5.4. w7á�fU?�°[(� 185þfêǱ j �>f�G�£~{¡Ǳ�f�¤dÎÒµÌþfên 2s+1�L;�ÆÄþþfê l�i1jIP§~X§ 3 2P3/2 �LÌþfê n = 3!;�ÆÄþþfê l = 1!g^þfê s = 1/2!oÆÄþþfê j = 3/2 �>f�G�£�f�¤§ 4 2D3/2 �LÌþfê n = 4!;�ÆÄþþfê l = 2!g^þfê s = 1/2!oÆÄþþfê
j = 3/2 �>f�G�£�f�¤"
5.4 www777ááá���fffUUU???���°°°[[[(((���·���§�k��d>f��f¡Ǳw7á�f"3w7á�f¥§�>þǱ Ze ��fØ�d>f�	�Ù§>f/¤�f¢§�±d Z∗ L«�f¢�k�>Öê"3Ø�Äg^–;�ÍÜ�^��¹e§w7á�f£¢S´w7á�f¥�d>f¤�M�îþǱ

Ĥ0 =
~̂p 2

2m
+ Veff(r) ,Ù¥ m Ǳ>f��þ§ ~̂p Ǳ>f�Äþ�Î§Veff(r) Ǳ¶-�¥Õ³£k�>ÖêǱ Z∗¤§äk¥é¡5"���f�aq§w7á�f¥>f��ÿþþ��8Ǳ {Ĥ,~̂l 2, l̂z, ŝz}§�Ó�Æ��±LãǱ ψnlmlms

§Uþ�Æ��±IPǱ
E = Enl§=äk'u;�ÆÄþ l Ú g^ s �{¿5£=µ�Au;�ÆÄþ l3 z ��þ�ÝK ml �ØÓ��Ú �Aug^ s 3 z ��þ�ÝK ms �ØÓ��§�f�Uþ�Ó¤"�Äg^–;��p�^�§w7á�f£XÚ¤�M�îþǱ

Ĥ = Ĥ0 + Ĥls ,Ù¥ Ĥls = ξ(r)~̂l · ~̂s"�ÿþþ��8Ǳ {Ĥ,~̂l 2, ~̂j 2, ĵz}§Ù¥ ~̂j = ~̂l+ ~̂s Ǳ>f�oÆÄþ§�Ó�Æ��IPǱ ψnljmj
"ÏǱ ~̂l · ~̂s = 1

2

(

~̂j 2− ~̂l 2− ~̂s 2
)

, K Ĥls ��Æ� Els = Els
nlj �L�/ª���f�¹e����Ó§�duw7á�f¥��p�^³Ø´î��¥Õ³§´¶-�¥Õ³§Ǳ,ØUî�O�§��±CqO�"lw7á�f�g^–;
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186 CHAPTER 5. �fU?�°[(����±ÏL�ÍÜ�^�»�Ïf ξnl(r) �±LãǱaqa�lf�/ª§Cqó§�Iò'ua�lf��AL�ª¥� Z4 ?UǱ Z∗4§Ù¥ Z∗ Ǳ�Ä¶-�A��k�>Öê"¿�§w7á�f�oÆÄþ½Ǳ j = l ± 1
2
§=é¤k�" l§w7á�f��^U?ǱÑU j = l ± 1

2
©�Ǳü^§�é�U?��å½Ǳµ

∆Els
nlj =

{

1
2
lξnl(r) , (j = l + 1

2
),

−1
2
(l + 1)ξnl(r) , (j = l − 1

2
) .3���U?må½Ǳµ

∆Els
nlj

±
=

1

2
(2l + 1)ξnl(r) .o�§w7á�fU?�°[(�äk���fÚa�lf�aq�/ª"ù«d>f�g^–;�ÍÜ�^Úå�U?©�(�¡Ǳ�fU?�°[(�§§)Ø
�
U?{¿£�Ä ξnl éu l ��65§3��fÚa�lf¥E�3�'u j �{¿£(2j + 1)¤Ǳ�U)Ø¤"éuw7á�f§ù«°[(�Úå�U?©���3 (10−6 ∼ 10−3) eV �þ?£~X§? 4 2P3/2 � 4 2P1/2 m�©�Ǳ�� 7× 10−4 eV§3 2P3/2 � 3 2P1/2 m�©���Ǳ 2× 10−3 eV¤"~X§?�fU?�Ü©°[(�Xã 5.2 ¤«"

Figure 5.2: ?�fU?�°[(�©�«¿ã"
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5.5. õ>f�fU?�°[(� 187

5.5 õõõ>>>fff���fffUUU???���°°°[[[(((���
5.5.1 MMM���îîîþþþ999ÙÙÙ¦¦¦)))í2þ�Ù�?Ø§·���§õ>f�f�£�Ø
�%$Ä½�fØ$ÄÜ©�¤M�îþ�±LãǱ

Ĥ = Ĥ0 + ĤC + Ĥls ,Ù¥
Ĥ0 =

∑

i

[ ~̂p 2

2m
+ V̂i,eff(ri)

]

,

ĤC =
∑

i 6=j

e2s
rij

,

Ĥls =
∑

i

ξi(r)
~̂li · ~̂si .þãnª¥�¦ÚH{��£d¤>f§Vi,eff(ri) Ǳ1 i �>f¤É�Ì�5gu�f¢�k�¥Õ|§e2s = e2

4πε0
"dþ�Ù�?ØN´��§3Ø�Ä>f�g^–;�ÍÜ�^��¹e§õ>f�f�(�ÒéJäNî�¦)§Cq�{k Hatree–Fock�{!�Ý�¼�{!��"3�Ä>f�g^–;�ÍÜ�^�¹e§¦)õ>f�f¯K�JÝ�,��"¢^¥§Ï~lü�4à�¹Ñu?1Cq?n§��4à�¹´

Ĥls � ĤC§l�±�Ñ Ĥls"ù«4à�¹e§z�>fÑäk(½�;�ÆÄþ!g^ÚoÆÄþ�þfê§= {lmlsms} ǱÐþfê"ǱÒ´�±æ^ LSÍÜ�ª£LS coupling scheme¤Cq¦)",��4à�¹´ Ĥls � ĤC"dþ¡éu��f!a�lfÚw7á�f�?Ø�§z�>f�;�ÆÄþ l Úg^ s ÑØ´Ðþfê§AkÍÜǱoÆÄþ j"ǱÒ´ATæ^ JJ ÍÜ�ª£JJ coupling scheme¤Cq¦)"e¡©Oé LS ÍÜ�ªÚ JJ ÍÜ�ªeCq¦)õ>f�f(�¯K�±{�0�"
5.5.2 LS ÍÍÍÜÜÜ���ªªª���!!!ÄÄÄ���555KKK���AAAÆÆÆ
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188 CHAPTER 5. �fU?�°[(����±ÏLdu3�Ñ>f�g^–;��p�^�¹e§z�>f�;�ÆÄþÚg^Ñ´Ðþfê§@oéuõ>fNX§<�æ^ò��>f�;�ÆÄþ ~li Úg^ si ©OkÍÜ��o;�ÆÄþ
~̂L =

∑

i

~̂li ,Úog^
~̂S =

∑

i

~̂si ,,�òo;�ÆÄþ ~̂L �og^ ~̂S ÍÜ��f�oÆÄþ
~̂J = ~̂L+ ~̂S .ù«O�õ>f�f(���Y¡Ǳ LS �ª"�	NX�Ä�AÆÚþãO�L§�§3 LS �ªe§NX��ÿþþ��8£Åðþ¤Ǳµ{~̂L 2, ~̂S 2, ~̂J 2, Ĵz}§NX��Ó�Æ��±LãǱµΨLSJMJ

"���!!!üüü>>>fffNNNXXX·���§z�>fk 3 ��mgdÝÚ 1 �g^gdÝ§ü>fNX�k 8�gdÝ§I� 8 �þfêâU��£ãNX�G�"�½z�>f�Ìþfê
ni Ú;�ÆÄþþfê li§i = 1!2§(½
 4 �þfê§�k 4 �þfêI�(½"dþã��?Ø�§���Ǳ L!S!J Ú MJ"£�cã?Ø�§NX�U?U L!S ©�§�E�3'u J �{¿£�Au (2J+1) �ØÓ� MJ¤"duz�>fk (2l + 1)(2s + 1) = 2(2l + 1)��§Kü>fNX�k 4(2l1 +

1)(2l2 + 1) ��"~X§é (nP , n′P ) |�§�k36��§UÆÄþÍÜ5K§NX�o;�ÆÄþ L = 2, 1, 0§=kD!P!S n«£9�¤�§NX�og^ S = 1, 0§=kn�Úü�§��k 36 ��"UÆÄþÍÜ5K£(5.3)ª¤§do;�ÆÄþÚog^ÍÜ¤�oÆÄþ J = 3!2!1!0§=ko«�¹§�§��EÝ©OǱ 1£=d L = 2 � S = 1 ÍÜ¤¤!3£�±d L = 2 � S = 1 ÍÜ¤!Ǳ±d L = 2 � S = 0 ÍÜ¤!��±d L = 1 � S = 1 ÍÜ
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5.5. õ>f�fU?�°[(� 189¤¤!4£©OéAd L = 2 � S = 1 ÍÜ¤!d L = 1 � S = 1 ÍÜ¤!d L = 1 � S = 0 ÍÜ¤!d L = 0 � S = 1 ÍÜ¤¤!2£©OéAd
L = 1 � S = 1 ÍÜ¤!d L = 0 � S = 0 ÍÜ¤¤"é¤k� (2J + 1) ¦ÚK�§3ÍÜL�¥Ǳ´ 36 ��"éu (nP, nP ) |�§du´�Óâf£Ó�>f¤§�|�n�¦oÅ¼ê���é¡��â´¢S�3��§ùÒ´`§=�mÜ©é¡�g^Ü©�é¡ ÍÜ¤�� Ú �mÜ©�é¡�g^Ü©é¡ÍÜ¤�� â´¢S�3��"�âÆÄþ���ÍÜL��ÍÜL�m�C�'X£CGXê¤

〈

j1m1 j2m2

∣

∣j3m3

〉

= (−1)j1+j2−j3
〈

j2m2j1m1

∣

∣j3m3

〉�§L Ǳóê£Ûê¤��´�m��é¡£�é¡¤�§S ǱÛê£óê¤��´g^��é¡£�é¡¤�"'uÍÜ¤���U?^S§²�þk Hund ½K£1927cJÑ¤µ3lÓ�>f|�©�Ñ5�°[(�¥§S ���U?�$§L���U?�$¶¿�§3õ�¥§Ï~ J ����U?�$£�~�¹¤§�k�O J ��U?�$��¹Ñy£�~¤"nØþ§òg^–;�ÍÜ�^�³ULã/ªí2�?¿üÆÄþ�ÍÜ§=k
Vl1l2 =

1

2µ2c2
1

r

dV

dr
~̂l1 · ~̂l2 ,Ù¥ µ Ǳ��âf3¤?XÚ¥�òÜ�þ§V Ǳüâfm��p�^³U§KÆÄþÍÜ�^éT�p�^³U��zǱ

〈

~̂l1 · ~̂l2
〉

=
1

2

[

L(L+ 1)− l1(l1 + 1)− l2(l2 + 1)
]

~
2 ,w,§L ��§é³U�z�ê���"âfm�Ù§�^éT�p�^³U��z�ûu dV

dr
§éu;�ÆÄþ�;�ÆÄþm��^Úg^�g^m��^§Ù���üâfm��^´¥Õü½�^§dV

dr
∝ − 1

r2
< 0¶��âf�g^�Ù;�ÆÄþm��^guØÓ>Ö�üâfm�¥ÕáÚ�^§dV

dr
∝ 1

r2
> 0"nÜùü�¡�Ï�§=k Hund ½K¤ã�'uo;�ÆÄþ L!og^ S �U?^S5ÆÚ'u�f�oÆÄþ J �~U?^S5Æ"

PP|�>fÍÜ¤�NX�U?�°[(�©�Xã 5.3 ¤«"
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190 CHAPTER 5. �fU?�°[(����±ÏL

Figure 5.3: PP |�>fÍÜ¤�NX�U?�°[(�«¿ã£Ù¥¢�éA��Ǳ�|�n#N��¤
5.5.3 JJ ÍÍÍÜÜÜ���ªªª3�Ñ>fm�¥Õ�p�^ ĤC �¹e§�f�M�îþ�±LãǱ

Ĥ =
∑

i

Ĥi ,Ù¥
Ĥi =

~̂p 2
i

2m
+ V̂i,eff(ri) + ξi(ri)

~̂li · ~̂si .=µõ>f�fCqǱÕáâfNX"duz�>f�g^–;�ÍÜ�^¦�Ù;�ÆÄþ3���þ�ÝKÚg^3���þ�ÝKÑØ´Åðþ§�z�>f�oÆÄþ3���þÝKE,´Åðþ§@oéuõ>fNX§<�æ^ò��>f�;�ÆÄþ ~li �g^ ~sikÍÜ���>f�oÆÄþ
~̂ji =

~̂li + ~̂si ,,�ò�>f�oÆÄþ ~̂ji U\���f�oÆÄþ
~̂J =

∑

i

~̂ji .ù«O�õ>f�f(���Y¡Ǳ JJ ÍÜ�ª"
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5.6. �fU?��°[(��=0£Ä 191d�>f�oÆÄþ j 9Ù3���þ�ÝKǱÐþfê�§ù��õ>f�f��Æ��±L«Ǳ
Ψ ∝

∏

i

ψniliji(mj )i
.u´§g^-;�ÍÜ�^é�f�Uþ��z�±LãǱ

Els =
∑

i

〈

ψi(ri)
∣

∣Ĥi,ls

∣

∣ψi(ri)
〉

=
1

2

∑

i

ξi(r)
[

ji
(

ji + 1
)

− li
(

li + 1
)

− 3

4

]

~
2 ,Ù¥� ξi(r) �±æ^O�w7á�f�°[(�©��æ^��{O���"Ù(J´U?kUØÓ J ©��°[(�§�éu�Ó� J E,�3{¿"'u LS �ªÍÜÚ JJ �ªÍÜ�g�·^é�§vkî��«©5K§$��±`vk«©�nØIO"�â²�§éu����f§Ä�U LS �ªÍÜ¶éu���f§Ä�U JJ �ªÍÜ¶éu¥�f§ü«�ªÑ�æ^"ã 5.4 �Ñ pp |��ü>f�U?(���f¥>fê8O\d LS �ªÍÜ� JJ �ªÍÜüz�«¿ã"

Figure 5.4: pp |��U?(���f¥>fê8O\d LS �ªÍÜ� JJ �ªÍÜüz�«¿ã"
5.6 ���fffUUU???������°°°[[[(((������===000£££ÄÄÄ
5.6.1 ���fffUUU???������°°°[[[(((������!!!���°°°[[[(((������VVVggg���ÅÅÅ���
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192 CHAPTER 5. �fU?�°[(����±ÏL·�@®Ù�§�fd�fØÚ>f|¤"ÏL�Ä>f�éu�fØ£î�5ù§�f��%¤�$Ä§·���
�f�U?(��Vm¶ÏL�Ä�f¥>f�g^–;�ÍÜ�^§·���
�fU?�°[(�"l¢�ÆÝ5w§|^�p°Ý�1Ì¤ÿþ��f1Ì¥äk'�fU?�°[(�û½�1Ì�°[£þZ�¤�1Ì"<�¡û½'°[(��°[�1Ì�U?(�Ǳ�fU?��°[(�£hyperfine structure¤"éu�f¥�>f§·�®�ÄÙg^–;�ÍÜ�^��«Ï�Ú�A§¢�þ*ÿ��fU?�k�°[(�g,¦<�ò�8Ïuÿ��ÄL�Ï�§=Ø{ü�<Ú�¥Õ�^�	��fØ�>f��p�^"·���§õê�fØd�fÚ¥f|¤£¢S�kÙ§E,�|©§äN0��1lÙ"ùp=�Ä�{ü�¹¤§�fÚ¥fÑ´¤�f§Ñkg^§d§��¤��fØ�,�Ukg^§¹��fØ�kõ«�ª�8N$Ä§ù
8N$Ä�z�ÆÄþ�Ù|©âf�z�g^�U\¦��fØkg^¶ù
g^Ú8N$Ä�¦��fØäk^Ý!>o4Ý!>l4Ý�"P�fØ�g^Ǳ ~I§>f�oÆÄþǱ ~J§d§��U\/¤��f�oÆÄþǱ
~F = ~I + ~J .c¡&?�f¥>f�g^–;�ÍÜ�^�Ônã��§<��´À�fØǱ��>Ö�:âf§§�éu>f�$ÄÚå�^|�>f�g^^Ý�m��^=>f�g^–;�ÍÜ�^§ÿ��Ä���>f7�fØ$Ä3�fØ?�)�^|��fØ�^Ý�m��p�^��z±9�fØ�Ù§�ª�8N$Ä��z"¯¢þ§�fØ�>f�m��p�^kõ«�ª£~X§�Uõ4Ðm��^ó4�^!>o4�^!��¤§ù
�^�,Úå�fU??�Ú©�"duØf£�fÚ¥f�Ú¡¤��þ´>f�þ�� 1836�§dâf�^Ý£ÃØ´;�^Ý�´g^^Ý¤��þ��''X�§Øf�^Ý£~{¡ǱØ^f¤ µN = 1

1836
µB"@od�Úå��fØ�>f�m��p�^�UC3 10−3 �þ?§ù��f��p�^����fU?�?�Ú©��,=k�©�� 1/1000 �þ?§ǱÒ´¦��fäk�°[(�"
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5.6. �fU?��°[(��=0£Ä 193���!!!^̂̂óóó444���°°°[[[(((���P>f�g^^ÝǱ µes§>f�éu�fØ� �¥þǱ ~r§>f7�fØ$Ä��ÝǱ ~v§d>^Æ�n�§>f7�fØ�$Ä3�fØ?�)�^|�^aArÝǱ
~B t
e =

µ0

4π

[(−e~v)× (−~r)
r3

− 1

r3

(

~µ es −
3(~µ es · ~r)~r

r2

)]

=
µ0

4πr3

(−e
me

(

~r × (me~v)
)

− ~µ es +
3(~µ es · ~r)~r

r2

)

=
µ0

4πr3

(

2µ el − ~µ es +
3(~µ es · ~r)~r

r2

)

= − µ0

4πr3
2µB

(

~l e − ~s e +
3(~s e · ~r)~r

r2

)

,Ù¥ µ0 Ǳý��^�Ç§µB = e~
2me
ǱÀ�^f§~l e!~s e ©OǱ± ~ Ǳü �;�ÆÄþ¥þ!g^¥þ"P

~N = ~l
e − ~s e +

3(~s e · ~r)~r
r2

,¿¡�Ǳa£2Â�¤ÆÄþ¥þ§Kþã^aArÝ3>f�oÆÄþ ~J ���ÝKǱ
~Be = − µ0

4πr3
2µB

~N · ~J
J(J + 1)

~J .,��¡§Ǳ£ã^Ý��A�ÆÄþ�m�'X§<�Ú\^^' g �Vg"~X§�þǱ m!�>þǱ q �âf�;�^Ý!g^^Ý©OǱ
~µl =

q

2m
~l , ~µs =

q

m
~s ,P

µB =
e~

2me
,Ù¥ me Ǳ>f�·��þ§Kâf�;�^Ý!g^^Ý�±©OLãǱ

~µl =
qe
mme

µB
~

~l , ~µs = 2
qe
mme

µB
~
~s ,
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194 CHAPTER 5. �fU?�°[(����±ÏLÙ¥ qe ´±Ä�>Ö e Ǳü ��>þ§mme
´±>f�·��þǱü �âf��þ"âf�g^^^'½ÂǱâf�g^^Ý�À�^fÚg^���¦È�'��ýé�§=

gs =
∣

∣

∣

µs
µBs

∣

∣

∣
=

∣

∣

∣
2
qe
mme

∣

∣

∣
,âf�;�^^'½ÂǱâf�;�^Ý�À�^fÚ;�ÆÄþ���¦È�'��ýé�§=

gl =
∣

∣

∣

µl
µBl

∣

∣

∣
=

∣

∣

∣

qe
mme

∣

∣

∣
.w,§^^'£gyromagnetic ratio¤§½¡Ǳ g Ïf§�Nâf�Ä�5�"~X§éu>f§3Ï~�¹ek gel = 1§ges = 2§¿©O¡�Ǳ>f�;� g Ïf!g^ g Ïf"P�fØ�g^Ǳ ~I§g^^ÝǱ ~µ N

I =
µNI
I
~I = gIµN

~I
I
§Ù¥

µN ǱØ^f§gI Ǳ�fØ� g Ïf§@o�fØ�g^^Ý�þã>f�)�^|�m��p�^�LãǱ
ĤMD = −µ N

I · ~Be =
µ0

4πr3
2µBµ

N
I

I

~N · ~J
J(J + 1)

~I · ~J .o�§�fØ�>f�mk^ó4�p�^
ĤMD = A(J)~̂I · ~̂J ,Ù¥ A(J) =

µ0

4πr3
2µBµ

N
I

I

~N · ~J
J(J + 1)

"ëìéu°[(��¦)�Y§3�ÿþþ��8 {~̂I, ~̂J, ~~F, ~̂Fz} ��Ó�Æ¼êe§T^ó4�^Úå�UþUCǱ
EMD =

1

2
aJ

[

F (F + 1)− I(I + 1)− J(J + 1)
]

,�ÄÆÄþÍÜ5K F =
∣

∣I − J
∣

∣,
∣

∣I − J
∣

∣ + 1, · · · , I + J − 1, I + J K�§þã^ó4�^Úå�U?©�Ǳ
∆EMD = EMD(F )− EMD(F − 1) = aJF .Ù¥� aJ A�â>f�Å¼êäNO�(½§Ä�(Ø´§�'u°[(�~ê α � 4 g�"ù��d�fØ�>f�m�^ó4�^Úå�'°[(��
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5.6. �fU?��°[(��=0£Ä 195éõ�U?©��(�¡Ǳ�fU?�^ó4�°[(�"�A/§<�¡þã
aJ Ǳ^ó4�°[(�~ê£¢SØ´~ê§ÏǱ§�6u�f�G�¤"~X§é��fÚa�lf§Ù¥>f�Å¼ê®î�)�§?��

aJ =
µ0

4π

2µBµ
N
I

I

( Z

naB

)3 1
(

l + 1
2

)

j(j + 1)
, (l 6= 0)

as =
µ0

4π

2µBµ
N
I

I

8

3

( Z

naB

)3

, (l = 0)Ù¥ Z Ǳâf�Ø>Öê§nǱÌþfê§aB Ǳ1�À�;��»"éu��f§�fØ�Ø>Öê Z = 1§g^=�f�g^§=k I = 1
2
"��f=�¹��>f§ÙÄ� l = 0!se = 1

2
§lk J = 1

2
"þã�öÍÜ�oÆÄþǱ F = 1, 0"ùL²§ÙÄ�k F = 1 Ú F = 0 ��°[(�"Ón§��f� 2 2P1/2 �Ǳk F = 1 Ú F = 0 ��°[(�"¢�ÿ����fU?��°[(�Xã 5.5 ¤«"Ù¥�ªÇ νhfs = 1420406MHz ��°[1Ì�=Í¶���f�Å� λ = 21 cm �1Ì�§éu@Ï�»�G�9Ô�/¤�ïÄ�'�"

Figure 5.5: ¢�ÿ����fU?��°[(�«¿ã9Ù�Ü©°[(��é'"oÑw5§þãnØ©ÛO��(J�¢�ÿþ(JÎÜ���Ð"�[�@ý'��§��f��°[(�©��UþǱ
as = hνhfs =

2

3
2gpα

4
(me

mp

)

(

mec
2
)

(Z

n

)3

,
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196 CHAPTER 5. �fU?�°[(����±ÏLÙ¥ gp = 5.58569 Ǳ�f� g Ïf§α Ǳ°[(�~ê"Tª='u��f��°[(��¤�úª"òy3@Ǳ�þª�¹��Ônþ�°(��\þªO��
νFhfs = 1421159.716MHz ,�¢�ÿþ(J

νExpthfs = 1420405.7517667(10)MHz�'§Ø����"ÄÙ�Ï§T��Ñ°Ý���Ø�gu>f� g Ïf§= ges 6= 2§ùÒ´`§>fäk�~^Ý"�Ä�fØ�$Ä!�fØ�k�ºÝ!��KǱÏ���z�§nØþ�Ñ�(JǱ ges = 2.00231930438 . ¿�§'u g − 2 �ê��¯KE´8c<��å&?����¯K"éõ>f�f§d1oÙ¤ã�{ü�¹�±í�§'u^ó4�p�^����°[(��O�4ÙE,§ùpØ�?Ø"�Ä�AÆ�cã(J�Ó",	§Q,�^´�p�§@o^ó4�°[�^¬���fØ�U?Ñy©�"duù«©���E,§ùpǱØ�?Ø"nnn!!!>>>ooo444°°°[[[(((���c®ã9§�fØk>o4�ª�8N$Ä£Ù¢�k>o4�ÄÚ=¶÷ØÓ���o4=Ä¤§¿k>o4Ý"�fØ�>o4Ý3�m��É5©Ù§=k
Qij =

(

3xixj − r2δij
)

ρ(~r) ,Ù¥ ρ(~r) Ǳ�m>Ö�Ý©Ù"¢^¥§~�Ù z ©þ§u´d
Q = Q33 =

(

3z2 − r2
)

ρ(~r) = r2
(

3 cos2 θ − 1
)

ρ(~r) ,�Äþf�A�¹e§£�Ǳ���N�¤�fØ�>o4Ý~d�fØ�ÆÄþ I 9Ù z ©þ MI ÚÙ§þfê α IPǱ
QIMIα

=

∫

r2
(

3 cos2 θ − 1
)

ρIMIα
(~r)d3~r .du�f¥��fØ�>o48N$Ä��?aÉ��>f¤�)�>|�FÝØÓ§�â>^Æ�n§ù��?ØÓ¦��fØ�>f�mk�p�^

HQ = −1

6

∑

ij

Qij

∂Ej
∂xi

.
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5.6. �fU?��°[(��=0£Ä 197Uì£ã�fØ5��S.§� Qzz£= Q33¤§Kk
HQ =

1

6
Qzz

∂2Ve
∂z2

,Ù¥ Ve Ǳ>f�)�>|3�fØ¤?«��³U"éw,§éõ>f�f§du Ve �ÑéJ(½§O�Ù���ê3¤�Ä�NX�þf�e�Ï"�Ò�(J§Ïdù�O�éE,§ùpØ�[ã§=�ÑÙÚå�Uþ?��/ª(JXeµ
∆EEQ =

B

4

3
2
K(K + 1)− 2I(I + 1)J(J + 1)

I(2I − 1)J(2J − 1)
,Ù¥

K = F (F + 1)− I(I + 1)− J(J + 1) ,

B = eQIMIα

〈∂2Ve
∂z2

〉

.ù�>o4�^Úå�é�fU?�?��^ó4�^Úå�Uþ?��C£��¤§§¦��fU?U�f�oÆÄþ F ØÓ©�§�E�3'u F�{¿£ØU«© (2F + 1) � MF¤§Ïd¡�Ǳ>o4�°[(�"�A/§<�¡þã B Ǳ>o4�°[(�~ê£¢SØ´~ê§ÏǱ§�6u�f�G�¤"��/ïÄ�f��°[(��§ATQ�Ä^ó4�°[(�q�Ä>o4�°[(�"
5.6.2 ���fffUUU???���ÓÓÓ   ���£££ÄÄÄ·���§�fØd�f!¥fÚ�f�|¤"éuÓ��fê£Ø>Öê¤��fØ§§�¹�¥fê��±ØÓ§l�fØ��þØÓ"�f´õâfåP�§é�ïÄ�§Ǳ,ò�fØÀǱgdâf§��Ä>f�éu�fØ£î�5ù´�f��%¤�$Ä§@oå¢S�^�Ø´>f��þ§´>f��fØ/¤�NX�òÜ�þ£½¡�Ǳ>f�k��þ¤"�fØØÓ�,¦�>f�k��þØÓ§u´p��~þØÓ§�fU?ØÓ"�fØ�þØÓ�,�KǱÙ^Ý§l^ó4�°[(�~êØÓ§�°[(�ØÓ"ØÓ�fØ¥�>Ö©ÙØÓ§d�/¤�>|©ÙØÓ§>o4ÝǱÒØÓ§u´�f�U?ǱØÓ"
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198 CHAPTER 5. �fU?�°[(����±ÏLØ>Öê�Ó�¥fêØÓ��fØ¡ǱÓ �"þã��f�U?(��Ó �Cz�y�¡ǱÓ �£"Ó ��U?(�ØÓ¦�Ùu�1ÌÚáÂ1ÌÑØÓ"~X§d�f�p��~þ�½Â�§
RA =

µe4s
4πc~3

=
mNme

mN +me

1

4πc~3

e4

(4πε0)2
=

mee
4

8ε20h
3c

1

1 + me

mN

= R∞
1

1 + me

mN

,Ù¥ R∞ ´��fØ�þǱÃ¡��¹e�p��~þ"dU? En = −hcZ∗2RA

n2 Ú1�ªÇ ν =
En−En−1

h
= RA c Z

∗2( 1
(n−1)2

− 1
n2

) �§�fØ�þkUC δmN �§�fuÑ�1�ªÇ�UCǱ
δν = c Z∗2( 1

(n− 1)2
− 1

n2

)

δRA = ν
meδmN

mN (mN + δmN +me)
,1ªÇ��éCzǱ

δν

ν
=

meδmN

mN (mN + δmN +me)
.ùL²§éu�X�Ó �/¤��f�Ó�^1Ì�§éA�þ���Ó ��1fUþ��!ªÇ�p!Å��á"�â�f1ÌkÓ �£Ä�¯¢§<�u²
-1©lÓ ��Eâ"�dþª´�§éud�fØ/¤��f§Ó �£Äé�§Ïd|^-1©lÓ ���{·^u���Ó �§é���Ó �ù«©l�{��Ç�$"

5.6.3 ������fffUUU???���===000£££ÄÄÄ'u�fU?�°[(��?ØL²§�Ä
�fS�>f�g^–;�ÍÜ�^�±)Ø��Ìþfêe�fU?'uØÓÆÄþ l �{¿§���fÚa�lf�U?E�3'uoÆÄþ j �{¿£Xã 5.1 ¤«¤"
1947c{IÔnÆ[W.E. Lamb Ú R.C. Retherford \Ù
¦�|^ã 5.6 �þfã¤«�C�#ÿþ��fU?91Ì�¢�(J£Phys. Rev. 72, 241

(1947)¤"¢�¥§dp§¬£� 2500K¤�)?uÄ����f£ÏǱ��f�1�-u�Uþ£�éuÄ�¤Ǳ� 3.4 eV§��u 35000K§��pup§¬S�§Ý¤§ù
Ä���f²ü>fUþǱ 10.2 eV �>fåñÂ�§Ù¥��Ü©-u�1�-u� 2 2S1/2£�5Q�±k 2 S1/2 ���fǱ�±k 2 P �
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5.6. �fU?��°[(��=0£Ä 199-u����f§�du-u���f�Æ·4á§é¯=ò-uK¤§ù
��f²�ª��n���d¾�¤��Â4��§XJ§�ñÂÑ>f£¦¾�f¥�>f>l§>lUǱ 7.98 eV¤§ù
>f=��u6Ouÿ�"du�k�>fu)L��5-E?u 2 2S1/2 ����fâäk¦¾�f¥�>fºÑ�Uþ§Ïddu6OP¹�>6&Ò�½´g?u 2 2S1/2 ����f"

Figure 5.6: ÿþ Lamb £Ä�¢�C�«¿ã£þ¤9 Lamb £Ä«¿ã£e¤"Uì��fU?�°[(��nØ(J£��Ù1�!¤§2 2S1/2 � 2 2P1/2{¿§ 2 2P3/2�' 2 2P1/2p 4.46×10−5 eV"ùL²§|^�ª>^|£1f¤¦?u 2 2S1/2 Ú 2 2P1/2 ����f-u� 2 2P3/2 �§I��ª>^|�ªÇ νǱ 10970MHz£½=Åê ν̃ = 0.364 cm−1¤"ùÒ´`§\ªÇ ν = 10970MHz��ª>^Å��±¦���Â¾��?u 2 2S1/2 �Ú2 2P1/2 ����f~�§lu6OP¹��>6~�"�¢S¢�¥uy§\ªÇ ν = 9970MHz��ª>
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200 CHAPTER 5. �fU?�°[(����±ÏL^Å�§u6O=P¹�>6~�"ù`²§��f� 2 2S1/2 ��U?' 2 2P1/2��U?p 1000MHz£0.033 cm−1¤"ù���f� 2 2S1/2 ��U?� 2 2P1/2��U?Ø{¿!�p�y�¡Ǳ=0£Ä£Lamb shift¤§Xã 5.6 �efã¤«"�°(�¢�ÿþ���pÑ�´ 4.37462× 10−6 eV£0.0352834 cm−1¤"�8c§¢�þ®²ééõ����fU?Ñÿþ�
=0£Ä£CÏ�nã�ë� J. Phys. Chem. Ref. Data 45, 043102 (2016)¤"Äu¢�þ�ù�uy§Lamb ¼�
 1955 c� Nobel Ônø"=0£ÄL²§�AuÓ�Ìþfê n �'uoÆÄþ j �{¿�±)Ø£î�5ù§AT´3T°Ý�ÿþ¥§§��ÒØ{¿¤"ÄÙÅ�§=0£Äguþfý��Þá£X{�þf�A"{IÔnÆ[ W.V. Houston Úu<ÔnÆ[��²£Y.M. Hsieh¤3 1934cÒò¢�ÿþ��°[(�~ê�nØ(JØ��8ÏunØO���Ñ
�f�Ë�|�m��p�^ (gäU)¤§¿�±dþf>ÄåÆ£Quantum

Electrodynamics§QED¤£ã"é=0£ÄÚcã�>f�~^Ý�ïÄíÄ
'u QED ��znØ�ïá§Äu�AïÄ¤J£íÄ
QED�uÐ¤§S.

Tomanaga!J. Schwinger Ú R. Feynman ¼�
 1965 c� Nobel Ônø"
5.7 ���fff���������(((������±±±ÏÏÏLLL
5.7.1 üüü>>>fffUUU???���������(((������>>>fffWWW¿¿¿���!!!���������VVVgggÚÚÚIIIPPP¤¢�f¥�ü>fU?==�Ä��>f��fØ/¤�NX£½=a�lf¤¥>f�U?"31nÙ¥§·�®²�Ñ§Ø>ÖêǱ Z �a�lf�U?Ǳ

En = −Z
2e2s

2aB

1

n2
,

(

aB =
~
2

µe2s
, µǱ>f�òÜ�þ)

.ùL²§£Ø>ÖêǱ Z �¤a�lf�U?=�6uÌþfê n§�Ù�¹�;�ÆÄþ l 9Ù Z ©þ ml Ã'§äk n2 �{¿5"=¦�Ä°[(�Ú�°[(��Ï�§�AuÓ�� n �ØÓ;�ÆÄþ
l!ØÓoÆÄþ j �{¿)Ø§ÙU?©�==´ 10−5En �þ?§$���"w,§éuØÓ�Ìþfê§Ùû½�Uþm��O�éé�§Ïd§<�¡Ì
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5.7. �f���(��±ÏL 201þfê n û½�U?Ǳ���£Ǳ¡Ì�§½��¤"éuÓ�� n §ØÓ� l�û½�U?¡Ǳ|�£Ǳ¡f�¤"ǱLã�B§<�Ï~¡ n = 1!2!3!4!5!6!7!· · · û½�£Ì¤�©OP� K!L!M!N!O!P!Q!· · · �§¿¡ l = 0!1!2!3!4!5!6!7!8!
9!10!· · · û½�|�©OǱ S!P!D!F!G!H!I!K!L!M!N!· · · |�£¢^¥§Ï~Ø«©���¤"~X§dcAÙÚ�ÙcA!�?Ø�§K �=k S |�§½ö`§vkf�(�¶ M£Ì¤�äk S!P!D n�f�"���!!!>>>fffWWW¿¿¿555KKK������(((���>fǱ¤�f§�Å�|Ø�N�n§Ïdz�þf��õ�Uk��>f"qdu>f�g^ s = 1

2
§K;�ÆÄþǱ l �|��¹�þf��ê8Ǳ

(2s + 1)(2l + 1) = 2(2l + 1)§=�W¿ 2(2l + 1) �>f§@oz�Ì��±NB�>fêǱ
NÌ� =

∑

l

2 · (2l + 1) .u´§K �£n = 1§l = 0¤�±NB�>fêǱ NK = 2 · (2 · 0 + 1) = 2 ;

L �£n = 2§l = 0!1¤�±NB�>fêǱ NL = 2 + 2(2 · 1 + 1) = 8 ;

M �£n = 3§l = 0!1!2¤�±NB�>fêǱ NM = 8 + 2(2 · 2 + 1) = 18 ;

N �£n = 4§l = 0!1!2!3¤�±NB�>fêǱ NN = 18 + 2(2 · 3 + 1) = 32 ;

O �£n = 5§l = 0!1!2!3!4¤�±NB�>fêǱ NO = 32 + 18 = 50 ;

P �£n = 6§l = 0!1!2!3!4!5¤�±NB�>fêǱ NP = 50 + 22 = 72 ;��"ÏǱ��Ì��,��Ì��m�Uþ����Ì�S�f��m�Uþ��'��õ§¤±UCäk�Ì�o��±NB�>fê£2!10!28!60!110!�¤��f�G�I��Uþ��éõ§~X§¢�ÿ���X��f�>lU£¦�f¥���>følåP¤Ǳgd>f¤I��Uþ§½¡ǱøÑõ¤�Ø>Öê£½¡Ǳ�fSê¤Cz�1ǱXã 5.7 ¤«"¢�ÿ���
�f�S�>f�(ÜU��fSêCz�1ǱXã 5.8 ¤«"òcã�dü>fW¿�ª�nØ©Û�Ñ�½�f�Ø>Öê�ã 5.7 ¤«�¢�ÿþ(J'��§þãü>fW¿�nØ(J=é����féÐ¤á"ù��¡`²�f(¢äk��(�§,��¡Ǳ`²§cã�ü>fW¿
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202 CHAPTER 5. �fU?�°[(����±ÏL

Figure 5.7: �f�>lU��fSê£Ø>Öê¤Cz�1Ǳ" Figure 5.8: �
�f�S�>f�(ÜU��fSêCz�1Ǳ"/¤��(�é���fØ�("Ïd§éuõ>f�f�W¿�ªÚ/¤��(�§I�XÚ@ý/;�?Ø"
5.7.2 õõõ>>>fff���fff¥¥¥>>>fff���WWW¿¿¿õ>f�f=d���fØÚõ�>f/¤��f"du�fØÚ>fÑ�>!Ñk^Ý§Ïd§��m£�fØ�>f�m!>f�>f�m¤kéE,��p�^"�A/§>f3�ü>fþf��¢SW¿�ªÚ/¤���(�!��ÑI�@ý?Ø"���!!!ÄÄÄ���AAAÆÆÆ
1. �f¢�>Ö¶-�fd�fØ�>f|¤§>fUü>fþf�äk��(�§Ì��W÷�G�¡Ǳ÷�"�fØ£PÙ>ÖêǱ Z¤�÷�>f/¤�NX¡Ǳ�f¢"du��Ì�S�>f�Uþ�,��Ì�S�>f�Uþ����§Ïd�f¢��½"k�§<�Ǳ¡�fØ�÷f�>f/¤�NXǱ�f¢"XJ�f¢	�k��>f§T>f¤É��^��u5g���>Ö§�ù��>Ö�>þØî��u��ü �>Ö�>þ§ù«y�¡Ǳ�f¢�>Ö¶-",��¡§3Ø�ÄS�>f/¤�f¢��¹e§duÙ§>f��
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5.7. �f���(��±ÏL 2033§=Ò>�^ó§�f¥�z�>f¤É��^���ü >þ�K>ÖÚ
Z �ü >þ��>Ö�m��^Ñk�O§´��u�>þǱ −e �:>Ö��>þǱ Z∗e �:>Ö�m��^§¿�k�>Öê Z∗ Ï�fÉ"ù«�¹½¡Ǳ>Ö¶-§¿3dc{ãL"
2. {¿)Ø3�f¢	kõ�>f��¹e§du�f¢���>f�m9>f�>f�m��^§�f¢	���>faÉ��k�>Öê Z∗ ØÓ§lØÓ|�þ�>f¤É¶-���^ØÓ"u´§éuÓ��Ìþfê n§ØÓ;�ÆÄþ l��UþØÓ§ǱÒ´ l {¿Ïd)Ø§¿kþfêº� ∆(n, l)§¦�Ìþfê n u)Czµ

n→ n∗ = n−∆(n, l) .Ï�fU?£î�5ù§�fS>f�U?¤kUCµ=�Ä>Ö¶-µ En = −hcZ
2RA

n2
=⇒ En = −hcZ

∗2RA

n2
,Q�Ä>Ö¶-q�Äþfêº�µ En = −hcZ

2RA

n2
=⇒ En = −hcZ

∗2RA

n∗2 .½=§�éucã�ü>f�(�§õ>f�f��(���ØÓ"���!!!>>>fffWWW¿¿¿555ÆÆÆ�f¥>f3þf�þ�W¿£>f?u�A�þf�¤�Ì�|Ø�N�nÚUþ�$�n"�âcãnØ©ÛÚO�(J±9¢�ÿþ(J§<���>f?u£W¿¤þf��^SXã 5.9 ¥gþe!d��m��ÞIP���¤«"dã 5.9 �§1S ��¤��Ì� — K �§2S Ú 2P ��¤��Ì� — L�§3S Ú 3P ��¤��Ì� — M �§4S!3D Ú 4P ��¤��Ì� — N�§5S!4D Ú 5P ��¤��Ì�— O �§6S!4F!5D Ú 6P ��¤��Ì�
— P �§7S!5F!6D Ú 7P ��¤��Ì� — Q �§��"nnn!!!ggg^̂̂ééé>>>fff���WWW¿¿¿���KKKǱǱǱ·�®²Ù�§>f´g^ 1

2
�¤�f§g^��{¿ÝǱ 2s+ 1 = 2§Ïdcã��Ä
�«�p�^�A�õ>f�f¥>fW¿ü>fþf�/¤��
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204 CHAPTER 5. �fU?�°[(����±ÏL

Figure 5.9: �f¥�>fÓâ�ü>fþf��^SI«ã"Ì��±NB�>fêǱµ
Nn=1 = 2 , Nn=2 = 2 · (1 + 3) = 8 ,

Nn=3 = 2 · (1 + 3) = 8 , Nn=4 = 2 · (1 + 5 + 3) = 18 ,

Nn=5 = 2 · (1 + 5 + 3) = 18 , Nn=6 = 2 · (1 + 7 + 5 + 3) = 32 ,

Nn=7 = 2 · (1 + 7 + 5 + 3) = 32 , ��"dd�§��f¥>fê£�fØ�Ø>Öê¤d���Cz§½�féA�>fê©OǱ 2!10!18!36!54!86!118!��§=½�f�g©O´±£He¤!C£Ne¤!�£Ar¤!�£Kr¤!�£Xe¤!�£Rn¤!��"ù����(�Ú���õ�UW¿�>fê9�A��fo(uã 5.10 ¥"ù�ã
5.7 ¤«�¢�ÿþ(J����"l(@�fäk��(�§¿�T��(��±dþfåÆ£ã"'uz����S>fg^��äNÓâ�ª§duõ>f/¤��f�Å¼êAT´��é¡�"Ï~�¹e§Å¼ê�g^Ü©��mÜ©�±©lCþ£�î�/§Å¼ê¥�»�Ü©�±�Æ�9g^Ü©©lCþ¤§¿Akõ>f�f�Å¼ê =







g^Ü©é¡�Å¼ê⊗�mÜ©�é¡�Å¼ê ,g^Ü©�é¡�Å¼ê⊗�mÜ©é¡�Å¼ê .·���§XJ�mÜ©Å¼êäk��é¡5§=���NX�Å¼êî�ØC§K£ùü�¤>f�p��éC§Ùm�ü½U��"XJ�mÜ©Å¼
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5.7. �f���(��±ÏL 205

Figure 5.10: �f¥>f��(�«¿ã"êäk���é¡5§=���NX�Å¼êUC��ÎÒ§ǱÒ´`>f3�mþ�ØÓ��ò�§lÙm�ü½U��"Ïd§3Ó��|�S§>f��uk±g^���Ó!/;�0��©ÑW¿§lg^Ü©Å¼êäk��é¡5!�mÜ©Å¼êäk���é¡5§�yNX�Uþ�$"o�§<�k�U,��/¤��f�>f|�!�fÄ�9>lUXN¹�¤«"
5.7.3 ������±±±ÏÏÏLLL�â�f¥>fW¿�þf��5Æ§<�o(ü�Ñ
��±ÏL"·���§õê��Ñ±cã�5ÆW¿�þf�§u´<�±Ì��û½±Ï§½ö`§Ä��¹e§>fW¿3Ó��Ì��S���f�¤��±ÏS��f"ÏǱy3uy��f¥>f�Ì��k K!L!M!N!O!P Ú Q Ô �§¤±



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

206 CHAPTER 5. �fU?�°[(����±ÏL<�r��£�f¤©ǱÔ �±Ï"¿�§<��¡d>fW¿/¤�þf�|��ª�Ó��f�¤��x§äN�d>f|��xS��éA'XXL 5.1¤«"dd�§Óx�f£��¤äk�q�5�"
Table 5.1: ��©x�xS��f¥d>fW¿|���m�éA'XxS d>f|� ~��� x ¶

I (ns)1 H!Li!Na!K!Rb!Cs!Fr w7á (alkali metals)

II (ns)2 Be!Mg!Ca!Sr!Ba!Ra wè7á (: earth metals)

III (ns)2(n′p)1 B!Al!Ga!In!Tl

IV (ns)2(n′p)2 C!Si!Ge!Sn!Pb

V (ns)2(n′p)3 N!P!As!Sb!Bi �á (pnicogens)

VI (ns)2(n′p)4 O!S!Se!Te!Po 1á (chalocogens)

VII (ns)2(n′p)5 F!Cl!Br!I!At ®� (halogens)

VIII (ns)2(n′p)6 He!Ne!Ar!Kr!Xe!Rn ý5íN (inert gases)��±ÏLkáªÚîªü«§îª�~�£�#���±ÏL�ã 5.11¤§ÏǱd��´���f�(�Ú5�"áªǱǱ�Ü©Æö¤�à§ÏǱ§Ǳ�Ð/w«�f�(�§�u�Ì§ùpØ�äNÐ«§k,��Öö�ë�ëpu!Û�Í§5#VgÔn�§ •þfÔn6£p���Ñ��¤"�´§dL ?? �§du�f�>fW¿�ª´kW	�!2WS�§ÏdLÞ«�f£��¤�(�Ú5�Ñ'�E,§¿�Øäk±Ï5"± 3dõ4d�Ǳd���LÞ«��Ú ± 4fõ5d 9 6dõ5f Ǳd���Dè«��ǱéE,"ùpØ2[ã"��±ÏL�@d�IzÆ[�$�Åu 1869 c�â��®�� 63 «��£¢S´d�/¤��f¤�5���þ�éA'Xü��Ñ"�$�Å3ü��uyk 4 �� "^y3��ó5ùÒ´§�âXÚ5Æýó��3 4 «��"§�©O´µ1874)1875 c�uy�{£Sc§Z = 21§a¾¤§1875 c�uy�;£Ga§Z = 31§a¾¤§1886 c�uy�÷£Ge§Z = 32§a'¤Ú
1898 c�uy�l£Po§Z=84¤"ù¿©`²
��±L��5"'u;�'�(½£¥©0��ëpu!Û�Í§5#VgÔn�§ •þfÔn6¤�
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5.7. �f���(��±ÏL 207

Figure 5.11: �#�îªLã���±ÏL"`²��±ÏLØ=é½5ïÄ�§é½þïÄǱk��¿Â"du�f´d�fØ�>f/¤�þfåP�§��±ÏL��ã����,�6u�fØ�õ�§~X 1869 c�$�Å�@�Ñ��±ÏL�§=�¹ 63«��£�f¤§Ó�ýó�k 4 «��£�f¤�3"y3���±ÏL®²*���¹ 118 «��§�ã 5.11"Ù¥��U,��´f£Z = 92¤§dd�§®²B\��±ÏL�<óÜ¤���®k 26 «£l Z = 93 ��X«�f��8m©¤"<óÜ¤#���ó�gþV 40 c�Ò®m©§¿� 1945 c3F��Þ�¿��f�Ò´d£���k¤<óÜ¤��f��u�¤�u�"�1961c<�Ü¤Ñ
� Z = 103 �¤k�X«�f��§�þV 70 c�¥cÏ<�qÜ¤
 104 Ò�� Rf!105 Ò�� Db Ú 106 Ò�� Sg"²L20õc�&¢§�1996cÚ1997c�IlfÔnïÄéÜ¬£GSI¤Ú�IÚÙBéÜØïÄ¤£JINR¤Ü¤
 107 – 112Ò��§1999c�IÚÙBéÜØïÄ¤Ü¤
114Ò��§2004cF�nzÆïÄ¤£RIKEN¤Ü¤
113Ò��!�IÚÙBéÜØïÄ¤�{INÔd-Ë�|I[¢�¿£LBNL¤Ü�Ü¤
115Ò�
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208 CHAPTER 5. �fU?�°[(����±ÏL�§�2006c�IÚÙBéÜØïÄ¤�{INÔd-Ë�|I[¢�¿Ü�Ü¤
116Ò��Ú118Ò��!2010cÜ¤
117Ò��"3<óÜ¤����û�ïÄ¥§·IǱ�Ñ��z§3IS�C�þÜ¤
�#Ø� 259DbÚ 265Bh£d	�k�f#Ø� 219,220,223,224Np Ú 235Am ±9Ù§28�#Ø�¤"k,��\&Ä�ØÜ¤ïÄ�ÓÆ�ë� Reviews of Modern Physics 72:733

(2000)§Journal of Physics: Nuclear and Particle Physics 34:R165 (2007)§��©z"����)£�Ü¤¤��´�fÔn!�fØÔnÚ�»Æ�+��Ó�å&¢���K§y3�ïÄ(JL²§����±ÏL�»��¿��ØÈ��ÐØÜ¤£ØàC¤�)§du 62Ni �(ÜU��§ÏLàC�A�UÜ¤� 62Ni £Ï~Ǳ@Ǳ=U� 56Fe¤"' 62Ni£56Fe¤���Ì�ÏL¯�¥fÐ¼L§£U�± β PC¤�)",§LIGO*ÿ�� GW20170817 V¥f(¿Ü¯���Ô¥�3�þ���7L²§�������)Å�I�#@ý"À"Ïd§���Ü¤9Ù(�Ú5��ïÄE´��ØÔn Ã�9��c÷�K"
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5.7. �f���(��±ÏL 209ggg���KKK���SSSKKK
5.1. ÁO� He+ lf�g^–;��p�^Úå�3�U"
5.2. Áy²d��©OǱ J1!J2 �üÆÄþ ~J1 Ú ~J2 ÍÜ¤�oÆÄþ ~J�������´

∣

∣J1 − J2
∣

∣ ,
∣

∣J1 − J2
∣

∣+ 1 ,
∣

∣J1 − J2
∣

∣+ 2 , · · · · · · , J1 + J2 − 1 , J1 + J2 .

5.3. ®�g^–;��p�^Úå ~LÚ ~S 7§��Ü¥þ ~J £ ~J ´ð½�¤?Ä"Áy²§3d�¹e§Ǳ, Jz ��´ð½�§� Lz Ú Sz ÑØUäk²(��§l ML ÚMS Ø´Ð�þfê§� MJ ´�Ð�þfê"
5.4. éäkr�g^–;�ÍÜ�ü��� p >f§Á©O3 LS �ªÚ JJ �ªe§(½XÚ�oÆÄþ J ��U�"¿?Ø§ü«�¹e�Ó� J �Ñy�gê´Ä�Ó"
5.5. g^-;��p�^Úå� LSJ õ��ØÓU?�m��émå�±w��'u 〈~S · ~J〉"ÁxÑ� 3F → 3D!4D→ 4P Ú 4P→ 4S �[�'��õ��U?§¿^�ÞI²NN��["
5.6. Áy²�Ä��f¥>fp�$Ä��éØ�A���fU?©��L�ª£5.9¤ª£J«µ=�ÄÄU?�¤"
5.7. Á�âã 5.2 ¥�Ñ�ê�§(½?� D ��Å�må"�â¤�(J§éu 3 2P �§�� ESL = a〈~S · ~L〉 ¥�~þ a ��"
5.8. Á�âã 5.2§©Û?�f� 3 2D → 3 2P �[�°[(�9�U�Ë��Å�m�"
5.9. ò��fU?�°[(�©�L�ªí2�a�lf§Ù¥��þATXÛLã"
5.10. ÁxÑ Li++ lf�Ìþfê n = 2 Ú n = 1 �°[(�U?§¿^�ÞIÑ�U��[§(½Ù¥���ÅêÚ��Åê9Ù��"
5.11. Á�Ñ pd!df!fg >f|��°[(�©��ã«§¿ÏL'�ÍÜ��mÚ�ÍÜ��m¥XÚG��ê8u�¤�(J��(5"
5.12. Á�Ñ dd!ff Ú gg >f|��°[(�©��ã«§¿äN©Û`²=
�â´¢S�U�3�"
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210 CHAPTER 5. �fU?�°[(����±ÏL
5.13. Á�Ñ ppp!ddd!fff!ggg!ddddd!fffff Ú ggggg >f|�éA��f�"
5.14. Á�Ñ pppp!dddd!ffff!gggg Ú dddddd >f|�éA��f|�"
5.15. Á�Ñ 1S0!2S1/2!1P1!3P2!3F4!5D1!1D2 Ú 4D7/2!6F9/2 �f��g^ S!;�ÆÄþ L ÚoÆÄþ J ��"
5.16. Á(½ 4D3/2 ��oÆÄþ�;�ÆÄþ�m�YÆ±9oÆÄþ�g^�m�YÆ"
5.17. Á3�Äg^–;��p�^e§(½;�ÆÄþǱ ~l!g^Ǳ ~s��fÚ;�ÆÄþǱ ~l!g^Ǳ ~s�>f�^Ý"
5.18. ÁäNO���f�^ó4�°[(�~ê§¿�Ñ��f�^ó4�°[(��U?3�Ú�A��[¤uÑ�1�ªÇ�9Åê�"
5.19. ¢�uy§?�f1Ì�Å�Ǳ 589.6 nm � D1 �äk�åǱ 0.0023 nm��°[(�§¿�@£�Ù�´?�f� 32S1/2 U?�©Ǳ�"Á(½TU?�ü�fU?�må"
5.20. Á�Ñ�fØ��» r UC δr �§�f1Ì�ªÇ��éUCþ"
5.21. �âÆÄþÍÜ�5Ky²µXJ��f�¤kf��ÑW÷
>f§KT�f�Ä��½´ 1S0 "
5.22. Ádã 5.9 o(8BÑõ>f�f¥�>fW¿ü>fþf��^S�5Æ��óLã"
5.23. Á(½Ø>Öê Z = 3!6!8!12!15��f�Ä�>f|�Ú�f�"
5.24. Á(½ V!Fe!Np �f�Ä��>f|�Ú�f�"
5.25. Pb �fÄ��ü�d>f?u 6p �§eÙ¥���-u� 7s �§Á3

LS �ªÚ JJ �ªü«�¹e§(½T Pb -u��f�"
5.26. Áy²§3 LS ÍÜ¥§Ó�õ�¥ü��U?m��'�uk'üoÆÄþ J ¥����'"£N5µT5Æ~�¡ǱK�m�½K¤"
5.27. ¢�ÿ���f�,U?�õ(�¥ü��U?m��'Ǳ 5:3§Á(½�'U?��f�"
5.28. ±�fU?d$�p��f�^S´ S!P!D!F§ùfÐ�ö�½K¤ã��"Á`²Ù�Ï"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

5.7. �f���(��±ÏL 211

5.29. ��.´ïÄþfXÚ�(�Ú5��Ä��{"(1) Áã��.�Ä�g�"(2) éu�þǱ m!g^Ǳ 1
2
~ 3²þ|�CqǱ��f³| V (r) = 1

2
mω2r2 ¥$Ä�¤�f§ÙüâfU?dÌþfê N!;�ÆÄþþfê L�û½"Ù¥Ìþfê N û½Ì��Uþ εNL = (N+ 1

2
)~ω§¿¦�;�ÆÄþL��Ǳ L = N,N −2, N −4, · · · 1,½ 0¶éuéAu��Ìþfê N �ØÓ;�ÆÄþ�§ÙUþ� L O�ü$"�Äg^–;�ÍÜ�^§Kz�� L 6= 0 �U?ÑÑy°[(�"b�éu��;�ÆÄþ��§Ùg^;�3��Ìþfêû½�U?må�C$����§ÁxÑTXÚ�üâfUÌ!IÑ�U?�þfêÚ�UW¿�âfê§¿`²òÑy�ê£=÷���±NB�âfê¤2!8!20!28!50!82�"

5.30. ò�¬�N½��N�u^|S§R�u^|��Ï>6§3R�u^|Ú>6���þ¬�)>Ø§ù�y�¡Ǳ¿��A"òáÆ�u>|¥�§g^�þ�Úg^�e�>fdug^/¤�^Ý����§Ǳ¬©O3�����þ\È§��uÑyg^�Ñ$§ù�y�¡Ǳg^¿��A£�@���¢�*ÿ� Science 306: 1910 (2004).¤"Álg^–;��p�^Ñu§�ï���*ã�§¿�Ñã«§`²g^¿��AÑ$g^�L§"
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212 CHAPTER 5. �fU?�°[(����±ÏL
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Chapter 6

���fffGGG������UUUCCC���			>>>^̂̂|||¥¥¥������fff
6.1. �fG��UC 6.2. ^|¥��f
6.3. >|¥��f 6.4. ^^���Ø^��
6.5. þf�  6.6. �f§B�ÀÚ-OÏd"và

6.1 ���fffGGG������UUUCCC
6.1.1 VVVããã���!!!���fffGGG���UUUCCC������ªªª·���§�fd���fØÚeZ�>f|¤§>f��fØ Ú >f�>f �m��p�^Ñ´>^�^§ùÒ´`§�f´>^�^/¤�õN£¥Ú�f¤½�N£��f¤þfåPNX§Ïd�f�±?u�«þf�"du�fØ�þ��u>f��þ§ÏdÏ~�±CqǱd$Ä�>f��½ØÄ£î�5ù´Cqgd$Ä¤��fØ/¤�åPNX§¿�±Ù¥>f�£þf¤G�CqLÆ�f�£þf¤G�"�f¥�>f�G�Ø�lþfåÆ5Æ	§��lÚO5Æ§ÏdÙ�G��Uþ£U?¤ÑØ�î��(½�£Ø(½ÝǱ 0¤k�½�°Ý£=Uþk� 0 �Ø(½Ý§¿�TØ(½ÝÏG�É¤§l�f¥�>f�G��Æ·ÑØ´Ã��§=�fäkg�Ø½5"du�fg�Ø½5�KǱ½É	.KǱ§�f¥�>f�G�¬u)Cz">fG�UC��ª�±V)Ǳµ>fd�f¥ºÑ!>fd��þf��[�,�þf�!��fØÐ¼

213
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214 CHAPTER 6. �fG��UC�	>^|¥��f£½áÂ¤"du�f´d>^�^/¤�þfåP�§Ïd	>^|´KǱ�fG���Ï�"�Ùé�fG��UC9	>^|é�fG��KǱ�±?Ø"���!!!���fffGGG���UUUCCC���LLLyyydu�f��´>¥5�EÜâf£þfåP�¤§�k>fºÑ�f�§�fØ2¥>¥5§Ïdù�CzLyǱ¥5�f=CǱ�>lf§¿�3	.*ÿ�>f"��fS�>fu)þf��m�[�§Ùþf��m�UþUCþÑ±1f�/ªº�"XJù��1f��ºÑ�f§ÙLy�ª=Ǳu1"�âÙUC�þf�ØÓ§/¤�1f�UþØÓ§¤uÑ�1�U´ù	1!��1!b	1§Ǳ�U´ X 1"XJ´<Ǳ��¢y�U?m��[K/¤-1"XJ¤º�Ñ�1f��fS�?u�pU��>fáÂ§K�¦T>følåP£>l¤§l�Ñ>f§=u)S1>�A§¿*ÿ���>f£ÏÙuy<·¶¤"��f¥S��>f��fØÐ¼½¡áÂ�§�fØ�Ø>Öêu)Cz§~X�fêǱ Z ��fØÐ¼��>f�§ÙØ>Öê=CǱ Z − 1§lu)��Cz§¿��fd�a¥5�f=CǱ,�a¥5�f"
6.1.2 ÄÄÄ���VVVgggÚÚÚ555ÆÆÆ���!!!>>>lll?u�fS�åP�>fáÂUþºÑ�f�y�¡Ǳ�f�>l§½¡Ǳ�f¥>f�>l">l��§>f¤Ǳgdâf½U	|û½�1Ǳ$Ä�âf§�fK¤Ǳlf"3>lL§¥§NX�±UþÅðÚÄþÅð"�âUþÅð�n§�f¥�>f>l�§ÙUþ��ǱÙ3�fSÜ��åPU§=Ù¤?G��éuÄ��Uþ�"P>f�?uÌþfêǱ n!;�ÆÄþþfêǱ l!oÆÄþþfêǱ j �G�§�AG��UþǱ Enlj§K

EI = −Enlj , (6.1)
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6.1. �fG��UC 215¡Ǳ�AG�>f�>lU"3vkÙ§	|��¹e§XJTUþ��>fáÂ�Uþ Ea TÐǱ EI§KºÑ�>f?u·�G�"XJ>fáÂ�Uþ�u
EI§K>f± Ea − EI − Er ǱÄU£Ù¥ Er Ǳlf�dÄþÅðû½��ÀUþ¤!±ÄþÅðû½���$Ä"XJ�kÙ§	|§ºÑ�>fò±	|û½�$Ä1Ǳ9�UþÅðÚÄþÅðû½�$Ä1ǱÍÜ¤�1Ǳ$Ä"���!!!>>>fffÐÐÐ¼¼¼Xc¤ã§dug��Ø½5½/Ú	.�KǱ§?u�fS��>f��fØÐ¼½¡áÂ�y�¡Ǳ>fÐ¼§¿�â�Ð¼�>f�5¤?���{¡�Ǳ K Ð¼!L Ð¼�"du�S��>f��¡Ǳ K ��§Ïd��Uu)�>fÐ¼´ K Ð¼">fÐ¼u)�§�fØ�Ø>Öêu)Cz§~X�fêǱ Z ��fØÐ¼��>f�§ÙØ>Öê=CǱ Z − 1§lu)��Cz§Ù�L§�±LãǱ

p + e → n + νe , (6.2)Ù¥ p!n ©O�L�f!¥f§νe Ǳ>f.¥�f"Ù*ÿ�A´d�5��a¥5�f=CǱ,�a¥5�f§P�5��fǱ X!ÙØ>ÖêǱ Z!Ø�þêǱ A§u)>fÐ¼�=C���fǱ Y§Ku)��>fÐ¼�*ÿ�A�±LãǱ
A
ZX+ e → A

Z−1Y+ νe . (6.3)du>fÐ¼L§´f�p�^L§§Ïd�±df�p�^nØ£ã"qdu�>fu)�A/¤¥fÚ>f.¥�f��f?u�fØS§ÙG�É�fØ�¸�KǱ§½ö`ÉØ0��KǱ§Ïd�A£ãéE,§´�fØÔnïÄ¥�����K"=¦´é£¤ª¤«�>fÐ¼��L§§���ÄØ0��A£KǱ¤�¹e�ïÄE,´���fØÔnÚØUNÔn���K§ÏǱ§���Ø%¥ .�#(�u£��é��U©y�¤L§¥é��-Åäk2\9�^�¥�f6�rÝ�'é§��ÐÚ�ïÄ�ë�
Astrophysical Journal 678, 1517 (2008) �©z"nnn!!!þþþfff������mmm������[[[þfXÚl��½��,��½��üz¡Ǳ�["
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216 CHAPTER 6. �fG��UC�	>^|¥��f<�~�âÚå�[��Ïé�[?1©a"duþf�g��Ø½5Úå�dpUþ�gu/ò-�$Uþ���[¡Ǳgu�["É	.KǱ�)�d��þf��,��þf���[¡ǱÉ-�["XJÉ-�[¦XÚdpUþ�=C�$Uþ�§K¡�ǱÉ-u�"XJÉ-�[¦XÚd$Uþ�=C�pUþ�§K¡�ǱÉ-áÂ"Q,�[´þf�£½�¤�m�üz§@o��fG���[�A§�f¥>f�©Ù£½ö`§>^|�©Ù¤u)Cz"ù«Cz�Ì�AÆÚLy�±�â>^|�õ4Ðm�nÚ�{£äN�ë�>^Æ½>ÄåÆ��á½k';Í¤5LÆ§u´<�ò�fG���[©Ǳ>ó4!^ó4!>o4�4g��["'u£ãþf��m�[����{§·�®31�Ù1Ô!�±{�0�§ùpØ2ã"e¡{�?Øþf��[�u�XêÚáÂXê!±9~��$4g�[���5�Ú5Æ"
1. uuu���XXXêêê!!!áááÂÂÂXXXêêê������fff���ÆÆÆ···�âUþÅð�n§éuUþ©OǱ Ek′!Ek m��[§ÃØ´u�½áÂ§§Ñ7L÷vþfz^�

~ωk′k =
∣

∣Ek′ − Ek
∣

∣ = hνk′k , (6.4)Ù¥ ωk′k!νk′k ©OǱu�½áÂ�UþéA�þf���ªÇ!ªÇ§Ùmk'X ωk′k = 2πνk′k"c®ã9§u�´dpU��$U��=C§�)guu�ÚÉ-u�§K ωk′k£νk′k¤Ǳu�Ñ�1f��ªÇ£ªÇ¤"áÂK¦��fd$U�=C�pU�§�k3	.JøUþ��¹eâU
u)§ùÒ´`=kÉ-áÂ§ωk′k£νk′k¤KǱ�Au�f¤áÂUþ�þf���ªÇ£ªÇ¤"P�Ǳ tü NÈS?uEk!Ek′���fê©OǱNk!Nk′§b�Ek′ >

Ek§¿=�Ä�5ǱA§éguu�( k′ → k ) Kk
dNk′

dt
= −dNk

dt
= −Ak′kNk′ , (6.5)Ù¥Ak′k=�¡Ǳguu�Xê"
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6.1. �fG��UC 217P§Ý T �¹eË�|3ü ªÇS�Uþ�ÝǱ ρ(νk′k, T )§Ǳ=�Ä�5ǱA§éÉ-u�( k′ → k ) Kk
dNk′

dt
= −dNk

dt
= −Bk′kNk′ρ(νk′k, T ) , (6.6)Ù¥Bk′k=�¡ǱÉ-u�Xê"éÉ-áÂ( k→ k′ )§Kk

dNk′

dt
= −dNk

dt
= −Ckk′Nkρ(νk′k, T ) , (6.7)Ù¥Ckk′ =�¡ǱáÂXê"Ø�3	|��¹e§�kguu�§PÐ©�Ǳ?u k′���fêǱNk′0§@o3�5ǱAe§¦)�§ (6.5)§K��Ǳ tE?u k′���fêǱ

Nk′ = Nk′0e
−A

k′k
t . (6.8)3k	|��¹e§ÃØ	|XÛ§��G���fê8�O\Ç�½�u��[�A�,�G���fê8�~�Ç§u´k

dNk′

dt
= −dNk

dt
= −Ak′kNk′ − Bk′kNk′ρ(νk′k, T ) + Ckk′Nkρ(νk′k, T ) . (6.9)Uì�*¿Â§�f?u k′��Æ·=¦�A��fêdNk′0Cz� 0��m§u´§éuÃ	|�¹§TÆ·�±LãǱ

τ =
1

Nk′0

∫ 0

N
k′0

t|dNk′| =
∫ ∞

0

te−Ak′k
tAk′kdt =

1

Ak′k
.éuk	|�¹§���¹e§	|¦�?u�þf��âfêCzì�§J±(½��A��Æ·§Ïd§<�Ï~?Ø��Ä�²ï!÷*þÉ-u�þf�ê8�CzÇ�ò-u�þf�ê8�CzÇ�Ó�G�£<�~{¡ù���Ǳ�¤§= dN

k′

dt
= −dNk

dt
= 0 §�Æ·"d��½Â�§�Auk'�[�guu�Xê!É-u�Xê!É-áÂXê9	|�Uþ�Ý�mA÷v'X

[

Ak′k +Bk′kρ(νk′k, T )
]

Nk′ = Ckk′ρ(νk′k, T )Nk . (6.10)d§ÝǱT�9²ï�e�*£Uþ¤G��ÚO©Ù5Æ
Nk = N0e

− Ek
kBT
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218 CHAPTER 6. �fG��UC�	>^|¥��f�§©O?uEk!Ek′��fê�mk'X
Nk

Ek′
= e

E
k′

−Ek
kBT ,duÏ~�ÃÑÑ�¹e�É-áÂ�É-u�Ǳ�_L§§=k Bk′k = Ckk′§@o�Au��¹�	|Uþ�Ý�±LãǱ

ρ(νk′k, T ) =
Ak′k
Bk′k

Nk′

Nk −Nk′
=
Ak′k
Bk′k

1

e
~ω

k′k
kBT − 1

,Ù¥ ~ωk′k = Ek′ − Ek Ǳd k′�� k�ò-uuÑ�1��ÆªÇ"34p§�¹e§kBT � ~ωk′k§þªzǱ
ρ(νk′k, T ) =

Ak′k
Bk′k

1
~ω

k′k

kBT

=
Ak′k
Bk′k

kBT

~ωk′k
.u´k

Ak′k = ρ(νk′k, T )
~ωk′k
kBT

Bk′k .d£p§�¹e¤á�çNË��+�¤a|-7dúª�§
ρ(νk′k, T ) =

ω2
k′k

π2c3
kBT ,dd��

Ak′k =
~ω3

k′k

π2c3
Bk′k .½=k

Bk′k =
π2c3

~ω3
k′k

Ak′k .ùL²§éu��¹§��(½
guË�Xê Ak′k§=�(½É-Ë�Xê Bk′k§?�±(½�f� k′ �Æ·"
2. $$$444ggg���[[[���555���ÚÚÚ555ÆÆÆ
(1) >>>óóó444���[[[���555ÆÆÆ
〈i〉 �p�^��[AÇ
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6.1. �fG��UC 219>ó4£E1¤�^éAuN¹n¥¤ã�>^|Ðm¥� λ = E!K = 1"dN¹n�§>ó4�^�±U�Ǳ>ó4Ý�>|m��p�^§=
Ĥ ′ = −~p · ~E , (6.11)Ù¥ ~P Ǳ>ó4Ý§ ~EǱ>|rÝ§éuÏ~�>^Å¥�>|§§�±LãǱ

~E = ~E0 cos(ωt− ~k · ~r ) ≈ ~E0 cosωt ,Ù¥ωǱ>^|��ªÇ"éud k {n l j}�� k′ {n′ l′ j′}���[§�â¹�m�6�O��{§�[AÇ�±LãǱ
Wk→k′ =

π|Fk′k|2
~2

sin2[ωk′k − ω)t/2]

[(ωk′k − ω)/2]2
=

2πt

~
|Fk′k|2δ(Ek′ − Ek ± ~ω) , (6.12)Ù¥ωk′k =

E
k′
−Ek

~
§ Fk′k = 〈Ĥ ′〉 =

∫

ψ∗
k′(−~P · ~E0)ψkdτ§ dτǱéIP�f£>f¤?¤�þfG��¤kgdÝÈ©�NÈ�£Q�)éëYCþ�È©q�)é©lCþ�¦Ú¤"

〈ii〉�[ÀJ½Kd�[AÇ�L�ª£(6.12) ª¤�§�k3 Ek′ − Ek ± ~ω = 0 ��¹e§�[AÇâØǱ 0§ÏdkUþÀJ½Kµ
ω = ωk′k =

Ek′ −Ek
~

. (6.13)>ó4�^´>^�^��$4/ª"du>^�^L§¥§XÚ��¡´Åðþ§XÚ��¡dXÚ�;�ÆÄþû½§�â�¡�;�ÆÄþ�'X§Kk
∏

ED

= (−1)
∑
li =~þ . (6.14)½5/§1f�¡Ǳ−1§�âo�¡�±ØC§K�¦�f�Ð"��¡UC"T5Æ¡Ǳ.ÅA½K"äN/§�f�>ó4Ýd�fS>f�©ÙG�û½§éuw7á�fÚa�lf§§�±dd>f�>þ9Ù �¥þLãǱ ~P = −e~r ¶Ïd§
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220 CHAPTER 6. �fG��UC�	>^|¥��fd k {n l j}�� k′ {n′ l′ j′}��[��[Ý
�Ǳ
Fk′k = 〈Ĥ ′〉 =

〈

n′ l′ j′
∣

∣− ~P · ~E0

∣

∣n l j
〉

= e
〈

n′ l′ j′
∣

∣~r · ~E0

∣

∣n l j
〉

.P ~E0 ÷ z ��§~r� z ��m�YÆǱ θ§K
Fk′k = 〈Ĥ ′〉 = eE0

〈

n′ l′
∣

∣r
∣

∣n l
〉

·
〈

l′ j′
∣

∣ cos θ
∣

∣l j
〉

.ÏǱ cos θ = 2
√
3π
3
Y10§K

Fk′k = 〈Ĥ ′〉 = 2
√
3πeE0

3

〈

n′ l′
∣

∣r
∣

∣n l
〉

δ(l′ − l ∓ 1) δ(ml′ −ml) .ÏǱ 〈

n′ l′
∣

∣r
∣

∣n l
〉 Ǳ r 3»�Å¼êm�È©§Ø¬Ǳ 0§¤±�[Ý
�´ÄǱ

0§½ö`¤`��[´ÄU
u)§�ûu δ(l′ − l ∓ 1) Ú δ(ml′ −ml) ´Ä�u 0"u´§·�k>ó4�[�'uÆÄþ�ÀJ½Kµ






























∆l = li − lf = l − l′ = ±1 ,

∆ml = mli
−mlf

= ml −ml′ = 0 ,

∆j = ji − jf = j − j′ = 0,±1 ,

∆mj = mji
−mjf

= mj −mj′
′ = 0,±1 .

(6.15)

éuõ>f�f§þ�Ù�?ØL²§ÆÄþ�ÍÜk LS ÍÜ Ú JJ ÍÜ ü«�ª"éu LS ÍÜ�ª§duÙÍÜ5K´kò�>f�;�ÆÄþÍÜ¤�f�o;�ÆÄþ!�>f�g^ÍÜ¤�f�og^§,�2ò¤k>f�o;�ÆÄþ�¤k>f�og^ÍÜ¤�f�oÆÄþ§>ó4�^�g^Ã'§Ïd§LS �ªeõ>f�f�>ó4�[�ÆÄþÀJ½K´


















∆S ≡ 0 ,

∆L = 0,±1 ,

∆J = 0,±1 , (0 → 0Ø	) .

(6.16)
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6.1. �fG��UC 221éu JJ ÍÜ�ª§duÙÍÜ5K´kò�>f�;�ÆÄþ�Ùg^ÍÜ¤T>f�oÆÄþ§,�2ò�>f�oÆÄþÍÜ¤�f�oÆÄþ§�g^Ã'�>ó4�^¢S�z�>f�;�ÆÄþ?1�^§Ïd§JJ�ªeõ>f�f�>ó4�[�ÆÄþÀJ½K´






∆j1 = 0, ∆j2 = 0,±1 , ½ ∆j1 = 0,±1 , ∆j2 = 0 ,

∆J = 0,±1 , (0 → 0Ø	) .
(6.17)'uÏL>ó4�[uÑ�1� �5�§Ï~�½∆MJ = 0�1Ǳ π 1§=� �1¶∆MJ = ±1 �1Ǳ σ 1§½=� �1"UìHX1�DÂ��w1� �^���½§>¥þ�^��=Ä�¡Ǳm^ �1§>¥þ�_��=Ä�¡Ǳ�^ �1§ǱÒ`§éAu ∆m = −1 ��[�)� σ 1£½PǱ

σ− 1¤Ǳm^1§éAu ∆m = +1 ��[�)� σ 1£½PǱ σ+ 1¤Ǳ�^1"ù��½�Ä:´1f�g^3ÙDÂ��þ�ÝK�UC��f£>f¤�ÆÄþ31�DÂ��þ�ÝK�UC��"��/§é> K 4�[§�f�Ð"��¡�¦È÷v'X
∏

E,i

∏

E,f

= (−1)K ; (6.18)l§é K =Ûê 4�>�[§ÆÄþ�ÀJ½K´
∆L = Li − Lf = K,K − 2, · · · , 1 ;é K =óê 4�>�[§ÆÄþ�ÀJ½K´
∆L = Li − Lf = K,K − 2, · · · , 0 .

(2) ^̂̂óóó444���[[[^ó4£M1¤�^éAuN¹n¥¤ã�>^|Ðm¥� λ = M!K = 1"dN¹n�§éüd>f�f£lf¤§^ó4�^�±U�Ǳ^Ý�¥»m��^§¿k��¥�¼ê�ǱXê§=�p�^�/ª�±LãǱ
Ĥ ′ ∝ cos θY10(θ, φ) ∝ Y00(θ, φ) .
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222 CHAPTER 6. �fG��UC�	>^|¥��fÏd§^ó4�[Øk�>ó4�[�Ó�UþÀJ½K	§�kÆÄþÀJ½K
∆l = 0 .¿���í2�õ>f�fµ

∆n = 0 ,







∆L = 0 , ∆S = 0 ,

∆J = 0,±1 , ∆MJ = 0,±1 .
(6.19)éuÏL^ó4�[uÑ�1� �5�§Ï~�½ ∆MJ = 0 �1Ǳ σ1§∆MJ = ±1 �1Ǳ π 1"'�N¹n¥�Ñ� M1 �[��[AÇ�L�ª� E1 �[��[AÇ�L�ª�§M1 �[�AÇ' E1 �[�AÇ$§Ë��UþǱ�$§½=uÑ�1�ªÇ�$!Å���"��/§é^ K 4�[§�f�Ð"��¡�¦È÷v'X

∏

M,i

∏

M,f

= (−1)K+1 , (6.20)Ïd§é K =Ûê 4�^�[§ÆÄþ�ÀJ½K´
∆L = Li − Lf = K − 1, K − 3, · · · , 0 ;é K =óê 4�^�[§ÆÄþ�ÀJ½K´
∆L = Li − Lf = K − 1, K − 3, · · · , 1 .

6.1.3 ���fff111ÌÌÌ���!!!555c®ã9§�f1Ì´�fS�d>f�[º�Uþ£u�1f¤½áÂUþ£áÂ1f¤/¤�§´�fSÜþfG���«§d��±�����fSÜ£>f�¤U?(��&E§¿�±�â1Ì��rÝ?�ÚJ�Ñ�fSÜ>fG�©Ù�(�&EÚ�p�^�1Ǳ95Æ"���!!!ÀÀÀJJJ½½½KKK
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6.1. �fG��UC 223c®`²§?ÛÔnL§Ñ7L�ÅUþÅð�n§¿��f´>^�p�^û½�þfåPXÚ§Ù¥u)�?ÛÔnL§�7L�yXÚ��¡Åð§Ïd§éu=
G��m�±u)�[!luÑ½áÂ1§¿/¤�±��*ÿ�1Ì§ØI��yUþÅð	§éÆÄþ�kÀJ½K"'u~�#N�[�ÆÄþÀJ½KXþ��!¤ã§ùpØ2E"¯¢þ§3�
AÏ�¹e§Ø÷vÆÄþÀJ½K�L§Ǳ�±u)§ù«�[¡ǱB+�["��5ù§B+�[�rÝ��u#N�[�rÝ"B+�[¢Sþ´�
�Ï½Å�ÿØO(�Ù�L§§éE,"nnn!!!ÌÌÌ���555ÆÆÆ1�Ù®0�L§<�Ï~æ^ÅêLÆ1Ì�5Æ§¿uykp��–p[|Ü�n§=?Û��1Ì��ÅêÑ�±LãǱü�1Ì����§=k
ν̃ = T (n2)− T (n1) ,Ù¥T (nk)¡Ǳ1Ì�"2ö§�¶gÂ§Åê=ü �Ý«mSÅ�ê8§ǱÒ´Å�ÚªÇ�IP§31Ì¥ù
&E¡ǱÌ�� �"c¡�?ØL�[AÇ"�,§�[AÇ�=�)½áÂ�1fêõ§ǱLÆ�[AÇ���§<�Ú\
LÆÌ�S�¹�Ë�½áÂ�oõÇ�Ì�rÝ�Vg"·���§þf�éA�U?Ñäkg,°Ý§¹�3þf��m�[/¤1�§  ���k�ÝCz�Úå�ëY1Ì§Ïd§�f1Ì�Ì�¢SØ´AÛ¿Âþ��§´k�½°Ý�/¸0$�/�0§Ï~<�¡�ǱÌ�Ó+"�î>/ù§Ì�Ó+´�Ë�rÝ'uªÇ ν½Å�λ�¼ê'X�ã«§�~^�AÆ�Ik�¸°Ý!��°Ý!�Ê�§¤¢��¸°Ý=Ì�rÝ£Ì�pÝ¤ǱÙ������?éA�Ì�°Ý§��°ÝK��y±��rÝ£éAu�%§=Ø�ÄÌ�°Ý��ªÇ§�rÝ¤Ǳp±�%Ǳ¥��ü>þ!ÐmǱ°/¤�Ý/�¡È�TÌ�¸CX�¡È���°Ý"duÌ�rÝÚÌ�Ó+�O�Ú©ÛÑ'�E,§�Ñ��§��Æ§Ïde¡=é�f1Ì�Ì� �9Ì�(���±{�?Ø"

1. ������fffÚÚÚaaa���lllfff���111ÌÌÌ
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224 CHAPTER 6. �fG��UC�	>^|¥��f1�ÙÚ1nÙ�?ØL²§��fÚa�lf�1Ì��±LãǱ
T (n) =

R̃H

n2
,Ù¥ R̃H = Z2µee

4

8ε20h
3c

= 1.0967758× 107m−1 ¡Ǳp��~þ§µe Ǳ>f�òÜ�þ§Z ǱØ>Öê§n ǱIPþf��Ìþfê"¿�3�Ä
�fS�>f$Ä�Çép��¹e§k Z2α2

n2 £Ù¥ αǱ°[(�~ê¤��éØ5�A"¿�Uìuy<£½=d�[éX��f�"��Ìþfê¤ò��f�1Ì©ǱØÓ�Ì�X§~X§�Au nf = 1 �¡Ǳ4ùX§�Au nf = 2 �¡Ǳn�"X§�Au nf = 3 �¡Ǳø0X!��"Ø�Ä�éØ5?��¹e���f�1Ì�XXã 1.11 ¤«§�Ä
�éØ5?����f�1Ì�X£�@d¢#��Ñ"äNO�®�ǱSK 1.40 dÓÆ�gC�¤¤Xã 6.1 ¤«"'�ã 6.1 Úã 1.11 �§�Ä�éØ5?����f1Ì�Ø�Ä�éØ5?����f1Ì½5vk�O§=½þþk� 10−4 �?�£ÏǱ α ≈ 1
137
¤"2�Äg^–;�ÍÜ�^§·���§z��;�ÆÄþ l 6= 0 �U?Ñ©�Ǳü^§=U?äk°[(�§Ü©(JXã 5.1 ¤«"�A/§n�"X!ø0X!Ù.mX!��X�1Ì¥�5��^Ì�©�Ǳn^¶�éu4ùX§�^Ì�=©�Ǳü^"

2. www777ááá���fff���111ÌÌÌw7á�f==k��d>f� Li!Na!K!Rb!Cs!Fr ��f§´{ü§Ý=gu��fÚa�lf��f§Ù1Ì�E�L«Ǳaqu��fÚa�lf�1Ì��/ª§=k
TA(n) =

R̃A

(n∗)2
, (6.21)Ù¥ R̃AǱw7á�f A �p��~þ§Ù/ª�@Ǳ�a�lf��Ó§�´Ø>Öê Z A?UǱ�A��f¢�k�>Ö"n∗ = n−∆(n, l)Ǳ�Ä
õ>f�^��k��Ìþfê§∆(n, l)Ǳþfêº�£quantum defect)§Ï~d¢�(½§ykþfº�nØO�"w7á�f�1Ì�Ï~©ǱÌ�X!1�9�X!1�9�X!y�ùX!�"Ì�X=d�[ np → 2s (n≥ 2) /¤�1�Ì�¶1�9�XǱ¡Ǳû�X§§´d�[ nd → 2p (n≥ 3) /¤�1�Ì�¶1�9�XǱ¡Ǳb�X§
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6.1. �fG��UC 225

Figure 6.1: �Ä
�éØ5?����f�1Ì�X«¿ã"
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226 CHAPTER 6. �fG��UC�	>^|¥��f§´d�[ ns → 2p (n≥ 3) /¤�1�Ì�¶y�ùXǱ¡ǱÄ�X§§´d�[ nf → 3d (n≥ 3) /¤�1�Ì�"ÙÄ�AÆ±��f�1Ì�XǱ~ã«uã 6.2"

Figure 6.2: ��f�1Ì�X«¿ã"
Figure 6.3: w7á�f1Ì��
�X�°[(�«¿ã"2�Ä>f�g^–;�ÍÜ�^§w7á�f�¤k;�ÆÄþþfê l 6=

0�U?Ñu)©�§ÏǱ>f�g^þfêǱ 1
2
§lÙoÆÄþþfê

j = l ± 1
2
§=¤k l 6= 0��¢SÑ´/V0�§@ow7á�f�õêÌ�Ñk
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6.1. �fG��UC 227°[(�§äNLy´Ì�XÚb�XkV�§û�XÚÄ�Xkn�"Xã 6.3¤«"
3. õõõddd>>>fff���fff���111ÌÌÌd1oÙÚ1ÊÙ�?Ø�§õ>f�f�U?ÚG�ÑéE,"�A/§dØÓG�m�[¤uÑ½áÂ�1ÌéE,§éu����/¤��f§duÙÆÄþÍÜ�±æ^ LS �ª§ÏdÏ~Uog^S���é�©|§~X§±�f�1ÌU�±Ú®±©ǱõÌ�Úü�ü|§Xã 6.4 ¤«"�éu���/¤��f§duÙÆÄþÍÜÏ~æ^ JJ �ª§ÏdéÙ1Ì��©|�é(Jéõ§~X§þ�f�Ü©1Ì�Xã 6.5 ¤«"éw,§þ�f�1ÌØX±�f�1Ì5K!{ü§¦+Ùd>fÑ´ü�"
4. BBB+++���[[[ÞÞÞ~~~·���§UþÀJ½KÚÆÄþÀJ½K´�f¥u)U?�[!l�)½öáÂ1��Ì�Ä��n"�3þ¡Q²J�§3�
AÏ�¹e§Ø÷vÆÄþÀJ½K�L§Ǳ�±u)§¿òù«�[¡ǱB+�[¶�QJ�§B+�[¢Sþ´�
�Ï½Å�ÿØO(�Ù�L§§éE,"ùp=± 1S–2Sm��[Ǳ~éB+�[�±{ü`²§�Ø��\?Ø"�âÆÄþÀJ½K§1S–2S��mØUu)�["�´§XJb½3 1S �
2S ��mk�;�ÆÄþǱ 1 �£J¤�§Xã 6.6 ���Ü©fã¥�JY²�¤«§K3 1S � 2S ��m=�± S–P Ú P–S �üÚL§u)�["du3þã�üÚL§¥©OkUþǱ hν1!hν2 �1fu�½áÂ§Ïd<�Ǳ¡�ǱV1f�["k
þãV1f�[Å�§1S–2S ��m=�u)¤¢�B+�["þV80c�¥Ï§<��¤
�X�p°Ý�¢�y¢
��f� 1S–2S ��m�B+�[£Physical Review Letters 54, 1913 (1985¤¶ibid§56, 576 (1986)¶�¤"ã 6.6 �m�Ü©fã�Ñ3 4× 10−10 °Ýe± 130Te2 �Å� 486 nm �Ì�ǱIO�O�C�þé��f� 1S–2S ��m�V1f�[ÿþ�(J"¢�ÿ�éAu��f� 1S–2S m�[� 243 nm Ì��ªÇǱ ν(1S–2S) =

2466061395.6(4.8) MHz§p��~þǱ 109737.31492(22) cm−1§léÐ/y²
��f� 1S–2S ��m�V1f�["
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228 CHAPTER 6. �fG��UC�	>^|¥��f

Figure 6.4: ±�f�1Ì�X«¿ã"ooo!!!AAA^̂̂ÞÞÞ~~~
1. þþþfffªªªIII·�@®Ù�§O�IOÚ�ÝOþIOØ=é°�ÿ½Ä�Ôn~êÚ�f!©f�U?(�!UN9�»*ÿ!�/ÿþ�Ä:ïÄäk�¿Â§éÏ&!�Ê!»���!¥(�l!°�¤ì�O!>�N!!�Ï+n!>À!��y�EâÚ�¬)�$19F~)¹Ñu�X��^"�ÙÚcAÙ�?ØL²§z�«�f�þf��[/¤�1ÌÑkÙ(½� �§=k(½�ªÇ!Å�Ú±Ï"u´§<��±±��Ǳ�mÚ�Ý�ÝþÄO"|^�
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6.1. �fG��UC 229

Figure 6.5: þ�f�Ü©1Ì�X«¿ã"

Figure 6.6: ��f� 2S → 1S �[�n«¿ã£�¤9¢�ÿþ(J£m¤"fSÜ½U?�þf�[ªÇ�¤ë�IO5£½&Ò�>^��ªÇ�OþIOìä¡ǱþfªÇIO£quantum frequency standard¤"�äN/§U
ëY/é�fSÜ��[ªÇ&Ò?1±ÏÈ\Oê!l�Ñ¦!©!����Ǳ&Ò�OþIOìä¡Ǳ�f¨"þfªIU�^�n�©Ǳ�-.Úg-.ü«"�-.þfªIC�dþf�[uÿC�!É�ªÇ&Òu)ì£��Ǳ�=¬N��ì¤!ªÇC�C�Ú>fgÄ��C�|¤"&Òu)ì�)IOªÇÑÑ&Ò§Ó�ÏLªÇC�C�JøÜ·ªÇ�>^��§±-y�fXÚ�þf�["�[&Ò�-yªÇ�'X¥± ν0 =
En−En′

h
Ǳ¥%ªÇ���1Ì�/G§Ù¥ h ǱÊK�
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230 CHAPTER 6. �fG��UC�	>^|¥��f~þ§En ÚEn′ Ǳ��½��ǱIOªÇ�A��fþf��Uþ"�~�¹eIOªÇ�)�-y&ÒªÇ�Ðá3¥%ªÇþ"�&Òu)ìªÇu)Cz�§-y&ÒªÇ l¥%ªÇ§uÿC��âuÿ���[&Ò5�½-yªÇ l¥%������§�ÑØ�&Ò§ÏLgÄ��C�¦&ÒªÇÅ���( �§�yÑÑªÇØC"~^�k��fåªIÚ�í¿ªI�"g-.ªI´±þf�[uÿC��Â�ÅÉ-u���ì�)�ªÌ4Ä�Ë�&Ò§¿�É�&Òu)ì�)�²ªÇC���-y&Ò?1� '�§��Ø�&Ò§?N�ÑÑªÇ!¦��±ØC"�-�ì9 ±��1Åã�áÂÌ�5½-1ªÇ�C��Ñ´g-.ªI"þfªI�Ì�5U�I´ªÇO(ÝÚ½Ý"ªÇO(Ý�ªIÑÑªÇ�I¡ªÇ��C§Ý§±�éªÇ � δν/ν0 LÆ"8c§ªÇÄOÑæ^¢�¿��fªI§��f��ªI�O(Ý®p� 1 × 10−15"Ïd§y3��mÄOü ¦½ÂǱÃZ6��£�O(/§133Cs¤�fÄ��°[�[�Ë�±Ï� 9192631770 �¶¿±�ǱÄ:§?½Â�ÝÄ�ü �Ǳ 1
299792458

¦�mS13ý�¥DÑ�ål£ÏǱý�¥�1�Ǳ~þ¤"ªÇ½Ý��½���mS²þªÇ��m��éCz"¢^¥§<�Ø'5þãü�Ì��I	§�'5ªÇ¤£Ç!Ey5!ªÇ§ÝXê��I"8c§�ªÅã�>^ÅªÇC�®¤Ǳ~5Eâ§�EkNõïÄÚU?�{/"1ªã�ªÇC�§y3u²
Äu�¦£�-1ì�1ªÎGu)ì§ÙªÇm��î�£½3�ª&Òþ§�¤
1ªÚ�ª�ó�§dd¢y
1ªI£1¨¤§�uÐïá
?�Ú\�1�ªÇÚrÝ�}òEâ£®Ç�2018c�ì��ÔnÆø¤Ú1ÎEâ�§¦�éªÇÚ�m�Oþ°Ý�p"duù
Ñ'�;�§ùpØ�[ã§k,��Öö�ë��ÂÐ��Í�5þfªI�n6£�ÆÑ��¤"
2. UUUNNNÚÚÚ���»»»ÔÔÔ������(((������555������&&&ÿÿÿ£�®?ØL��f1Ì£�)°[(�!�°[(��¤§¿JcÚãd�ò?Ø� X ��!©f1ÌÚ�fØ�1Ì�AÆ§·���§~��dåPþf��m�[u�½áÂ�1Ì��
Ä�AÆÚ;.¢~XL 6.1 ¤«"1�Ù?Ø�f1Ì�Q²JL§ÏLcº�©1ì�=����G1Ì"@o§3·�À��©1ì�cà�±"�º=�*ÿ¿P¹(N!(SÔ�D�
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6.1. �fG��UC 231

Table 6.1: ~��åP��m�[u�½áÂ�Uþ!¤?Ì�«9¢~VA� [ U þ/eV Ì « ;.¢~�°[(� 10−5 �> 21 cm ��g^–;�ÍÜ 10−5 �> OH�1666MHz �[�©f=Ä 10−2∼10−4 Î�!ù	 CO©f�2.6mm(1→0)�©f=Ä–�Ä 1 ∼ 10−1 ù	 H2 ©f�∼ 2µm ��f°[(� 1 ∼ 10−3 ù	 12.8µm �NeII ��f!lfÚ©f 10−2 ∼ 10 b	!��1! ��4ù�!n�"�!�>f�[ ù	 C I, He I ���
10 ∼ 104 b	!X �� K!L ��>f��Ø�[ > 104 γ�� 15.11MeV� 12C �>f�v & 104 511 keV ��»�?Ô��1Ì"¿�§c®ã9§�f1Ì´Ô��f�(�Ú5���«"í2�K�§UN9�»Ô��1ÌÒ´UNÚ�»Ô�|©�(�Ú5���«"1Ì�5��)Ì� �!Ì�rÝÚÌ�Ó+��¡§@o1Ì�5��ù
ØÓý¡LÆUNÚ�»Ô�£�)(NÔ�!(SÔ�9�»�?Ô��¤�|©(�£½=��@y¤!´Ý!$Ä�Ý!§Ý!Øå!å9^|�5�"äN�éA'XXeµÌ�� � =⇒ ���@yÌ�rÝ½��°Ý =⇒ zÆ|¤§��´ÝÌ� �ÚÓ+ =⇒ ÷*�Ý|Ì�rÝ§°Ý =⇒ §Ý!Øå!åÌ�Ó+ =⇒ �*�Ý|lù©�§ � =⇒ ^|duUNÔ�Ñ?u$ÄG�§Ïd3�UN½�»Ô��1Ì�©Û�§ØU�é/¥þ�Ï~Ô��1Ì©Û��§='%±ªÇ ν!½Å�λ!½Å
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232 CHAPTER 6. �fG��UC�	>^|¥��fê ν̃ = 1
λ
(cm−1) ½Uþ hν (eV) IP�Ì� �ÚÌ�rÝ9Ì�Ó+§�ATAO5¿�	õÊV£Doppler¤�A�KǱ"~X§PUNË��éu*ÿö±�é�Ý v $Ä§*ÿöé,Ì��Å��*ÿ� λ′ �¢�¿¥·�1�Å� λ k�� ∆λ = λ′ − λ§Ï~é�±ù£þ

z =
∆λ

λLÆ"dåÆ�n�§éu$�$Ä�¹§
∆λ =

v

c
λ ,½=ù£þ z ��é�Ý v �mk'X

z =
v

c
.éupù££v é�¤�¹§

v

c
=

(1 + z)2 − 1

(1 + z)2 + 1
.dd�§�UN�l*ÿö�§v > 0§∆λ > 0§z > 0§=Ñyý��ù£¶�UNªC*ÿö�§v < 0§∆λ < 0§z < 0§=¢SÑy7£"2X§é�(NÔ�¤u1Ì�ÿþ�ÙrÝ~f��r�����ù£þǱ

z§XJT(NÔ��±CqǱ���þǱ µ �íN§KT(N�L¡§ÝǱ
T =

µc

8R ln 2
z2 ,Ù¥ R ǱÊ·íN~þ"

6.1.4 SSS���>>>fff���[[[���X������ÌÌÌ���!!!SSS���>>>fff���[[[£�þ�Ù�?Ø�§�fS>f¤?�þf�U�(�©�§¿�dS�	W¿ù
þf�"du>f´¤�f§�|Ø�N�n¦���þf���Ud��>f¤?§ǱÒ´`§XJ���$Uþ�þf�®²k��>f¤?§Ù§>fØ�U25?uù�þf�§ù�y�£¢S´5Æ¤~�¡Ǳ�|×l
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6.1. �fG��UC 233£Pauli blocking¤"Ïd§Ï~��fS�þf��m��[Ì�´?u	��þf��m��["du?u	��þf��m�Uþ���§Ïdº�Ñ�1f�Uþ�$§½=uÑ�1�ªÇ�$!Å���§�oÑ/�O�§
ν =

En −En−1

h
≈ Z2RH

( 1

(n− 1)2
− 1

n2

)

≈ RH

n2

2Z2

n− 1
,ùL²§�X���	§=�XÌþfê n O�§¤uÑ�1�ªÇ~�!Å�C�",§�k	|KǱ�§�f£S�>f¤�±u)É-�[$�>l"�	|Uþ�p�§�±¦�fS��>f-u£É�|�n��¤½>l§l¦S�Ñyþf��� §Ï~·�¡�Ǳ�Ç"Xã 6.7 ¥�°��%�Þ¤«§XJ K �>f�-u½>l§K �=Ñy�Ç¶XJ L �>f�-u½>l§L �=Ñy�Ç¶XJ M �>f�-u½>l§M�=Ñy�Ç"3S�>f�>l½-u�pUþ�!lS�Ñy�Ç��¹e§�pUþ��>f�±�[�T�Ç�§Ë�Ñ1f§/¤1§Xã 6.7 ¥IPǱ

Kα!Kβ!Kγ!Lα!Lβ!Lγ!��¢%�ÞIP��[¤«"

Figure 6.7: �f�S�>fºÑ½-u9�UÚå��Y�[/¤�1Ì�X«¿ã"ù�/¤�1w,äkUþ�p£p�1 eV ∼ 100 keV¤!Å��á£0.01 ∼
1.0 nm¤�A:"
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234 CHAPTER 6. �fG��UC�	>^|¥��f���!!!X ������ÌÌÌ
1. X ������������)))���uuuyyyXJ�fÉUþ�p�	|KǱ§¦S��Ñy�Ç§�pUþ�£�	�¤�>f�[�T�Ç/¤�1ÄÑ�f§=u�ÑUþ�p!Å��á�1"du�@@£�ù«1�§¤Ýº�§�A:==´ÙUþ�Ï~1�Uþp!BßUår£kÍ¶�Ô�Å<�Ã���ì¡§ÏǱéõ�áÚÙ§Ör]ÆþÑkTì¡§ùpÑ�¤§�ÄÙ �5Ú���Ø(½5§¡�Ǳ X ��"y3§<�Ï~|^ X ��+£kÒ�ü4�pý�+¤�) X 1£X ��¤§¢�¥~^� X 1+Xã 6.8 ¤«§dÒ4ÄÑ�>f²ép>Ø�>|\��ñÂqáÆ£Ï~Ǳ7á¤§¦q�f�S�Ñy�Ç§l�) X ��£X 1¤"

Figure 6.8: �) X 1� X 1+C�«¿ã"�	 X 1uy�{¤§·���§1879c=IÔnÆ[W. Crookes uyÒ4��+NC�ì�.�#¶Ù©/�Í1!¿P¹k�
�ÒK"1890c A.W.

Goodspeed Ú W.W. Jennings ǱuyÒ4��+NC�ì�.��Í1",§¦�þrÒ4��+NC�ì�.��Í1@Ǳ´gC�CØ�%§�¦§��Í
1"1895c11 �þÍ§�IÔnÆ[Ô�£W. K. Roentgen¤3V¿¥?1Ò4��+¥íN�>¢��§Ǳ
;���1Úb	��KǱ§Òæ^çÚ��òÒ4��+íå5"�¦%uy�ãål�	�F1¶þÑy
�f�F1"²�Eõg¢��§Ô�(@F1¶þ�F1Ø´Ù�KØî¢!ldÒ4��Úå§´Ò4��+u�Ñ�kBßUå4r�ÀÜ¤�"Ù����õ�S§Ô�?1
éõ¢�§uyù«ÀÜ÷��DÂ§Ø�ò�½��§ǱØ�^| =§¿d�û��
�4�ÝfS�U²!jl��Ó+�ì¡§c
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6.1. �fG��UC 235Ù´û��
¦Å<�Ã���ì¡§duÃ��þ��ÇÚ*SýØ�UéÃ���KØî§Ïd¿©`²Ò4��+¬�ÑØÓuÒ4���äk4rBßUå���"u´§Ô�31895c.\Ö
¦�±/Ø#���0ǱK8��w"1896c§éõI[�ÔnÆ[�Ñ(@
Ô��uy§¿3Ô�\ÙÙ(J�áán����§�ǱB���¥Ò3	�£�¥A^ X ��5û¡"ÄuÔ��ù��uyÚ�A^§¦¼�
 1901 c�ì��ÔnÆø£Ä�¤"'u X �����§duÔ�ÿþ�§÷��DÂ!Ø�^| =§vkÿþ�Ùò�Úû�§ÏdÔ�3@Ï�Ø@Ǳ§�1Ã'"1906c=IÔnÆ[n�.£G. G. Barkla¤uy X ��äk �5§1912c�IÔnÆ[N�£M.

T. F. von Laue¤�?1
 X ��3ñí¬Nþû��¢�§`² X ��äk�Ï~�1�Ó�ÅÄ5£W. Friedrich, P. Knipping, and M. Laue, Ann. Physik

41, 971 (1913) ¤§l�«Ñ X ��Ò´Å��á�1���"âd§N�¼�
1914c�ì��ÔnÆø"£�ùã{¤·�uy§Ôn�úÚuy¯K�Uå3�ÆïÄ¥�'�§¿�·�Ø=I�1�5g��° Ú¿£§�I��´1�5g��UåÚÕáî>g�£Ø�ºÅ6¤�Uå"
2. X 111������XXX�Ä/¤ X 1�Å�§<�U>f�-u�/¤�Ç�U�ò X ����G1Ì©ǱØÓ�X§¿¡ K �£Ìþfê n = 1 ��¤Ñy�Ç!�pU��>f���[/¤� X 1�1ÌǱ K �X§¿k Kα �£d n = 2 �U��[5uÑ�1¤!Kβ �£d n = 3 �U��[5uÑ�1¤!Kγ �£d n = 4 �U��[5uÑ�1¤!��"�A/§<�¡ L �£Ìþfê n = 2 ��¤Ñy�Ç!�pU��>f���[/¤� X 1�1ÌǱ L �X§¿k Lα �£d
n = 3 �U��[5uÑ�1¤!Lβ �£d n = 4 �U��[5uÑ�1¤!Lγ�£d n = 5 �U��[5uÑ�1¤!��¶M �£Ìþfê n = 3 ��¤Ñy�Ç!�pU��>f���[/¤� X 1�1ÌǱ M �X§¿k Mα �£d n = 4 �U��[5uÑ�1¤!Mβ �£d n = 5 �U��[5uÑ�1¤!Mγ �£d n = 6 �U��[5uÑ�1¤!��"ã 6.7 Ø�Ñ
S�>f�-u/¤�Ç�«¿ã	§��Ñ
�pU�>f��Ç�[�)� X 1�
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236 CHAPTER 6. �fG��UC�	>^|¥��f1Ì�X�©a9ÙIP"
3. X ������III«««ÌÌÌ>f�-uL§¥�~�$Ä§uÑëY�>�Ë�£bremsstrahlung¤Ì"U\3>�Ë�ëYÌÄ:þ� X ���GÌ�X¡Ǳ X ��I«Ì£1906c
C.G. Barkla uy"Barkla âd¼�
1917 c�ì��ÔnÆø¤"X ��I£Ì�Ä�AÆXã 6.9 ¤«"

Figure 6.9: X ��I«Ì«¿ã"�	 X ���I£Ì´�§§�3�áÅ�§ǱÒ´�3b�"·�®�§X��£X 1¤´S�>fÉ	5KǱ�-u/¤�Ç�!�pUþ��>f��Ç��[/¤�"P	5KǱ´�ü >þ�âf£~X§>f½�f¤§Ù3>ØǱ V �	\>|¥¼��Uþ£ÄU¤Ǳ
Ek = q · V = 1e · V .d��)�Ç¿Úå>f��Ç�[�)� X 1�Uþ��Ø¬�L Ek§Pù�/¤�1f�UþǱ hνmax§�A�Å�Ǳ λmin§Kk

hνmax =
hc

λmin
= Ek = 1e · V .u´k

λmin =
hc

1e · V .ò~þ�ê��\O�§K�
λmin =

1.24

V
nm

/

kV ,
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6.1. �fG��UC 237Ù¥ kV L«	\>Ø±ZÏǱü "þªL²§X ��I£Ì��áÅ�=d�) X ����	\>|�>Øû½§��) X ���äNÔ�£�f¤Ã'£3�
ØÓ>Øe±7á¾�Ǳ�)� X ���u�Ì93��(½>Øe±7á¾Ú7á��Ǳ�)� X���u�ÌXã 6.10 ¤«¤" Ïd§ù��áÅ�Ï~�¡Ǳ X 1�þf4

Figure 6.10: A�ØÓ>Øe¾� X ��u�Ì£�¤Ú��(½>Øe¾Ú�� X ��u�Ì£m¤"�"T5Æ�@d{IÔnÆ[ÚS£W. Duane¤ÚíA£P. Hunt¤ÏL©Ûo(�þ¢�(J�Ñ§¿d�ÿ½
ÊK�~þ§¤�(J�d1>�A���(J�Ó£Physical Review 5 (8), 166 (1915)¤"nnn!!!###lll444½½½ÆÆÆ���###lll444ãããþã?ØL²§�kþf�äkõ�������f�S�>f�[â�)
X1"éu��fS�S�>f§du>f¶-§ÙaÉ��Ø>ÖØ´Ze§AT´��>ÖZ∗e§Tk�>Ö�±ÏLÚ\��¶->Öê5LÆ§=k

Z∗ = Z − σn .@o§ëìa�lf�1Ì��Lã/ª§�±ò X 1�1Ì�LãǱ
TX(n) =

R̃A

n2
(Z − σn) . (6.22)
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238 CHAPTER 6. �fG��UC�	>^|¥��fÙ¥ R̃A Ǳ�þêǱ A ��f�p��~þ"u´§éu X 1� K �X§Ù�Ì��Åê�±d/¤TÌ��>f�Ð¤?G��Ìþfê n Ú�A�¶->ÖêLãǱ
ν̃K = R̃A

((Z − σ1)
2

12
− (Z − σn)

2

n2

)

.=IÆö#l4£H.G.J. Moseley¤Æ¬ÏL©Û8B�Ì�X¥�Ì��Åêuy§þª�±U�Ǳ̃
νK = R̃A

( 1

12
− 1

n2

)

(

Z − σK
)2 ∝

(

Z − σK
)2
.

L �X¥�Ì��Åê�±LãǱ
ν̃L = R̃A

( 1

22
− 1

n2

)

(

Z − σL
)2 ∝

(

Z − σL
)2
.¿�§é�Ì�X¥�Ì��Åê§Ñ�±��/LãǱ

√
ν̃ ∝ Z − σ , (6.23)Ù¥� σ ¡Ǳ�)�A�X�-u>f�>Ö¶-ê"T'X¡Ǳ#l4½Æ§�A�'Xã¡Ǳ#l4ã£1913–1914 cJÑ¤§�
�f¤u�� X 1�#l4ã«uã 6.11 ¥"

Figure 6.11: �
�f¤u� X 1�#l4ã"
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6.1. �fG��UC 239du#l4½Æ´²�5Æ§Ù¥�-u>f�>Ö¶-êǱ=k²��µ σK = 1!σL = 7.4!��"d#l4½ÆÚ#l4ã�§o((½
�) X 1�-u>f�>Ö¶-ê��§<��±d X 1Ì(½�f£��¤�Ø>Öê§ǱÒ´(½y3Ï~¤`��fSê"¯¢þ§�dâk�fSê�Vg"Q, X ���1Ì �9Ù(�=d�) X 1�����fSêû½§@o§�,�±d�©ÛÔ�áÆ�¤©"8c§± X ��F11Ì©ÛÔ�áÆ¤©��{®²¤ǱÊHæ^�Ä��{§¿�¦�fS��)þf��Ç�¤^��ØÓ·¶§~X§±>få�)�Ç!?u� X 1Ðm�©Û¡Ǳ>f X £e–X¤F1©Û§±�få�)�Ç!?u� X 1Ðm�©Û¡Ǳ�f X £p–X¤F1©Û§±lfå�)�Ç!?u� X 1Ðm�©Û¡Ǳlf X £I–X¤F1©Û§± X 1�)�Ç!?u� X 1Ðm�©Û¡Ǳ X £X–X¤F1©Û§��"ooo!!!SSS111>>>���AAA���������>>>fffÌÌÌ
1. SSS111>>>���AAAS�>f�>l½-u�pUþ��§S�Ñy�Ç§�pUþ��>f�±�[�T�Ç�§uÑ1f"ùa1fXJË�Ñ�§=/¤X1¶XJD4�,��pU�£?u�p��¤�>f§K�¦�>l§ù«y�¡ǱS1>�A§>lÑ5�>f¡Ǳ��>f£1923c P. Auger uy¤"
2. ������>>>fffÌÌÌ± L �>fò-� K ��!Ë��1f¦ M ���>f>lǱ~§�âUþÅð�n§��>f�UþǱ

EA
d = EL − EK + EM . (6.24)

3. K ������FFF111������c®`²§��f¥�$Uþ�Ñy�Ç�§�pUþ��>f�±�[�T�Ç�§uÑ1f§ùa1f�±Ë�Ñ�!/¤ X 1¶Ǳ�±D4�,��pU��>f§¦�>l§lÑy��>f"����&Ä�¯Kg,´/¤ X1�AÇÚ/¤��>f�AÇ�Ǳõ�"Ǳ�ÙLÆù�¯K§<�±�ÐÑ
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240 CHAPTER 6. �fG��UC�	>^|¥��fy�Ç���ǱÄ:§Ú\�A��F1���VgLÆÙ�) X 1£��¤�AÇ"~X§éu�Ð3 K ��Ñy�Ç��¹§P�½þ�£=�foê(½�¤Ô�¥§3 K ��Ñy�Ç�ê8Ǳ Nh
K§/¤ X 1�1fêǱ NX

y §K K��F1��§½= X ���)AÇ§Ǳ
ωK =

NX
y

Nh
K

. (6.25)�ÄUþÅð�n§½��/ù§1f�þf��91fêÅð§��>f�)AÇKǱ 1− ωK"8c§ÿÃ{ü�Ù�nØ�{�±^5k�/O� K ��9Ù§$���F1��§�k²�5Æµ�Ø>Öê Z O�§K ��F1�� ωK O�"
4. AAA^̂̂{{{ãããd (6.24) ª�§��>f�Uþdn�U?�Uþû½§ùL²§�Ï~�1Ì�'§�f���>fUþÌ½ÄþÌ�±��Ù�¡/�N�f(��&E"��>f���«�fSØÓL§�AÇ½ª�5"Ïd§��>fÄþÌ½UþÌ®�2�A^ué�f(�!L¡Ô5!áÆ(�!zÆ�AÄåÆ�+��ïÄó�§¿3>f!�7�+�?1p(¯Ý�uÿ�¯�©Û"
6.1.5 ---111999ÙÙÙ���)))���nnn?Û�þÔnG��NXÑ÷vÚO5Æ§ÏdÏ~�¹e§ý�õêÔ���fÑ?uÙÄ�§�Ǳk�Ü©?u-u�"=¦´é�f�Ä�§Ù¥��>f��U?ǱÑk�"�°Ý§=ù
þf��Æ·ÑØ´Ã��§´=kk��Æ·§ù
þf��m�gu�[¦�fuÑ1"duù
��m÷v�[�ÆÄþÀJ½K��éõ§ÏdÏLguË�uÑ�1�¹k�«���[��z"qdu��f¥�ù«guË����gÕá§��fuÑ�14�U�,ØÓ§Ïd·�Ï~w����1�õǱ�¹kõ«Å�¤©�x1§¿�rÝØ�"@o§=|^g,��fU?m��[§·�Ã{��Ï"�Å�ÚrÝ�1§l7L<Ǳ���f¥�þf��ê8§±��<�Ï"�Å�ÚrÝ�1"u´§<�u²
-1"-1´/É-Ë�1��ì0�{¡§Ù=©Lã laser ´/light amplification by stimulated emission of radiation0��üc�Äi1 �"
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6.1. �fG��UC 241±nU?XÚǱ~§-1�)��nXã 6.12 ¤«§Uì�þ�*G��ÚO5Æ§�f�õ?uÄ�§�
�f?uäk�pUþ�æ�§����f?uUþ�p�áÆ·�"�´§<��±ÏL�\	|§ò?uÄ��>f"
Figure 6.12: -1�)�n«¿ã"Ë�äk��pUþ�áÆ·�§?uUþ�p�áÆ·���f¬ÏLguË�ò-u�äk��Æ·�æ�§lÑy?uæ�-u���fê'?uÄ���fê�õ��¹§ǱÒ´ÑyU?�=£½ö¡UUþG��âfê�=¤"ù��éõ?uæ���f�Ä�gu�[�=����prÝ�ªÇ�Ó!Ð� �Ó! ����Ó�1§ǱÒ�±ÏLÉ-Ë�kÀJ/¦�
AÏ�1�rÝ����"þã�/ÏLÉ-Ë�kÀJ/¦�
AÏ�1�rÝ����0��U5Ø¬gu/¤Ǳy¢§ÏǱl�fuÑ�ªÇ�5��Ó�1�DÂ���Ø�Ó"Ǳý�¢y/rÝ����0§<��I�éù
Ñ����Ø�Ó�1?1N�"Ïd§¢y-1�1��^�´7Lk��äk��"!��ÚÑÑ�^�1Æ��n"3��n¥§ ló�Ô�¶��1fºÑn	§�k÷X¶�DÂ�1f3��nüà��º�^eâU �DÂ¶ù
1fÒ¤ǱÚåÉ-Ë��-uÏf§§����¶�É-Ë���)"É-Ë�uÑ�1f�ÚåÉ-Ë��1fk�Ó�ªÇ!� !DÂ��Ú �G�§§�÷¶���Øä/ �§BL®¢yâfê�=�ó�Ô�§lØä/ÚuÉ-Ë�§¦¶�1?�1fØä����"ù«�¢È�ª�1��L§¦���nS÷¶����1fê£1�rÝ¤½,O�§¿�l��n�Ü©��ºàÚÑ§l��-1£å¤"þã�¦1r�±�����ºÑk�½�rÝþ�§ÏdØ�U��éprÝ�-1"Ǳ��pªÇprÝ�-1§<�uÐïá
}òóÀ��Eâ
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242 CHAPTER 6. �fG��UC�	>^|¥��f£chirped pulse amplification, {¡CPA¤" ÙÄ��nXã 6.13 �þ�Ü©¤«§éu�~�áóÀ-1§|^�é1»óÀÐ°ìróÀ.°§=¦-1�ªÇü$§l¦-1�¸�õÇü$§�ycã�����ºØ��¤",�éÐ°�£ªÇü$�¤óÀ?1��§ù�E��y����º�~ó�"2,�|^�é1»óÀØ ìéóÀ?1Ø §=¦-1�ªÇ:ìOp§l-1�¸�õÇ�±�ÌÝJp§ù�Ò��
pªÇprÝ�-1"|^ù��}òóÀ��Eâéà�1r�J,�JXã 6.13 �e�Ü©¤«£d� 1014W/cm2Jp�� 1022W/cm2¤"Äu}òóÀ��Eâ3Jp-1¬�!ÿÐ-1A^+��¡�â»5�z§Ùu²< Gérard Mourou Ú Donna

Strickland ¼�
2018 c�ì��ÔnÆø"�C�ïÄL²§ÏL��NL¡þ�Å©Ù��Ç!�é¡�nÚå�·b$Ä�Ǳ�±�Ï��p¬��-1§k,��Öö�ë� Physical

Review Letters 82 (11), 2278 (1999)¶Nature 503, 200 (2013)¶Science 358, 344

(2018)¶Science 361, 1225 (2018)¶��©z"cã?ØL²§ÏL<óö��fG�§�±���f�gþ�prÝ-1§�ü1fUþEγ = 100−102 eV§X ��-1�±���ü1fUþǱÒ´EX ≈ 101−102 keV"Ǳ��ü1fUþ�p£lrÝ��¤�-1§<�JÑ
<óö��fØG���{§¿k�w(¡§|^ü1fUþ� 40 keV � X1"Ë�PÏǱ 31 c� 178Hf �fØ§��
ü1fUþ Eγ = 2.446MeV �Ø
X ��-1"ù��-1Ø=ü1fUþép§ÙUþOÃ£� 60¤Ǳ�pu�f�gþ-1�UþOÃ£�15¤"k,��Öö�ë�Physical Review Letters

82, 695 (1999)¶��©z"
6.2 ^̂̂|||¥¥¥������fffþ�!Q²ã9§3	|ér½	5âf�Uþép��¹e§�f¥�S�>f�U�>l§��S�Ñy�Ç§?Úå X ��½��>f"d1oÙ�?Ø�§�f¥�>fäk;�^ÝÚg^^Ý"d>^Æ�n�§ù
^Ý�	^|�mk�p�^"@o§=¦3	^|�rÝvk���±¦�f¥�>f>l��¹e§>f�^Ý�	^|�m��p�^Ǳ¬¦�f¥�þf�u)Cz§¿Úå�*ÿ�A"�!éùa�A�±?Ø"
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6.2. ^|¥��f 243

Figure 6.13: -1�}òóÀ��Eâ«¿ã£þ¤9Ùéà�rÝ�Jp�J«¿ã£e¤"
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244 CHAPTER 6. �fG��UC�	>^|¥��f
6.2.1 ���rrr^̂̂|||¥¥¥������fff— ���~~~lllùùù���AAA���!!!¢¢¢���¯̄̄¢¢¢

1896c§Ö=ÔnÆ[lù£P. Zeeman¤Äkuy§XJr�f�\�r^|¥§�fuÑ�z^1Ì�Ñ©�Ǳn^"1897–1899 c§{IÔnÆ[ò��Ö£A. A. Michelson¤|^¦gCu²�Z�¤Ú©E�+�p��F1»y¢
lù�uy!¿���°[�(J¶=IÆöÊ�dî£T. Preston¤�Ñ
�«^�©��ã�"�Ä�@�uy<��z§<�¡ù«1Ì©�y�Ǳ�~lù�A£Normal Zeeman Effect¤½{ülù�A"lùâd¼�
1902c�ì��ÔnÆø"���!!!rrr^̂̂|||¥¥¥���fffSSS>>>fff���UUU???>^Æ�nL²§^aArÝǱ ~B �^|�^Ý ~µ �m��p�^³Ǳµ
UµB = −~̂µ · ~B ,�f¥;�ÆÄþǱ ~l �>fk/;�0^Ýµ
~̂µl,e = −µB

~̂l

~
,P	^|÷ ~z��§K�fS�>f�^|m��p�^�±LãǱµ

UµB = −~̂µ · ~B = µ̂lzB =
eB

2me
l̂z ,Ù¥ me Ǳ>f�·�þ"�A/§>f�M�îþ�±LãǱ

Ĥ = − ~
2

2me
∇2 − Ze2s

r
+

eB

2me
l̂z .��O��§3ù«�¹e§ÆÄþ~lØ2Åð§�~l 2Ú lzEÅð§Ïd§>fEk�Æ¼ê

ψnlml
= Rnl(r)Yl,ml

(θ, ϕ) ,�A��ÆUþKǱ
EB
nlml

= En +
eB

2me
ml~ ,
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6.2. ^|¥��f 245Ù¥ ml ǱÆÄþ ~l 3 z ¶��þ�ÝKþfê"ÏǱé���½� l§
ml = 0, ±1, ±2, · · · , ±l ,=k 2l + 1��§K�5��^U?©�Ǳ (2l+ 1)^§'u l �{¿�)Ø"~X§é d �U?§l = 2§ml = 0,±1,±2§kÊ��§3r^|¥©�ǱÊ^U?§��U?�måǱ∆E = e~

2me
B"PþãU?©�±��måǱ

∆E = Enlml
−Enl(ml−1) =

eB

2me

~ = ~ωL ,Ù¥�
ωL =

eB

2me
,~�¡Ǳ.#�ªÇ£Larmor frequency¤"nnn!!!���~~~lllùùù���AAAeee���111ÌÌÌ�Au�fS>fG�Cz§>f� � ~rCz§/¤ó4�f ~P = q~r =

−e~r§@o§ØÓG�m��[Ý
��LãǱ
T ∝ 〈n′l′m′

l

∣

∣~̂r
∣

∣nlml〉 .ÏǱ �¥þ ~r �±LãǱ
~r = îx+ ĵy + k̂z ,Ù¥ î!ĵ!k̂ ©OǱ x!y!z ���ü ¥þ"¿�§d�Æ�IX��I

(x, y, z) �¥�IX¥��I (r, θ, φ) �m�'X
x = r sin θ cosϕ = r

2
sin θ

(

eiϕ + e−iϕ
)

= −
√

2π
3
r
[

Y11(θ, ϕ)− Y1−1(θ, ϕ)
]

,

y = r sin θ sinϕ = r
2i
sin θ

(

eiϕ − e−iϕ
)

= −
√

2π
3
ir
[

Y11(θ, ϕ)− Y1−1(θ, ϕ)
]

,

z = r cos θ =
√

4π
3
rY10(θ, ϕ) ,�§þã�[Ý
��U�Ǳ

T ∝ 〈n′l′m′
l

∣

∣~̂r
∣

∣nlml〉 =
∑

q

α1q〈l′m′
l

∣

∣Y1q
∣

∣lml〉 ,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

246 CHAPTER 6. �fG��UC�	>^|¥��fÙ¥ α1q =
〈

n′l′
∣

∣r
∣

∣nl
〉"�âÆÄþnØ§é?¿�� 0� l§Ñk
l′ = |l − 1|, l, l + 1 , m′

l = ml + q .2�Ä>ó41f��¡Ǳ−1§=�A�ÆÄþǱ 1§KkÆÄþÀJ½K£¢Sþ§þ�!®ã¤µ
∆l = l − l′ = ±1 , ∆ml = ml −m′

l = 0,±1 .�Är^|¥��f�U?�^þfê ml �'X
Enlml

= En +
eB

2me

ml~ ,K�§�5�z^1Ì�Ñ�U©�Ǳ©OéAu∆ml = 0,±1 �n^§�A1f£1Ì�¤�Uþ©OǱ
Eγ = Enlml

− En′l′m
l′
=



















hν0 − eB~

2me
,

hν0 ,

hν0 +
eB~

2me
.

(6.26)~X§6�f£Cd¤U?�{ülù�AXã 6.14 ¤«" 3�r�^|¥§

Figure 6.14: 6�f�U?(�91Ì��~lù�A«¿ã"
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6.2. ^|¥��f 247Ù D �U?!P �U?©O©�ǱÊ^!n^§�â�[�ÆÄþÀJ½K§�U��[=k�Au∆ml = −1�d ml = −2� m′
l = −1 ��[!d ml = −1� m′

l = 0 ��[!d ml = 0 � m′
l = 1 ��[§�Au∆ml = 0 �d ml = −1� m′

l = −1 ��[!d ml = 0 � m′
l = 0 ��[!d ml = 1 � m′

l = 1 ��[§Ú�Au∆ml = 1 �d ml = 2 � m′
l = 1 ��[!d ml = 1 � m′

l = 0 ��[!d ml = 0 � m′
l = −1 ��[§ùL²§�[/¤�1f�Uþ=kn«�¹§ǱÒ´=kn^1Ì�"½=�5��^1Ì�3�r�^|¥�©�Ǳn^"�ÄU?©�91Ì�©��¹e�Ì�� �G�§Uì>ó4Ë�u1��½§∆ml = ±1 �Ǳ σ 1§∆ml = 0�Ǳ π 1§ùÒ´`§��1Ì��'§Å�£ªÇ¤�±ØC�´ π 1§Å�£ªÇ¤O�£~�¤ÚÅ�£ªÇ¤~�£O�¤�´ σ 1"ooo!!!>>>fffggg^̂̂������~~~lllùùù���AAA·���§>fØk;�^Ý	§�kg^^Ý"3r^|¥§g^–;�ÍÜ�^��Ñ§K>f�M�îþǱ

Ĥ =
~̂p 2

2me
+ V (r) +

eB

2me
(l̂z + 2ŝz) ,Ù¥ eB

2me
l̂z = −( (−e)l̂z

2me
)BǱ;�^Ý��z§ eB

me
ŝz = −( (−e)ŝ

me
)B Ǳg^^Ý��z"��O��§XÚ��ÿþþ��8Ǳ {Ĥ,~̂l 2, l̂z, ŝz}§§���Ó�Æ¼êǱ

ψnlmlms(r, θ, ϕ, sz) = Rnl(r)Yl,ml
(θ, ϕ)χms

(sz) .Uþ�Æ�Ǳ
E = Enl +

eB

2me

(

ml + 2ms

)

~ , (6.27)Ù¥ ms = ±1
2
"ÏǱ ~r� szÃ'§K>ó4�[éug^�ÀJ½K´

∆ms = 0 .@o§�[�U3ms = 1
2
Ú ms = −1

2
ü|U?SÜ?1"¿�§Ek ∆mj = 0,±1�ÀJ½K"Ïd§¦+>f�g^éU?©�k�z§�é�~lù�A�1Ì©�vkKǱ"
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248 CHAPTER 6. �fG��UC�	>^|¥��f~X§�Ä>fg^�¹e�6�f£Cd¤�UÌXã 6.15 ¥�Y²�¤«§w,§�Äg^�A�§D �©�ǱD5/2�ÚD3/2�§P �©�ǱP3/2�ÚP1/2�" �r Cd �f�u^|¥�§éAD5/2��U?©�Ǳ 6 ^§é

Figure 6.15: �Ä>fg^�¹e§6�f�U?(�91Ì��~lù�A«¿ã"AD3/2�ÚP3/2��U?Ñ©�Ǳ 4 ^§éAP1/2��U?©�Ǳ 2 ^§dcã�'ug^�ÀJ½K�§þãU?m�[u1�§g^�þ�D5/2��U�[�g^�þ�P3/2�§g^�e�D3/2��U�[�g^�e�P1/2�"éu�äN��[§d∆mj = 0,±1 �ÀJ½Kû½"u´§�ur^|¥� Cd �f�1Ì�lù�AXã 6.15 ¥��Þ�ç�¤«§=�5��^Ì�©�Ǳn^§�A�1fUþEX£6.26¤ª¤«"@ýé'ã 6.15 ¤«�UÌÚ (6.27) ª�Ñ�UÌ§·��±uy§�ö¿Ø�½����"3^|¥�§ã 6.15 ¤«�± {J,MJ} IP�¤k��Uþ�éuÃ^|�¹e�UþÑk£Ä¶�´§d (6.27) ª�§é ml + 2ms = 0 ��§3�r^|¥�Uþ�Ã^|�¹e�Uþvk�O"~X§é 3S Ú 3P üâf�§Ø�Ä^|�A!=�Ä^|�;�^Ý��^!Q�Ä^|�;�^Ý��^q�Ä^|�g^^Ý��^n«�¹e�U?©OXã 6.16 ��>Ü©!¥mÜ©!m>Ü©¤«"�UuÑ1��[dã¥��Þ�ç�¤«"w
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6.2. ^|¥��f 249

Figure 6.16: �r^|e�fU?91Ì�ø0–n��A«¿ã",§dml = 1� ms = −1
2
ÍÜ¤�mj =

1
2
�dml = −1� ms =

1
2
ÍÜ¤�mj = −1

2
{¿§=kU?/¿�0§��5��^1Ì�E,©�Ǳn^"ù«y�¡Ǳø0–n��A"

6.2.2 fff^̂̂|||¥¥¥������fff— ���~~~lllùùù���AAA���!!!���~~~lllùùù���AAA;��~lù�A�uy§{IÔnÆ[ò����1897c=uy§1Ì�3^|¥¬©�Ǳü^"����X�ó�£ò���!Ê�dî!9�!ø0!~�!K�!��¤ÑL²§3f^|¥§�f�1Ì�©�¤óê^"ù�y�w,�cã�é5K�n�©�ØÓ§Ïd¡�Ǳ�~lù�A£anomalous

Zeeman Effect¤½E,lù�A"~X§3f^|¥§?�1�D1�£Å�Ǳ
589.6 nm¤©�¤ 4 ^§D2�£Å�Ǳ 589.0 nm¤©�¤ 6 ^"
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250 CHAPTER 6. �fG��UC�	>^|¥��f���!!!���~~~lllùùù���AAA���ÔÔÔnnn������£££ããã3f^|¥§>f�g^–;�ÍÜ�^ØU�Ñ"u´§M�îþALãǱ
Ĥ = ~̂p 2

2me
+ V (r) + ξ(r)~̂l · ~̂s+ eB

2me

(

l̂z + 2ŝz
)

= ~̂p 2

2me
+ V (r) + ξ(r)~̂l · ~̂s+ eB

2me
ĵz +

eB
2me

ŝz ,Ù¥ ĵz = l̂z + ŝzǱ>f�oÆÄþ�Î"�Ñ����§XÚ��ÿþþ��8��Ǳ
{Ĥ, ~̂l 2, ~̂j 2, ĵz} ,Ù�Ó�Æ¼êǱ

ψnljmj
(r, θ, ϕ, sz) = Rnlj(r)φljmj

(θ, ϕ, sz) .�A�Uþ�Æ�Ǳ
E = Enlj −mjgj~ωL = Enlj −mjgjµBB ,Ù¥ωL = eB

2me
Ǳ.#�ªÇ§gjǱ�f½>f� gÏf§Enlj Ǳd¥Õ�^ V (r)Úg^–;�ÍÜ�^ ξ~l · ~sû½��f£¢SǱ>f¤�U?"dÆÄþþfz�Ä��n�§
mj = −j, −j + 1, −j + 2, · · · , j − 2, j − 1, j .Kvk	^|�§Enlj´ 2j + 1{¿�"�\þ	^|�§Enljmj

Umj�ØÓ©�Ǳ 2j + 1^"ÏǱ j = l − 1
2
§l + 1

2
Ǳ��ê§K 2j+ 1 =óê§¤±§3f^|¥§��f1Ì���^Ì�©�¤óê^§=k¢�*ÿ���~lù�A"¿�§��U?©�Ǳµ

∆E =
∣

∣gj
∣

∣

e~

2me
B =

∣

∣gj
∣

∣µBB .ÀJ½K�þ�!¤ã�>ó4�[�ÀJ½K�Ó§=kµ
∆l = ±1 ; ∆j = 0,±1 ; ∆mj = 0,±1 .
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6.2. ^|¥��f 251~X§Ï~�¹ed 3P → 3S �[/¤�?�1 D �£Å� 589.3 nm¤§äk°[(� D1 �Ú D2 �£Å�©OǱ 589.6nm!589.0nm¤§§�©Ogd�Äg^–;�ÍÜ�^Úå� P3/2 �� P1/2 ��m�U?©�"�§�'u j = 3
2
!j = 1

2
´{¿�"�?�f?u�f�^|¥�§�Au D1 ��Ð�£ji = 1

2
¤Ú"�£jf = 1

2
¤�U?Ñ©�Ǳ 2 ^§©O�Au mj =

1
2
!−1

2
¶�Au D2 ��Ð�£ji = 3

2
¤Ú"�£jf = 1

2
¤�U?©O©�Ǳ 4 ^!2 ^"�âþã�[ÀJ½K§�� D1 ��Ð"��A�?ÛüU?�mÑ�±u)�[§¤±� D1 �©�Ǳ 4 ^"�� D2 ��Ð"��A�©�Ñ�U?¥§3

2
→ −1

2
��[Ú −3

2
→ 1

2
��[ØU
u)§Ù§� 6 «�[�±u)§¤±� D2 �©�Ǳ 6 ^"T©��¹Xã 6.17 ¤«"

Figure 6.17: ?�f�U?(�91Ì��~lù�A«¿ã"
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252 CHAPTER 6. �fG��UC�	>^|¥��fnnn!!!KKK��� g ÏÏÏfff���(((½½½dþã'u�f��~lù�A�U?91Ì©��L�ª�§Ǳ½þ(½�~lù�AÚå�1Ì©�§·�I�(½>f�K� g Ïf£½=o^^'¤"òþ�Ù¥?ØL�'uâf�;�^^' gl Úg^^^' gs �½Âí2§K�âf�o^^'£½= g Ïf¤�LãǱ
gj =

∣

∣

∣

µj
µB〈j〉

∣

∣

∣
.Ù¥ 〈j〉 ǱoÆÄþ ~j �����£Ï"�¤"e¡·�(½ü>f�K� g ÏfÚõ>fNX3 LS Ú JJ ü«ÍÜ�ªe�K� g Ïf"

1. üüü>>>fff���KKK��� g ÏÏÏfff�â>f�;�^ÝÚg^^Ý�½Â
~µl = −µB

~

~l , ~µs = −2µB
~
~s ,Ù¥ µB = e~

2me
§me Ǳ>f��þ§ò ~̂l!~̂s��Æ��\§Kk

µl =
√

l(l + 1)µB , µs = 2
√

s(s+ 1)µB .�
µl = gl

〈~̂l 〉
~
µB , µs = gs

〈~̂s 〉
~
µB ,'��§>f�;� g Ïf!g^ g Ïf©OǱ gl = 1 , gs = 2"�âÆÄþÍÜ�¥þÍÜ5K§>f�oÆÄþ

~̂j = ~̂l + ~̂s ,Ù��Ǳ√

j(j + 1) ~§j ���Ǳ j = |l− s|, |l− s|+ 1, · · · , l+ s− 1, l+ s">f�o^ÝǱ
~̂µt = ~̂µl + ~̂µs .>f�ù
¥þÍÜXã 6.18 ¤«"
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6.2. ^|¥��f 253

Figure 6.18: >f�ÆÄþÍÜ9^ÝÍÜ«¿ã"dã 6.18 ´�§¦+ ~µl � ~l ����!~µs � ~s ����§�du=�Ǳ ~l� ~s U\��U\XêØÓ§>f�o^Ý ~µt ��Ø� ~j ����"�´§<�ES.þò ~µt 3 ~j þ�ÝK�Ǳ>f�o^Ý§¿P>f�o^Ý���Ǳ
µj = gj

√

j(j + 1)µB .dã 6.18 �´�
µj =

[
√

l(l + 1) cos θ(~l,~j) + 2
√

s(s+ 1) cos θ(~s,~j)
]

µB .u´k
gj =

√

l(l + 1) cos θ(~l,~j) + 2
√

s(s+ 1) cos θ(~s,~j)
√

j(j + 1)
.d{u½n�

s(s+ 1) = l(l + 1) + j(j + 1)− 2
√

l(l + 1)j(j + 1) cos θ(~l,~j) ,

l(l + 1) = s(s+ 1) + j(j + 1)− 2
√

s(s+ 1)j(j + 1) cos θ(~s,~j) ,dd)Ñ cos θ(~l,~j) Ú cos θ(~s,~j)§�\ gj �L�ª§K�
gj = 1 +

j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
. (6.28)~X§

gj(
2S1/2) = 1 +

j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
= 2 ,
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254 CHAPTER 6. �fG��UC�	>^|¥��f
gj(

2P1/2) = 1 +
j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
=

2

3
,

gj(
2P3/2) = 1 +

j(j + 1)− l(l + 1) + s(s+ 1)

2j(j + 1)
=

4

3
.Ïd§éu?�f��~lù�A�UÌÚ1Ì©�§·�kã 6.18 ¥IP�

gJMJ ��"
2. õõõ>>>fff LS ���ªªªÍÍÍÜÜÜeee��� g ÏÏÏfffdcüÙ�?Ø�§õ>fNX�ÆÄþ� LS ÍÜ�ª´k©Oòz�>f�;�ÆÄþ~li!g^ ~siÍÜ��o;�ÆÄþ ~L =

∑

i
~li!og^ ~S =

∑

i ~si§,�ò ~L� ~S ÍÜ��NX�oÆÄþ ~J = ~L+ ~S§J ���Ǳµ
J = |L− S|, |L− S|+ 1, · · · , L+ S − 1, L+ S ,Ù¥ L!S ���dÓ��¥þÍÜ5K(½"~X§énâfXÚ§æ^üÚÍÜ��Yµkd

~L12 =
~l1 +

~l2 ,
~S12 = ~s1 + ~s2 ,�ü�âf�;�ÆÄþ L12 Ú S12

L12 = |l1 − l2|, |l1 − l2|+ 1, · · · , l1 + l2 − 1, l1 + l2 ,

S12 = |s1 − s2|, |s1 − s2|+ 1, · · · , s1 + s2 − 1, s1 + s2 ,,�ò ~L12 � ~l3 ÍÜ�NX�o;�ÆÄþ
~L = ~L12 +

~l3 ,Ù¥ L ���Ǳ
L =

∣

∣L12 − l3
∣

∣,
∣

∣L12 − l3
∣

∣ + 1, · · · , L12 + l3 − 1, L12 + l3 ,ò ~S12 � ~s3 ÍÜ�NX�og^
~S = ~S12 + ~s3 ,
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6.2. ^|¥��f 255Ù¥ S ���Ǳ
S =

∣

∣S12 − s3
∣

∣,
∣

∣S12 − s3
∣

∣ + 1, · · · , S12 + s3 − 1, S12 + s3 .dþãÆÄþÍÜ5K�§LS �ªeo;�ÆÄþ�og^ÍÜ��NX�oÆÄþ±9�^Ý�ÍÜÑ�üâf�¹e��Ó§¿�·�Ï~�	�^ÝE,´
~µt = ~µL + ~µS3 ~J ��þ�ÝK ~µJ§g Ïf½=

gJ =
µJ

√

J(J + 1)µB
.u´§·�k

gJ = 1 +
J(J + 1)− L(L+ 1) + S(S + 1)

2J(J + 1)
. (6.29)�A/§o^Ý3 z ��þ�ÝKǱ

µJz = gJMJµB .~X§é·�Q?ØL�Õ�f§Ùd>f|�Ǳ (4d)10(5s)1§(4d)10 �Ǳ��|�§Ù;�ÆÄþÚg^©OǱ
LSub-S = 0 , SSub-S = 0 ,

(5s)1 ��;�ÆÄþÚg^©OǱ
lV = 0 , sV =

1

2
,l§Õ�f�o;�ÆÄþ ~L = ~LSub-S +

~lV!og^ ~S = ~SSub-S + ~sV!oÆÄþ ~J = ~L+ ~S ��£± ~ Ǳü ¤©OǱ
L = 0 , S =

1

2
, J =

1

2
,K� g Ïf£^^'¤Ǳ

gJ = 1 +
1
2

(

1
2
+ 1

)

− 0(0 + 1) + 1
2

(

1
2
+ 1

)

2 · 1
2

(

1
2
+ 1

) = 2 ,
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256 CHAPTER 6. �fG��UC�	>^|¥��fdu J = 1
2
§K MJ = ±1

2
§u´ µJz = gJMJµB = ±µB§l3ÏL�Ùå6��R��Øþ!^|��A�)X.â¢�¥§Õ�få©�Ǳüå£©�3å6éA��þeüý¤"

3. õõõ>>>fff JJ ÍÍÍÜÜÜ���ªªª��� g ÏÏÏfffdcüÙ�?Ø�§õ>fNX�ÆÄþ� JJ ÍÜ�ª´kòz�>f�;�ÆÄþ~li �g^ ~siÍÜ��ÙÆÄþ ~ji =
~li + ~si§,�ò� ~ji ÍÜ��NX�oÆÄþ

~J =
∑

i

~ji ,Ù¥� ji 9 J ����Ì���ÆÄþÍÜ�5K"±ü>fNXǱ~�ù
¥þÍÜXã 6.19 ¤«§ Ù¥ J ����Ǳ

Figure 6.19: ±ü>fNXǱ~� JJ �ªe�ÆÄþÍÜ«¿ã"
J =

∣

∣j1 − j2
∣

∣,
∣

∣j1 − j2
∣

∣+ 1, · · · , j1 + j2 − 1, j1 + j2 .dã 6.19 ¿ëìã 6.18 ´�§NX¥z�>f�^Ý���Ǳ
µji = gji

√

ji
(

ji + 1
)

µB ,��÷ ~ji ����§�ù
^Ý��ÍÜ���o^Ý ~µt =
∑

i

µji �U¿Ø÷ ~J����"�ü>f�¹��Ó§<�E,� ~µt 3 ~J ���ÝK µJ �ǱNX�o^Ý§¿�½ÂNX�K� g Ïf£^^'¤Ǳ
gJ =

µJ
√

J(J + 1)µB
.
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6.3. >|¥��f — d©��A 257éü>fXÚ§��O�Ùo^Ý
µJ = µj1 cos θ( ~J,~j1)

+ µj2 cos θ( ~J,~j2)

= gj1

√

j1
(

j1 + 1
)

µB
J(J + 1) + j1

(

j1 + 1
)

− j2
(

j2 + 1
)

2
√

J(J + 1)j1
(

j1 + 1
)

+gj2

√

j2
(

j2 + 1
)

µB
J(J + 1) + j2

(

j2 + 1
)

− j1
(

j1 + 1
)

2
√

J(J + 1)j2
(

j2 + 1
)

,¤±§NX�K� g ÏfǱ
gJ = gj1

J(J + 1) + j1
(

j1 + 1
)

− j2
(

j2 + 1
)

2J(J + 1)

+gj2
J(J + 1) + j2

(

j2 + 1
)

− j1
(

j1 + 1
)

2J(J + 1)
.

(6.30)

6.3 >>>|||¥¥¥������fff — ddd©©©������AAAc¡?Ø
^|¥��f§¿��§3^|KǱe§�f�U?Ú1ÌÑ¬u)©�§¿�âuy<��z§ò�·¶Ǳ�~lù�A!�~lù�A!ø0–n��A"?�Ú�ïÄL²§ò�f�u>|¥�§ÙUÌÚ1ÌǱ¬u)©�"Ty��@d�IÔnÆ[d©�£J. Stark¤u1913c3��f1Ì�n�"X¥uy§Ïd¡�Ǳd©��A"d©�Ïd¼�
 1919c�ì��ÔnÆø"duõ>f�féE,§Ïd3ùp·�=äN?Øw7á�fÚa�lf�d©��A"
6.3.1 ���ppp���^̂̂³³³���MMM���îîîþþþ���!!!���ppp���^̂̂³³³·�®�§>|V �>Ö qm��p�^³Ǳ

U ′ = −qV ≈ −~P · ~E ,Ù¥ ~E Ǳ>|rÝ§~P Ǳ>ó4Ý"
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258 CHAPTER 6. �fG��UC�	>^|¥��f@o§é�u÷ z���>| ~ε¥��fS�>f§Kk
U ′ = −(−e~r ) · ~ε = eεr cos θ ,Ù¥ θ Ǳ ~r �z ��£~ε ��¤m�YÆ"���!!!MMM���îîîþþþòØ>ÖêǱ Z �a�lf�u÷ z ���>|¥§>fØÉ�fØ��^	§�É	>|��^"P>f��fØ�m�måǱ r§KÙM�îþ�±LãǱ

Ĥ = − ~
2

2m
∇2 − Ze2s

r
+ eεr cos θ .d�f��»��3 0.1 nm �þ?$����§�fS�>³��Ǳ

1011V/m"ÏǱy3Ï~U
¢y�	>|�>³Vext ≤ 108V/m§Kk Vext �
Vin§¤±

U ′ = eεr cos θ ,�ÀǱ�6"
6.3.2 UUU???©©©���ÚÚÚ111ÌÌÌ©©©���ÏǱ	>|�^�ÀǱ�6§K�±æ^�6�{?1O�"du¢�*ÿ��´	>|¥��f�U?Ú1Ìu)©�§ùL²§3Ø�Ä	>|KǱ�§�f¥�>f�U�´{¿�§Ïd·�ATæ^{¿½��6�{?1O�"�â�6O��{�Ä��n§{¿��Æ¼ê��Ǳ

ψ
(i,0)
nlm = Rnl(r)Yl,m(θ, ϕ) .ÏǱ

cos θYl,m(θ, ϕ) =

√

(l + 1)2 −m2

(2l + 1)(2l + 3)
Y(l+1)m(θ, ϕ) +

√

l2 −m2

(2l − 1)(2l + 1)
Y(l−1)m(θ, ϕ) ,K

〈

l′m′∣
∣Û ′∣

∣lm
〉

= α+1δl′ (l+1)δm′m + α−1δl′(l−1)δm′m ,Ù¥ α±1 Ǳ~ê"
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6.3. >|¥��f — d©��A 259dd�(½{¿�6�{¥��Æ��§µ
k

∑

i=1

[

Hli − λE(1)
n δli

]

c
(0)
i = 0 .)d�Æ�§=�(½U?©�9�A�Å¼ê ψ =

∑

i c
(0)
i ψ

(i,0)
nlm "~X§��f4ùX1�^Ì��d©��A"·�®�§��f4ùX1�^Ì�5g�[µ

ψ2lm(r, θ, ϕ) −→ ψ100(r, θ, ϕ) ,=3vk	|KǱ�§T�[�"�´���£�{¿�¤§�Ð� {l, m} =

{0, 0}, {1, 1}, {1, 0}, {1,−1} ´o{¿�"Ǳe¡O��B§·�P�©OǱ
φ1!φ2!φ3!φ4"��u>|¥�§P��f£¥�>f¤�Å¼êǱ ψj =

∑4
i c

(0)
i φi§Kk

H ′
13= 〈φ1|Û ′|φ3〉

=
y 1

4
√
2πa

3/2
B

(

2− r

aB

)

e−r/2aBeεr cos θ
r

4
√
2πa

5/2
B

e−r/2aB cos θr2 sin θdrdθdϕ

=
eε

32πa4B

∫ ∞

0

(

2− r

aB

)

r4e−r/aBdr

∫ π

0

cos2 θ sin θdθ

∫ 2π

0

dϕ = −3eεaB ,

H ′
31=−3eεaB

H ′
11=H ′

12 = H ′
14 = H ′

21 = H ′
22 = H ′

23 = H ′
24 = H ′

32 = H ′
33 = H ′

34

=H ′
41 = H ′

42 = H ′
43 = H ′

44 = 0 ,u´k�y�Æ�§k�")�ÈÏ�§
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−λE(1) 0 −3eεa0 0

0 −λE(1) 0 0

−3eεa0 0 −λE(1) 0

0 0 0 −λE(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0 .
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260 CHAPTER 6. �fG��UC�	>^|¥��f½=k
(

λE(1))2
[(

λE(1))2 −
(

3eεaB
)2]

= 0 .)��
λE

(1)
21 = 3eεaB , λE

(1)
23 = −3eεaB , λE

(1)
22 = λE

(1)
24 = 0 .dd�§��f� ψ2lm ��{¿Ü©)Ø§E{¿�ü���Uþ��5��Ó§)Ø{¿�ü���Uþ©OO�!~� 3eεaB"l§1Ì�d�^CǱn^§Xã 6.20 ¤«"

Figure 6.20: ��fU?91Ì�d©��A«¿ã"?�±)�§�éuÃ	>|��{¿Å¼ê ψ200!ψ211!ψ210!ψ21−1§3÷ z ���	>| ~ε ¥���f�Å¼êCzǱ
ψ

(0)
21 =

1√
2
(ψ200 − ψ210) , ψ

(0)
22 = ψ211 ,

ψ
(0)
23 =

1√
2
(ψ200 + ψ210) , ψ

(0)
24 = ψ21−1 .dd�±?Ø��f�Ù§5��Cz"

6.4 ^̂̂������
6.4.1 ...###���^̂̂???òg^�� (θ, ϕ)���âf�u÷ z���^| ~B¥§Pâf�^ÝǱ~µM§KÙ�^|m��p�^Ǳ

Ĥ = −~µM · ~Bσz =





−µMB 0

0 µMB .
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6.4. ^�� 261P?¿�Ǳ�g^�Ǳ ψ = C↑χ1/2 + C↓χ−1/2§Kg^G���mCz÷v�Å½��§Ǳ
i~
∂

∂t





C↑

C↓



 =





−µMB 0

0 µMB









C↑

C↓



 ,=k
i~
∂C↑
∂t

= −µMBC↑ , i~
∂C↓
∂t

= µMBC↓ .)��
C↑(t) = ei

µMB

~
tC↑(0) , C↓(t) = e−i

µMB

~
tC↓(0) .�Ð©^�Ǳ£Ù�Ï®�ǱSK 4.9 Ú 4.10 dÖö�gC?ØL¤





C↑(0)

C↓(0)



 =





cos θ
2
eiϕ/2

sin θ
2
e−iϕ/2



 ,K




C↑(t)

C↓(t)



 =





cos θ
2
ei(2ωLt+ϕ)/2

sin θ
2
e−i(2ωLt+ϕ)/2



 ,Ù¥ ωL = µMB
~

= qB
2m
Ǳ.#�ªÇ"dd�§âf�g^¥þ�4¶�YÆ�±�½� θ§�±Æ�ÝωL74¶=Ä§Xã 6.21 ¤«" ù«=Ä¡Ǳ.#�^?"ωL ¡Ǳ.#�^?Æ�Ý"

Figure 6.21: �K>Ö�âf�.#�^?£g^^Ý�g^��¤«¿ã"
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262 CHAPTER 6. �fG��UC�	>^|¥��f
6.4.2 ^̂̂���������nnnØØØ£££ããã3 z��kð½^|Bz!x��k�C^|

Bx = B0 cosωt =
B0

2
(eiωt + e−iωt)�¹e§g^¤É�^�M�îþǱ

Ĥ = −µM
(

Bzσz +Bxσx
)

= µM





−Bz −B0

2

(

eiωt + e−iωt
)

−B0

2

(

eiωt + e−iωt
)

Bz



 .éâf�g^�§KkÅ½��§
i~
∂C↑
∂t

= −µMBzC↑ −
µMB0

2

(

eiωt + e−iωt
)

C↓ ,

i~
∂C↓
∂t

= µMBzC↓ −
µMB0

2

(

eiωt + e−iωt
)

C↑ .3�Ñ± ω +
2µMBz

~
Ǳ�ªÇ����£ªÇ�p§J±*ÿ�¤��¹e§�Ä t = 0 �XÚ?u� |~µ 〉 = |↓ 〉 �Ð©^�§¦)T�©�§|§�

C↑(t) = i
µMB0

~ωR
sin

ωRt

2
e−i

∆ω
2
t ,

C↓(t) =
[

cos
ωRt

2
+ i

(ω − 2µMBz/~)

ωR
sin

ωRt

2

]

ei
∆ω
2
t ,Ù¥

∆ω = ω − 2µMBz

~
, ωR =

√

∆ω2 +
(µMB0

~

)2

.T)¡Ǳ.'£I. I. Rabi¤î�)"u´kVÇ�Ý
P↑(t) =

∣

∣C↑(t)
∣

∣

2
=

(µMB0

~ωR

)2

sin2 ωRt

2
,

P↓(t) =
∣

∣C↓(t)
∣

∣

2
= 1−

(µMB0

~ωR

)2

sin2 ωRt

2
,¿�§3 0 → t �mSXÚd |↓ 〉 � |↑ 〉 ��[VÇǱ

P ( ↓→↑) =
(µMB0

~ωR

)2

sin2 ωRt

2
.
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6.4. ^�� 263w,§T�[VÇ±.'ÆªÇ ωR ±ÏCz"é���/§=k ω = 2µMBz

~
= 2ωL§K ωR = µMB0

~
§Cz�ÌǱ 1¶é����/§±ÏÚÌÝÑ�ªÇ��þ ∆ω = |ω − ωL| O�~�"ù�Cz�²;ã�Xã 6.22 ¤«"

Figure 6.22: þfêǱ 1
2 �g^�3 z ��ð½ x ���C�^|¥$ÄG�«¿ã"ùL²§3����ð½!,�����C�^|¥�g^�Øäkg^�	§�k?ÄÚÙÄ"ù�²;Ôn¥�úÚ���Ó§½=kþfúÚ"({IÔnÆ[).'�dǱÄ:§uÐïá
|©|^�f��°[(��lùU?m����[�©få��{§± 10−3 �°Ýÿ��
�fØ�^Ý('Ù���A��°Ýpü�þ?)"âd¦¼�
1944c�ì��ÔnÆø"

6.4.3 ^̂̂^̂̂������þ��!�?ØL²§?u^|¥��f�U?¬u)lù©�§©����U?�måǱ ∆E = |g|µBB"@o§3	\1|�1þfUþ÷v^�
~ω = hν = ∆E = |g|µBB ,��¹e§>f¬áÂù°Uþu)U?�m��[§l¦>fG�½^Ý��UC"ù«��áÂy�¡Ǳ>f^^��£electron paramagnetic

resonance§{¡ EPR¤"ò µB ��ÚÏ~�^aArÝ B ���\ ∆E �L�ªO��§U
Úå^^���1�ªÇ3�ÅÅã£10−3 ∼ 10−1 m¤"
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264 CHAPTER 6. �fG��UC�	>^|¥��f
6.4.4 ØØØ^̂̂������·���§�>fÚ�f��§ØfÚ�fØǱk^Ý§Øf^Ý±Ø^fµNǱü ,

µN =
e~

2mp
=

1

1836
µB ,¿�k�~^Ý£�A�Ïduy¼�1943c�ì��Ônø"��3QCD�¡éd�~^Ý�Å��ïÄE3?1¤µ

µp = 2.793µN , µn = −1.9135µN .@o§¦©få£½�få¤ÏLrÝÜ·��C�^|�§ØU?¬�>f£�f¤U?��u)©�§¿�Øg^���¬±Ï5/Cz"-�½ªÇ��ªÃ�>ÅÏL�få|§¿é�?1ÿþ§KAkáÂÌ§��áÂ^�Ǳµ
hν = |gN |µNB .ù«y�¡ǱØ^��£nuclear magnetic resonance§{¡ NMR¤áÂy�"duØf�^Ý==´>f�^Ý� 1

1836
§

( ν

B

)>f =
geµB
h

= 14 geGHz/T ,
( ν

B

)�f =
gNµN
h

= 7.6 gNMHz/T ,K'Úå>f^^���^|rÝ��n�êþ?�^|=�ÚåØ^��§3 103pdþ?�^|e§ØU?��å3�ªÅã§3Ad.þ?�^|rÝe§�±��ép�°Ý"du�þ�*G�/¤�XÚ�½÷vÚO5Æ§@o^|¥âf�U?dulù�Au)©��§?ueU?�âfê�½õu?uþU?�âfê§=�Uu)É-áÂ�âfêõu�Uu)É-u��âfê§@o3|^	\�ª|ÿþ�§�NþA*ÿ�áÂÌ"~X§¢�*ÿ�� 7Li �få�Ø^��áÂÌXã 6.23 ¤«"�âþã?Ø§3°(��^|��¹e§<��±|^Ø^��5ÿ½�fØ�^Ý"�L5§XJ®��fØ�^Ý§<�K�|^Ø^��5(¯/��^|½?1°(ÿþ"|^å6�{?1Ø^��ÿþI�òÔ�âfz§��/¤�få6§Eâ�¦ép§¿�£3��¤A^��É�"1945c.Ú1946cÐ§{Iæ�nó
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6.4. ^�� 265

Figure 6.23: 7Li �Ø^��áÂÌ"Æ��]l�£E.M. Purcell¤�K|!{Id"4�Æ�Ùââ£F. Bloch¤�K|©O3�0�¬!Y�¬¥��*ÿ�Ø^��y�§l¦Ø^��ÿþ��{z§Ïd¦�¼�
 1952 c�ì��ÔnÆø"£�þã?Ø§·�3�		^|��fØ£$�Øf¤��^�§Ñ=�Ä
§��m����£½ö`§à��fØ½Øf�¤�^§¯¢þ§du�f¥�>fé�fØ�¶-§¿�>f7Ø$Ä�)�^|�½�	\^|����£K>Öû½¤§Ïdý�é�fØk�^�^|´�Ø
Ø	>f¶-���^| ~Bk�"äN�\�ïÄL²§éu	^| ~B	§>f¶-Úå�|^|Ǳ −σ ~B	§Ù¥ σ > 0!¿�Ï�fØÓÚ©fØÓØÓ§=k
~Bk� = ~B	 − σ ~B	 .PÚåIO��fØØ^���	^|Ǳ ~B	I§ÚåØÓ�¸¥���fØØ^���	^| ~B	 � ~B	I 7k l§u´§<�½Â

δ =
~B	I − ~B	

~B	I × 106 ppm ,Ù¥ ppm£parts per million¤¿Ǳz�©�A§¿¡�ǱzÆ £"1950c§{IÔnÆ[Êâ�A£W.G. Proctor¤Ú·IÔnÆ[xLS£�Ïú?�®�Æ�Ç!EâÔnXBÌ?¤Äk3ÿþ 14N �Ø^Ý�uyzÆ £§{IÔnÆ[)��£W.C. Dickinson¤3é 17F �zÜÔ�ÿþ¥Ǳuyaqy�"ù�§<���(@
Ó��f�ØÓzÜÔ�/��^|0kzÆ £"dd�§zÆ £´ØÓÔ�9Ó�a|©�ØÓ(��Ô���«"lØ^��¤ǱO(!¯�¿�Ã»�/¼�Ô�|¤�(�!?1Ô�(�ïÄ!?1�
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266 CHAPTER 6. �fG��UC�	>^|¥��fÆ�ä!���k��{"ã 6.24 �Ñy3¤^�Ø^��¤�(�«¿ã!¢�ÿþ��Ë°�Ø^��áÂÌÚ|^Ø^����Û×£����~<aMÜã�9�k¬5�MÜã�Þ~"Cc§<��ò�A^u?1þf�[9þfO��["¿�§Äu�Ø^��aq�n�Ó�éØg^Ú>fg^?1ö���{¤Ǳ�U¢yþfO���ÿÀö��"

Figure 6.24: y3¤^�Ø^��¤�(�«¿ã£�þ¤!¢�ÿþ��Ë°�Ø^��áÂÌ£mþ¤9|^Ø^����Û×£��<aMÜã�Þ~£�eǱ�~�§meǱk¬5�¤"duØ^����^ã�§é3ØÓuÐ�ãé��Ñ��z½*ÐA^+���Æ[QõgÇ�ì��ø"~X§a¬zÆ[ R.R. Ernst ÏJÑd�~ár��ªóÀ���úUCì�óÀ!l��JpØ^��ÿþ�(¯Ý¼�1991c�ì��zÆø§a¬zÆ[ K. Wüthrich ÏJÑòØ^��ÿþ�{ò��)Ô�©f��{!¿Çk(½���x��(�¼�2002c�ì��zÆø§{I�Æ[ P. Lauterbur Ú=I�Æ[ P. Mansfield ÏJÑ3·^|



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

6.5. þf�  267¥¦^FÝ|!l�±¼�ÔN���Ún�ã�!ǱØ^��3��ÚÙ§+��±2�A^¼�2003c�ì��)nÆ½�Æø"
6.5 þþþfff���   1�Ù?Ø£ãþf��Å¼ê�Ôn¿Â�Q²`L§½~��ÏféÔn�vk�z§ÏǱ§ØKǱþf��VÇ�Ý©Ù§,k
þf� %�~�§cÙ´éu�u>^|¥��f§¬LyÑ´L�!k��Ôny�"cA!®²?ØL§�u>^|¥��fäklù�A!d©��A!^^���A!Ø^���A!��§§�LyǱ�f�U?u)©�Ú£Ä§l1ÌkUC!½ö3FÝ|�^e�fåÉå¿ ò!½ög^G�Ñy±Ï5Cz!��"�Ǳk��´§3�
A½�>|Ú^|�|Ü��¥§Ø
þã�A	§¥5�f��%;��þf$Ä�k�UÐ¼��«¤¢�AÛ� §Ù��´X{ÿÀ5�§��f�%�ÄåÆG�Ã'§¦+3²;åÆ¿Âþvk?Û	|å�\�¤�Ä�âf�þ§�3þfåÆ�¡þ¬Úå�*ÿ�A"ùp{Ñ?Ø�
þf� ��Ly"
6.5.1 Aharonov–Bohm ���AAA·�®²Ù�§âf�Å¼ê�±��/LãǱ

ψ(~r ) = C(~r )eiϕ(~r ) .du� CzÏ~�¯u�ÌCz§K
~̂pψ(~r ) = −i~∇

[

C(~r )eiϕ(~r )
]

≈ −i~C(~r )(i∇ϕ(~r ))eiϕ(~r )

= ~[∇ϕ(~r )]ψ(~r ) .u´k
~̂p = ~∇ϕ(~r ) .=âf�Äþ�ÎdLÆâfG��Å¼ê�� �FÝû½"�L5§LÆâfG��� ��mCzÇéAâf�Äþ�Î§lÅ¼ê�� �Cz�±ÏL�Äþ�'�*ÿ�A5�N"
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268 CHAPTER 6. �fG��UC�	>^|¥��f,��¡§^|¥��>âf�ÄþǱ
~p = ~pâf + ~p| = m~v + q ~A(~r ) ,u´k
∇ϕ(~r ) = 1

~

[

m~v + q ~A(~r )
]

,Ù¥ m Ǳâf��þ§~v Ǳâf��Ý§q Ǳâf¤��>þ§~A(~r ) Ǳ^|�¥þ³"�vk^|�¹e�Å¼ê�� �FÝ�'�§õÑ
�� q ~A(~r )

~
"À½�:O§K3,�: P§�>âf�Å¼êkN\� 

(∇ϕ)^ =
q

~

∫ P

O

~A(~r ) · d~l .¦�>få©ǱüålØÓý7L�16Ú�+�2¬Ü§Xã 6.25 ¤«§
Figure 6.25: ¦�>få©ǱüålØÓý7L�16Ú�+�2¬Ü�«¿ã"dudÚ�+�ØÓý�� P :�>f�Å¼êmkN\� �

∆ϕ = (∇ϕ)^ =
q

~

[

∫

(I)

~A(~r ) · d~l −
∫

(II)

~A(~r ) · d~l
]

,½=k
∆ϕ =

q

~

∮

~A(~r ) · d~l = q

~

{
(∇× ~A) · d~S =

q

~

{
~B · d~S =

q

~
ΦB ,Ù¥ ΦBǱÏL4Ü£´�^Ïþ§K3��? P AäkZ��A"ù��Ad

Y. Aharonov Ú D. Bohm u 1959cýó£Physical Review 115, 485 (1959)¤§Ïd¡�Ǳ Aharonov–Bohm �A§~{¡Ǳ AB �A"·���§nØþ§Ã��Ú�+	 ~B = 0!~A 6= 0§@o§XJ3 P :(¢kZ��AÑy§KÙL²>f�±3vk^|�/�a�^¥³�Ôn�A"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

6.5. þf�  269ǱÒ´`²§^¥³Ø=´ïÄ>^|5��ǱO��BÚ/ªé¡Ú\�9Ï|§´k¢S�A�Ôn|"T�Au1960c��ÐÚ�y£R.G. Chambers§Physical Review Letters 5, 3

(1960)¤§�du�y ~BSÜ 6= 0! ~B	Ü ≡ 0 �Ã��Ú�+J±ý�¢y§Ïdþãu��°ÝÚ�&ÝÑØép"�� 1985c§A. Tonomura æ^���¶-��^��OÚ�+��Yâ°(�y
 AB �A£Physical Review Letters 56,

792 (1986)¤"
Tonomura ¢�æ^����¶-��^�Xã 6.26 ��ýfã¤«"

Figure 6.26: Tonomura ¢�æ^����¶-��^�«¿ã£�¤Ú¢�ÿþ��LÆZ��A��Eã£¥!m¤"P
Φ0 =

h

2e
,Kéu q = −e �>f§�

∆ϕ = (∇ϕ)^ = −ΦB
Φ0

π = nπ ,� n Ǳóê�§Ñy�EZ�Or¶nǱÛê�§Ñy�EZ���"¢�ÿþ��§ÝǱ 4.5K £�y¤^��Ǳ��¶-�� Nb áÆ?u���¤�¹e��EZ�ã�Xã 6.26 �¥mfã£éAu n =Ûê¤Úmýfã£éAu n = óê¤¤«"ã¥�/��fǱ����ÒK§¥mfã��S	Z�^«²���!mýfã��S	Z�^«²��Ó¿©L²(¢�3 AB�A"
Tonomura ¢��L²§ΦB

Φ0
Ǳ�ê§=^Ïþ´þfz�"
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270 CHAPTER 6. �fG��UC�	>^|¥��f
6.5.2 Aharonov–Casher ���AAA
1984c§Y. AharonovÚ A. CasherJÑ£Physical Review Letters 53, 319 (1984)¤§äk^Ý�¥5âf�±É�>|�KǱ§�ÏL>|�§¬u)� Cz"Ù�nXã 6.27 �þ�Ü©£�g Physical Review Letters 63, 380 (1989)¤¤«§Ù¥ (a) Ǳþ��!®²?ØL� AB �A�ã«§Ö>å63Ã��Ú�+��ý©�¤�üå3Ú�+�,�ý��?kN\�þf� §½ö`kÿÀ�£§l�)�*ÿ�Z��A"Ú�+�z�*Ñ´���/>6��§Ñäk^Ý§@oÃ���Ú�+��uÃ�õ�^ü��^Ý�/¤�^Ý§Xã
6.27 �þ�Ü©¥�fã (b) ¤«"l�é$Ä�ÆÝ5w§�) AB �A�Ö>å6lüý7L^ü�^ÝÎ�du^Ýå6lüý7LÖ>Î��2��§Xã 6.27 �þ�Ü©¥�fã (c) ¤«"AB �A´N\�ÿÀ�£

∆ϕAB = (∇ϕ)^ =
q

~

∮

~A(~r ) · d~l = q

~
ΦB ,¤�§@o§¦+Ø�>�äk^Ý ~µ �âfÏL>| ~E �§du>|�KǱ§Ǳ¬u)� Cz

∆ϕAC =
1

~

∮

(~µ× ~E ) · d~l = Π
4πµΛ

~
,Ù¥ Π LÆ¥5âf�g^4zG�§�� ±1 ©OéAg^�þ!g^�e§Λ Ǳ/¤>|�Ö>ÎNþ�>Ö��Ý"

AC �AJÑØÈ§Cimmino �=|^¥fZ�Ì¤ÿþ
ÏL>ØǱ
30 kV/mm �ý��>ÎXÚNC�9¥f�Z�ã�§ÿ�(J�ã 6.27 �e�Ü©£�g Physical Review Letters 63, 380 (1989)¤"Ù¥ C2!C3 Ǳ&ÿìÿþ��©Od�>Î�üý��&ÿì�9¥fê§üOê C2!C3 �þãÿÀ�££N\� ¤�m�'X�±LãǱ

C2 = a2 − b2 cos∆ϕAC , C3 =
1

3
a2 + b2 cos∆ϕAC ,

a2!b2 ´d¢�C�û½�~ê§k'¢�C��äN0�3ùpÑ�"¢�ÿ� ∆ϕneutron
AC = 2.19± 0.52mrad§� 1.50mrad �nØ(J�ÐÎÜ§ly¢


AC �A"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

6.5. þf�  271

Figure 6.27: AC�A�n«¿ã£þ�Ü©¤Úé¥fÿþ�(J£e�Ü©¤"
6.5.3 He–McKellar–Wilkens–Wei–Han–Wei ���AAA·���§3²;�¹e§�u	>|¥�>ó4Ý¬É�>|��^§¦�G�u)Cz§~X¦>0�4z¶�u	^|¥�>ó4ÝØÉ	^|�^§Ø¬Ñy�*ÿ��A",3 AB �A�éue§Û�fÚMcKellar £Phys.

Rev. A 47 (1993), 3424¤±9Wilkens £Phys. Rev. Lett. 72 (1994), 5¤JÑ§�u^|¥�>ó4Ý¬É�^|��^§�)N\�þf� "3¦��nØÚïÆ�¢�C�¥�	���[È>ó4Ý�¥5âf��k�^�G©Ù�ü4f^|"�´ý�üÕ�3�^ü4fl5vk�¢�&ÿ�§=B´
Wilkens ïÆ�^B��[È^5áÆÊ�)�^Cq�^ü4f�ǱéØN´¢y§¹�¢�¥²~æ^��fåÑØ��[È>ó4Ý"ùü�(JÑ3ØÈ�·IÆö£°�!¸[éÚ£D�JÑ£Phys. Rev. Lett. 75 (1995), 2071¤���¥�±)û"Ù���A:´3±Î�I (r, θ, z)£ã�ÎGN¥Ú\��»��Îé¡��þ!>| ~E ∝ ~r

r2
Ú��¶��þ!^| ~B = B ~z

z
"3ù��>^|¥±�Ý ~V 3²¡ (r, θ) S$Ä��þǱM!äk>4zÇα �¥5�f¼
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272 CHAPTER 6. �fG��UC�	>^|¥��f���p��>ó4Ý
~P = α~E ′ = α

(

~E + ~V × ~B
)

,Ù¥ ~E ′ ´�f3Ù�%ë�X¥¤aÉ��·>|§T·>|¬Úå>4z³U
U = −1

2
α~E ′ · ~E ′ = −1

2
α
(

~E + ~V × ~B
)2
.@o§3¢�¿ë�X¥§û½�f²¡$Ä�.�KFþ�±�¤

L =
1

2
M~V 2 +

1

2
α
(

~E + ~V × ~B
)2

=
1

2

(

M + α~B2
)

~V 2 +
1

2
α~E2 + α~V ·

(

~B × ~E
)

, (6.31)Ù¥���� α~V ·
(

~B × ~E
)

= ~V · ~a
r
§~a Ǳ÷Æ� θ �����(½��þ"ùL²�3��X{ÿÀ5��AÛ� §TAÛ� ��>âf3[�Ï>Ú�+	$Ä¤�� Aharonov-Bohm � 3êÆ/ªþ����"N´�y§ù��AÛ� �3²;Ôn¿ÂeØÚå?ÛåÆ�A§��� ~a ���ØfÐǱ ~��ê�§§3þfåÆ¥%¬���*ÿ�þf�Z�½öU?£Ä�A"@ý�	Wei-Han-Wei ���§Ù¥�·>^||Ü ~B× ~E 3Ú\?ÛÁ�âf�cÒ®²3�m¥�z
����÷ÆÝ θ ���'umå r��~�^§l(á
���ÿÀØ²�A5"é?Û¥5�f½©f§��§äk�"�>4zÇα§Ò¬g,/!¤�'~/Ð¼ù��~§¦Ù�m$Ä¥yÑØ²��ÿÀ5�",	§du�fÚ©fåZ�EâF�¤Ù¿®2�æ^§ù���¤I���4z�¥5Á�âféN´¢y"Ǳ
&ÏÚ�y¥5âf�AÛ� �A§.�/��fÚ©få¢�ÔnÆ[��
éõãå§�OÚU?°��Ô�ÅZ�¤ì§AO´3Z�C�¥Ú\>|Ú^|§¿3CAcºY��
�
� ~B × ~E ¥�''X�AÛ� �,�£Phys. Rev. Lett. 109, 120404 (2012)¶Phys. Rev. Lett. 111, 030401

(2013)¶Phys. Rev. A 93, 023637 (2016)¶�¤"2�	 Wei-Han-Wei �.�KFþ¥��'u ~V 2 ��§ÙXê�U�Ǳ
1

2

(

M + α~B2
)

=
1

2
M

(

1 + α
~B2

M

)

,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

6.5. þf�  273=^|��^¦�¥5�f��þM ¤Ǳk��þ
Mα =M

(

1 + α
~B2

M

)

.Tk��þ�'uÙ��k�þ M Ï~=k� 10−9 �?�"d'u^���?Ø�§ù��þ?�¬Úå^£^�Ì¤¥$Ä��f�£^ªÇk�Óþ?�?�"2004c§{Iæ�nóÆ� Pritchard �Ç�ïÄ|Çkæ^ã 6.28 ¤«�Penning lf²°��Ì¢�C�*ÿ�
ù�£^ªÇ?�§ã 6.29´¦�¤���éCO+lfÚN+
2 lf��é^£^ªÇǱ�nU��Jl*ÿ(J£Nature 430, 58 (2004)¤"MIT ïÄ|Ó��rN
 αB2 Úå�k��þ?�3NõÄu°(�þé'�u�Ä�Ôn½Æ£~X§CPTé¡5!Einstein �U'X!��¤�¢�!�fÚ©f�>4zÇê�ÿþ¢�§±9ÔnzÆÚ)ÔzÆïÄ�ö¦^�^£^����Ì©Û¥§Ñ¬´���Ï�"

Figure 6.28: Penninglf²^£^�Ì¤���«¿ã"d���/>4Úü�XG>4�)�>o4|ò�ÿlfåP3 z ≈ 0���"ù�>o4|Ú÷ z���þ!^|Ü�å5r�ÿlf?�Ú��3 r ≈ 0�«�§�½¦Ù3R�u^|�²¡S��~°(�£^$Ä"
Wei-Han-Wei�ýóα(B× E)AÛ� ¬3¥5�6N¥Úå�*ÿ�÷*þfZ��A£Phys. Rev. Lett. 75, 2071 (1995)¤"31995c�c§-1�e�)�!D�íN�ÀÚ–OÏd"và�ÿ�3¢�¥*ÿ�§>¥5��6y��U3���4HeÚ3He¥u)§Ù¥c±4He�6N�´��"�´4He�fQØ
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274 CHAPTER 6. �fG��UC�	>^|¥��f

Figure 6.29: Penning²¥CO+lfÚN+
2lf��é^£^ªÇC90���*ÿêâ§Ù¥R-offset = (Meff [CO

+]/Meff [N
+
2 ])− 1§Meff [CO

+]ÚMeff [N
+
2 ]©OǱCO+lf!N+

2lf3^|¥�k��þ"duN+
2©f�(�é¡5§Ù>4zÇ´�½�"êâ¥²w�n�þfz�?Ò�ß/�«
CO+lf�n�þfz
�>4zÇ§©OéAuCO+©f�n�ØÓ�þf=Ä�"Ó��CO+lfÏLáÂ½u����µË�1f¢yØÓþf=Ä��m��["�>§ǱØ���k�>4Ý½^4Ý§¤±�ÏL�\	|5KǱÚ��4He�6N¿ØN´"ØL§²dr>|p�>ó4Ý¼�AÛ� �A¬Jø�^å»"2001c§\²�ÆË�|©��PackardïÄ|ÏLæ^B�ºÝ���
��Ǳ�6fó�Äg*ÿ�
Äu3He�6N�÷*þf/V¿0Z��A£Nature 412, 55 (2001)¤"2006c§Äu4He�6N�÷*þfZ��AǱd¢�y¢£Phys. Rev. B 74, 100509(R) (2006)¤"d	§�kØ�ïÄïÆ3�N¥�>f–�Çé�ÀÚ–OÏd"vàN!D�íN�ÀÚ–OÏd"vàN!��þf�¥Ïép��>ó4Ý�AÛ� �A£~X§Phys. Rev. Lett. 102,

106407 (2009)¶Phys. Rev. Lett. 116, 250403 (2016)¶��¤"o�§¥5âf3·>^|¥�AÛ� 9Ù�A®��y¢§�°[�ÔnïÄE32�mÐ"
6.6 eee���fff§§§BBB���ÀÀÀÚÚÚ–OOOÏÏÏddd"""vvvàààÉ>^|�KǱ§�f�±���3���«�S§ù«y�¡Ǳ�f§B§/
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6.6. e�f§B�ÀÚ–OÏd"và 275¤�f§B��^¡Ǳ�f²"duÃ5K$Ä§Ý�$��f�N´�§B§ÏdÏ~��f§BÑ´e�f§B"~���f²kµ^²!-1²!^1²!�"e¡{�0�^|Jø/åP²0�Ä��n"·���§²;�¹e§>^|�±d>|rÝ ~E Ú^aArÝ ~B £ã§Ǳ�±d>³ ϕ Ú^¥³ ~A �¤�o¥þAµ = (ϕ, ~A) £ã"3Ï~�þfz�Ye§>^|¥±�Ý ~v $Ä��þǱ m£�A�ÄþǱ ~p = m~v¤!�>þǱ
q �âf�M�îþǱ£�ÑL§�N¹n¤

Ĥ =
( ~̂P − q ~A)2

2m
+ qϕ .Ù¥ ~P Ǳâf��KÄþ§�±þfzǱ ~̂P = −i~∇ .éu=k÷ z ���þ!^| ~B��¹§d½Â ~B = ∇× ~A�§^¥³�±LãǱ

~A =
1

2
~B × ~r = −1

2
B y~i+

1

2
B x~j ,Ù¥~i!~j ©O´ x!y���ü ¥þ"¿�§>³ ϕ ≡ 0 . u´kM�îþ

Ĥ =
1

2m

(

~̂P − q ~A
)2

+ qϕ =
1

2m

[(

P̂x +
q

2
B y

)2

+
(

P̂y −
q

2
B x

)2

+ P̂ 2
z

]

.=k
Ĥ =

1

2m

[

P̂ 2
x + P̂ 2

y +
(qB

2

)2
(

x2 + y2
)

− qB
(

xP̂y − yP̂x
)

+ P̂ 2
z

]

.½=
Ĥ =

1

2m

[

P̂ 2
x + P̂ 2

y +
(qB

2

)2
(

x2 + y2
)

− qBL̂z + P̂ 2
z

]

.d;�^Ý�½Â�§ qL̂z

2m
Ǳ>þǱ q �âf�;�^Ý� z ©þ§2�Ä¤�	^|���§Kþª�U�Ǳ

Ĥ =
1

2m

[

P̂ 2
x + P̂ 2

y +
(qB

2

)2
(

x2 + y2
)

]

− µl,q · ~B + P̂ 2
z .·���§ qB

2m
Ǳ.��£Larmor¤ªÇ ωL§Kk

Ĥ =
1

2m

(

P̂ 2
x + P̂ 2

y

)

+
1

2
mω2

L

(

x2 + y2
)

− ωLL̂z +
P̂ 2
z

2m
.
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276 CHAPTER 6. �fG��UC�	>^|¥��fdD�3 z ��gd$Ä!3 x-y ²¡S�����f³|¥7 z ¶��=Ä�âf�M�îþ"w,§T��f³|Jø
��§B�^"ùL²§	^|é�>âfJø��g,�§B³²§ǱÒ´`§^|Ú1|�±^5§B�f§$���rpf5ö��f"d1oÙ�ââf�g^�éõâfXÚ?1©a��Y§õâfXÚ�©Ǳ¤�fXÚÚÀÚfXÚ"�âõâfXÚU�*$ÄG��ÚO©Ù5Æ§ÀÚfXÚ�z��þf��±NB�âfêØÉ��§½ö`õ�ÀÚf�±?3�Ó�þf�"ù���¹õ�ÀÚf�Uþ�$�¡ǱÀÚ–OÏd"và�£Bose–Einstein Condensation State, ~{PǱ BEC¤"Ï~§XJ�§B��fÑ?uUþ�$�þf�§=¡�ǱÀÚ–OÏd"và�"�Äk�NÈ�Ae�ÀÚ–OÏd"ÚO5Æ£�Ï~�9åÆ4�e�ÀÚ–OÏd"©ÙÆ�'§�Ir�$Uþ�üÕÑ5=�¤§�±��NÈǱ V �«mS� N �ÀÚf?u"U���.§ÝǱ
Tc =

2π~2

mkB

( N

2.612V

)2/3

,Ù¥�äNêi 2.612 5gué�"Uþ�¦Ú£UëYCþÈ©¤���� 3/2��iù¼ê ζ3/2(1)"�eÚe�f§B+��ïÄ®²��´a¤J§�±¦<�¼� 10−10K�$§§l¢y
ÀÚ–OÏd"và9é�þ�fXÚ§$�ü�f§?1ö�§¿®¼� BEC 'é� BCS 'é�mëYLÞ�&E£Nature 435, 1047 (2005)¤±9�p�^õâfNXdüN$Ä�8N$Ä�&E£~X®²*ÿ�é'é9g^���ÉÚåXÚ/C£pairing induced

deformation¤�,�£Nature 442, 54 (2006); Science 311, 492 (2006); Science 311,

503 (2006); Nature 451, 689 (2008); Nature 454, 744 (2008); Nature 480, 75 (2011);��¤¤"Ǳ¢y�f§B!ÀÚ–OÏd"vàÚ�fö�§�,I�kü$�fÃ5K$Ä�¹�§Ý§ǱÒ´I�ké�fXÚe%§-1e%�f��@¢yöÁ�©£{7u<ÔnÆ[¤!Cohen-Tannoudji£{IÔnÆ[¤Ú W.

Phillips£{IÔnÆ[¤¼�
1997c�ì��ÔnÆø§-1e%�f�n�JÑö T. Hänsch£�IÔnÆ[¤¼�
2005c�ì��ÔnÆø§C.

Wieman£{IÔnÆ[¤!E. Cornell£{IÔnÆ[¤Ú W. Ketterle £�I
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6.6. e�f§B�ÀÚ–OÏd"và 277ÔnÆ[¤Ï|^-1e%Ú^²§B¢ye�f�ÀÚ–OÏd"và¼�
2001cì��ÔnÆø§S. Haroche£{IÔnÆ[¤Ú D. Wineland£{IÔnÆ[¤Ï¢y�þ�f½lfNX�§B�ö�¼�
2012c�ì��ÔnÆø"1pö�ü��©fEâ�JÑö A. Ashkin£{IÔnÆ[¤¼�
2018c�ì��ÔnÆø"
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278 CHAPTER 6. �fG��UC�	>^|¥��fggg���KKK���SSSKKK
6.1. Á`²Ø>ÖêǱ Z �a�lf�Ï~�1Ì�X�ÅêÑ�±{üLãǱ

1

λ
= R̃AZ

2
( 1

m2
− 1

n2

)

,Ù¥ R̃AǱÙp��~þ§��n¶¿`²ØÓ�f�p��~þ´Ä�Ó9Ù�n"
6.2. Á8Bo(��f!a�lf!w7á�f!���õ>f�f�1Ì�ªÇ9Åê��U�L�ª§¿`²Ù¥�þ©OXÛ(½"
6.3. ÁÏLäNO�`²§3Ø�ÄÚ�Ä>fg^�Aü«�¹e§�f©OÏL>ó4�[!>o?�[!^ó4�[!>l4�[u1�ÀJ½K"
6.4. Á± eV Ǳü §�Ñ/ùÚ0(650 nm)Ú/7Ú0(400 nm)1f�Uþ§¿(½W�ü�Ún��[¥k=
´3ÅÌ���«"
6.5.  �f����	�kü�>f§Ä�>f|�Ǳ 4s2"Á©OÒÙ¥��>f�-u� 5s �½ 4p �ü«�¹§©Û�Ä LS ÍÜ�¹e��f�§xÑ�A�U?ã§¿?Ø©Od§��$U?�[�¢S�UÑy��[k=
"
6.6. äk��d>f�õ>f�f�d>f�U?�±LãǱ:

En = −Rhc(Z − S)2/(n−∆)2 ,Ù¥ S ´¶-~ê§∆ ´þfêº�£�ûuA½d>f� n Ú l �¤"¢�ÿ�§�Ú?� s!p!d �� ∆ �Xe
s p d

Li(Z = 3) 0.40 0.04 0.00 ,

Na(Z = 11) 1.37 0.88 0.01 .Á3� S ���u�f¢¥�>fê��¹e§(½�Ú?¥d>f�Ä�Úcü�É-��Uþ"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

6.6. e�f§B�ÀÚ–OÏd"và 279

6.7. ¢�ÿ�l?�f� 3p U?� 3s U?��[�)�^Å�Ǳ 589 nm �Ì�"Á3Ñ�V�(��¹e§|^þK�L�ª�Ñ�U?��§(½ 3p→ 3s�[�)�1�Å�§¿�¢���'�"éu�� 2p→ 2s �[9éa� 4p→ 4s �[§(JXÛº
6.8. w7á�f¥� np → 2s (n ≥ 2) �[�)�1Ì�X¡Ǳw7á1Ì�Ì�X"¢�ÿ�a�f1Ì�Ì�X�1�^Ì��Å�Ǳ 766.5 nm§X�Å�Ǳ 285.8 nm§Á(½a�f�s!p1Ì��þfêº��"
6.9. Á�ï��{ü�.§O�±�f�>Ö¶-Ïf§¿O�±�f���>lU"
6.10. Á`²LÆØÓ�f� X ��Ì� K �XÚ L �X�Åê�5Æ�L�ª9Ù¥�þ�¿Â"
6.11. Á`²-1��)�nÚ3¥�f�gþ���-1�Uþ���¶Ǳ��Å�' 2× 10−4 nm á��pª X ��-1§AT3�o�gþ?1ö�º¿��XÛö�"
6.12. Á`² X ��Ú��>f��)Å�±9 X ���Ï~�1���O§¿`²ÏLÿþ��>f�ÄþÌ�±���f(���£��n"
6.13. Á`² X ��I£Ì�Ï~��f1Ì��O§¿`²|^ X ���X�#l4ã�±(½�f��fSê9Ù¥-u>f�¶-ê��n"
6.14. ¢�ÿ�e�Kα�µ�f y 1 W � � Ô � ¾Å�/nm 0.987 0.536 0.335 0.229 0.179 0.154 0.093 0.021ÁxÑ Kα ��ªÇ�²��'u����fSê��"¿�â¤��§�y#l4½Æ √

ν = A(Z − σ)§�Ñëê A Ú σ ��"
6.15. |^þK�Ñ�#l4¼ê§O�¾!a!c!q! !�ÚÕ� Kα X���Å�ÚUþ"
6.16. ¢�ÿ���Kα ��Å�Ǳ 0.1785 nm"Á(½��f¥ 1s Ú 2p ��m�Uþ�"¿ò¤�(J���f¥ 1sÚ 2p��m�Uþ�'�§`²Ð"�©O�Ó��[�)� X 1�Uþ��fSêO�Cz�1Ǳ9ÙÅ�"
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280 CHAPTER 6. �fG��UC�	>^|¥��f
6.17. ¢�ÿ�¾� K áÂ�Ǳ 0.0178 nm"XJ�ÄU?�°[(�§K�X��Ì�¢SÑǱV�§¢�ÿ� K �XÌ��²þÅ�ǱKα =

0.0210 nm§Kβ = 0.0184 nm§Kγ = 0.0179 nm"ÁxÑ¾� X ��U?ã§¿�Ñ-u¾�L�X¤I���Uþ±9Lα ��Å�"
6.18. Ìþfê n = 2 �Ì�¡Ǳ L �§�âÆÄþ�Ìþfê�m�'X§L �¢S�¹ 2 2S1/2! 2 2P1/2 Ú 2 2P3/2 n^U?§¿©O¡�Ǳ

L1!L2!L3 U?"¢�ÿ�¾�L1 áÂ�Ǳ 0.102 nm"b½3�S1>�AL§¥§�� Kα 1f��� 2s �>f¤áÂ§Á(½¤�)�1>f��Ý"
6.19. ¢�ÿ�f�f�KáÂ�Å�Ǳ 0.0107 nm§Kα��Å�Ǳ 0.0126 nm§Á(½f�f� L áÂ��Å�"
6.20. Á�âã 5.8 ¤«S�>f��fSêCz�1Ǳ§��c!�!v!{!W!y!¾!�!%� K Ú L áÂ��Uþ§xÑ3d«�Sù
Ô�� X ��áÂ�"
6.21. ÁÒ�g^–;��p�^�'§^|éfÚ^|érü«�¹§(½^|¤Úå��� 3d U?�3�"
6.22. Á3^|�g^-;��p�^�'éf��¹e§(½>f� 3d → 2p �[uÑ�1Ì��3��¹"
6.23. ®�?�1� 589.3 nm �Ì�� 589.0 nm Ú 589.6 nm �°[(�©�©O´d 3P3/2 →3 S1/2 ! 3P1/2 →3 S1/2 ��[�)�§Á(½?�f¥S^|�^aArÝǱõ�"
6.24. Á½þ©Û?�f� 3P → 3S ��[¤�)�1Ì��{ülù�AÚE,lù�A§`²§��Ä�AÆ§xÑ�U��[«¿ã"
6.25. �ÄþK¤ãlù�A§Á½þ©Ûa�f� 4P → 4S ��[¤�)�1Ì��{ülù�AÚE,lù�A§`²§��Ä�AÆ§xÑ�U��[«¿ã"
6.26. éþK¤ã¯K§XJ¢�¤^1Ì¤�Uþÿþ°ÝǱ 1.0 × 10−6 eV§@oǱÿþ�{ülù�A§¤\	^|�^aArÝ��Ǳõ�º
6.27. 2éþK¤ã¯K§XJ¢��^�	^|�^aArÝ��= 2 T§@oǱÿþ�{ülù�A§¤^1Ì¤�Å�©EÇ δλ

λ
A��õ�"
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6.6. e�f§B�ÀÚ–OÏd"và 281

6.28. ò±�f�u/v
r0�^|¥§^��Å�ÿþ°Ý δλ
λ

= 10−5 ��Ì¤ÿþÙlù�A§é±�f 1s3p1P1 → 1s2s1S0 �[�)�Å�Ǳ 501.6 nm �Ì�§^aArÝA��õ�âU*ÿ�Ù{ülù�A"
6.29. ÁxÑ3k^|�3�¹e§��f� 4f Ú 3d ��U?ã¶¿y²§3 4f → 3d �[¥§1Ì��ê8Ǳ 3"XJ^|Ǳ 0.5T§¿b½©1O�©EÇǱ 10−11 m§Á¯ù
Ì�UÄ�*	�º
6.30. ÏL¢�*	lù�A§U
(½âf�Ö�' q/m"XJ3� 0.450T�^|¥§��f�ü^1Ì��måǱ 0.629× 1010 Hz§Á(½>f�Ö�'"
6.31. Á(½W�f� 3F → 3D Ú 1F → 1D �[�)�1Ì�3f^|Úr^|�^e�©��¹"
6.32. Ï~�¹e§W�f¥� 4 1D2 → 4 1P1 �[�)�^Å�Ǳ 643.9 nm �ü�"Á(½§XJrW�f�u 1.40 T �^|¥§U
*	�=
Å��1Ì�"
6.33. 3vk	^|�¹e§¢�ÿ�?�f� 2P1/2 → 2S1/2 ��[Úå�Ë��Å�Ǳ 589.59 nm"Á(½ò?�f�u 2 T �^|¥�§Ù�U���[Ë��Å��UCþ"
6.34. ò?�f�u 2 T �^|¥§Á(½?�f� 2P1/2 �Ú 2S1/2 ��lù©�¶¿`²Ǳÿþ�?�f�¤k{ülù�AÚå�1Ì�¤^�Ì¤�Å�ÿþ°Ý��Ǳõ�"
6.35. b�g^–;�ÍÜ�^'Ù�	^|m��^r�õ§Á(½�u 0.05T�^|¥���f� 2D3/2 �Ú 2D5/2 ���~lù©�"¿`²§Ǳÿþ�¤kù
lù©�§¤^�Ì¤�Å�ÿþ°Ý��Ǳõ�"
6.36. ¢�ÿ� 7Li �fØ�Ä��ÆÄþǱ 3

2
~!^ÝǱ 3.26µN"ò��gd� 7Li �fØ�u 2.16T �^|¥§Á(½ÙÄ�U?©���¹£�)©�Ǳõ�^!��U?�Uþm�õ�!ÿþÙ1Ì��Uÿ��Å�!��¤"

6.37. 3 LS ÍÜ�ªe§�f�^Ý�±LãǱ
~M²þ = − e

2me

g ~J ,
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282 CHAPTER 6. �fG��UC�	>^|¥��fÙ¥� ~J Ǳ�f�oÆÄþ"Á(½W�fÚ¾�f� g Ïf§¿?Ø3f^|�^e§�� 3p ��©��¹§±9r^|�^e��å"
6.38. òÄ�?�f�u\kð^|��Å��n¥§ªÇǱ 1.0 × 1010Hz �>^Å²Å�Ñ\���nS§Á(½Ǳÿþ�>^Å�Uþ�r�áÂ§¤\^|AǱõ�"
6.39. Á(½§3 0.10T �^|¥§�o���ª&ÒâUÚål²1��UCǱ�²1��£½�d��¤�>fg^�[º
6.40. òÄ���f�u 2 T �^|¥§Á(½T��f�lù©�Uþ�¶¿`²§Ǳÿþ�Tlù©�§¤^�Ì¤�Å�ÿþ°Ý��Ǳõ�"e�¦>fg^=C��§	\��>^|�ªÇATǱõ�"
6.41. 3��^^��¢�¥§�Åu)ì�ªÇǱ 2.00 × 1010Hz§�^|N�� 1.7T�§*ÿ�>f|�Ǳ 2P1/2 ���f�^^��y�"Á(½>f�Ö�'"
6.42. ò�^^Ô���f�uð^|Ǳ 1.8T �^|¥§ò�^|R���Å�ªÇN�� 2.01 × 1010Hz�§*ÿ�T�f�^^��§Á(½T�f�K� g Ïf9Ù¤?�G�"
6.43. `²|^Ø^���±*ÿÔ��(�ÚSÜG���n"
6.44. ò¹��¬�uð^|Ǳ 1 T �Ø^��Ì¤¥§���ªÇN�� 42.57MHz �§*ÿ��¬���áÂ"Á(½T¹��¬�/Ø0�^^'"
6.45. �þK§���ªÇN�� 16.55MHz �§*ÿ� 7Li �¬���áÂ"b��¬ǱÆÄþǱ 3

2
~ � 7Li �fØ§Á(½ 7Li �fØ� g ÏfÚ^Ý"
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Chapter 7

©©©fff111ÌÌÌ���©©©fff(((���ÐÐÐÚÚÚ
7.1. ©fU?Ú©f1Ì 7.2. ©f(�£ã�{VØ
7.3. ©f���d�nØÐÚ

7.1 ©©©fffUUU???ÚÚÚ©©©fff111ÌÌÌ
7.1.1 VVVããã���!!!©©©fff111ÌÌÌ999ÙÙÙÄÄÄ���AAAÆÆÆ·���§1Ì´þfXÚ�(�Ú5���«§¿�1Ì�)u�1ÌÚáÂ1Ì"¿�Ô�d©f|¤§=©f´÷*Ô���¤ü�"�î�/§©f´Ô�¥U
Õá�3��é½¿û½Ô��ÔnÚzÆ5����ü�"¢�uy§��Ô�äkªÇCqǱ~þ£Ø�ÆÄþO�²wCz¤��Ä1Ì§í�Ô�äk°�«�1Ì�§¢�ÿ��Åz�£HCl¤©f�áÂ1ÌXã 7.1 ¤«§ùL²§3z��Ä1Ì�NCk�ü�ªÇ�ÆÄþO�Cq�5O��=ÄU?§=3�ÄÄ:þ�k=ÄÌ"dÔ�(�Ú©f�Vg�§<�w��Ô��1Ì¢�þ´|¤Ô��©f�1Ì"l*ÿ��©f1Ì�Ì�©Ù«�w§©f1Ì©Ù3l�Å�ù	!2���1!��b	2,���S§±Å�Lã§=d� 200 nm � 100m���S"ǱÒ´`§©fu�½áÂ�1f�Uþ3d 101 ∼ 100 eV � 101 µeV���S"du/©f1Ì�©f(�0Ï~Ñk;���§§Ïdùp=�{ü0�"

283
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284 CHAPTER 7. ©f1Ì�©f(�ÐÚ

Figure 7.1: ¢�ÿ��Åz�©f�áÂ1Ì"
7.1.2 ©©©fffSSSÜÜÜ$$$ÄÄÄ���ªªª999ÙÙÙUUUIIImmm���'''���þã{0L²§©f1ÌäkCq�ªÇ��ÄÌÚªÇCq�5Cz�=ÄÌ±9�ÄÄ:þ�=ÄÌ"ù
1ÌAÆ²w��f1ÌØÓ",��¡§·�®²Ù�§©fd�f|¤"äN/§�Ü©©fd�êA��fØÚA�>f|¤§õê©fdõ��fØÚõ�>f|¤"ù��¡`²©f�(�éE,§,��¡§�â¢�ÿþ��1Ì¤Pk��ÄÌ9=ÄÌ�AÆ§±9�f1Ì�NÑ�ü>fXÚ£1Ì��LãǱ
ν̃ = T (n2)− T (n1)§Ù¥ T (n) = R̃A

n2 ¤Øäk�Ä!=Ä1Ì§·���§©f¥��|©(Ü/é;�l�Ǳ�N$Ä§½=k8N$Ä"@o§�Ǳdõ��fØÚõ�>f/¤�þfõNXÚ£4�ê´þf�NXÚ¤§©fØäkÙ�|©>f¤Pk�£üâf¤$Ä	§���´�äk�Ä!=Ä�8N$Ä"ùpé©fSÜ�ù
$Ä�ª9ÙUþ«�Ú�é���±{�?Ø"
1. >>>fff$$$ÄÄÄ©f¥�>f�,Û�3©fS$Ä§ò©fCqǱ¥N§�©f��»3
10−11�£10−2 nm¤�þ?§�©f3 10−9�£100 nm¤�þ?§��5ù£²þ5ù¤§©f��»3 10−10�£10−1 nm¤�þ?"ǱÒ´`§©f¥�>f� �Ø(½ÝǱ ∆r ∼ RM ∼ 10−1 nm§@o§�âØ(½'X§©fS$Ä�>f�ÄþØ(½ÝǱ h

∆r
∼ h

RM
§Ù¥ h ǱÊK�~þ§P>f��þǱ me§
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7.1. ©fU?Ú©f1Ì 285KÙÄU��Ǳ
Ee =

p2

2me
∼ (∆p)2

2me
∼ ~

2

meR 2
M

∼ 101∼2 eV .

2. ���ÄÄÄ©f��Ä����Ä�Ä�ã��Ó§´|¤©f�|©ü�3Ù²ï �NC��Ä"oÑ5ù§©f�|©ü�´�f"î�5ù§�Ä>fØ=Û�3�fS§©f�|©ü�´±�fØǱ�þÌ���ö�lfÚ>f"P©fS��fØ��þǱ µ!��Ä�A�§ÝXêǱ k§K©f��ÄU�LãǱ
EV = ~ω = hνV = ~

√

k

µ
.ÏǱ�fØ��þ µ ≈ 104 ∼ 105me§��Ä�§ÝXê�±d>f�ÄUÚ©f��»£ò>f�$ÄÀǱ3�Au©f�Ä���f³|¥�$Ä¤LãǱ k ≈ Ee

R 2
M
§u´k
EV ≈ 10−2

~

√

Ee

meR
2
M

∼ 10−2
~

√

ω2
e = 10−2

~ωe = 10−2Ee .

3. ===ÄÄÄ=Ä=©f�Ǳ���N7,�¶½,�:=Ä"P©f�=ÄÆÄþǱL!=Ä.þǱ I§K©f�=ÄUǱ
ER =

L2

2I
.P�fØ��þǱ µ§½=©f�ý�Ü©�þǱ µ§K©f�=Ä.þ

I ≈ µR 2
M§@o
ER =

L2

2I
≈ ~

2

µR 2
M

≈ 10−4 ~
2

meR 2
M

≈ 10−4
~
2ω

2
e

Ee
= 10−4E

2
e

Ee
= 10−4Ee .

4. oooUUUþþþc®`²§©fS�$ÄQk�|©>f�$Ä§qk©f�Ǳ�N��Ä!=Ä�8N$Ä§K©f�UþǱÙ|©>f�Uþ�©f��ÄU9=ÄU�Ú§=k
E = Ee + EV + ER .
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286 CHAPTER 7. ©f1Ì�©f(�ÐÚdþã'uØÓ/ª$Ä�Uþ��é��'X�§©f�UþÌ�´Ù¥�>f�ÄU£�Ú¤§©f��ÄU��´Ù>f$ÄUþ�z©���þ?§©f�=ÄU��´Ù>f$ÄUþ��©���þ?!½=Ù�ÄU���z©���þ?"Ïd§éu©f1Ì§<�k£�N´*ÿ�¤�ÄÌ§¿�3z��ÄÌ�NCk�ü�=ÄÌ"¿�§3Ì�ïÄ©f�,�gdÝ�§'ÙUþp½$��ª�$ÄÑ��Ñ"
7.1.3 ©©©fff���===ÄÄÄUUU???ÚÚÚ===ÄÄÄ111ÌÌÌ���!!!===ÄÄÄUUU???©f´þfåPXÚ§Ù=Ä1Ǳ�±d���£ãþfXÚ=Ä��{Ú�Y5£ã"1�ÙÚ1nÙ®²?ØL��þfXÚ�=Ä§ùp±cã(JǱÄ:?Ø©f�=Ä"
1. nnn������... — fff555===fff���...c¡�?Ø®²�Ñ§éuIO�f5=f§=Ä.þǱ I!ÆÄþǱL�=f�UþǱ

ER =
〈 ~̂L 2〉
2I

=
L(L+ 1)

2I
~
2 . (7.1)éV�f©f§PÙü|©8ì£�f¤��þ©OǱ m1!m2§�=¶m�ål©OǱ r1!r2§KÙ=Ä.þǱ

I = m1r
2
1 +m2r

2
2 = µR2 , (7.2)Ù¥ µ = m1m2

m1+m2
ǱÙ�z�þ§R = r1 + r2 Ǳü�fm�ål"ÙÄ�AÆXã 7.2 ���Ü©fã¤«§Ù¥=¶��
 z ¶§þã� r1!r2éAã¥� x1!x2 "

2. ¢¢¢SSS���===fff���...éu¢S�©f§d'u�f�?Ø�±í�§Ù»�Å¼êÚÆ�Å¼êÑ´ÆÄþ�6�§ǱÒ´`§©f¥�|©Ô��©Ù�XÆÄþ�CzCz§=¦Ù=¶(½§Ù=Ä.þǱ´ÆÄþ�6�§Ïd§·��±æ^�C=Ä.þ�.5�y¢/£ã©f�=ÄG�ÚUÌ"
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7.1. ©fU?Ú©f1Ì 287

Figure 7.2: ±V�f©fǱ~�©f=Ä«¿ã£�¤Ú�)=Ä1Ì�áÂÌ��[«¿ã£m¤"{ü��C=Ä.þ�.Ï~LãǱ
I = I0

[

1 + f1L(L+ 1) + f2L
2(L+ 1)2

]

, (7.3)½
I = I0

√

1 + g1L(L+ 1) , (7.4)Ù¥ f1!f2!g1 Ǳ~ê§�â¢S�¹§ÙäNê��Ǳ�êǱ�ǱKê"�y¢��C=Ä.þ�.¥§<�rþã~êLãǱÆÄþ½ªÇ�¼ê§½ö{ü/ò½¶=Ä�U?úªCq?UǱ
EC

R = hc
[

BL(L+ 1)−DL2(L+ 1)2
]

, (7.5)Ù¥�ëê B!D �N=Ä l(½=Ä.þ�¹�§Ý§�d¢�ÿ��1Ì(½"���!!!===ÄÄÄ111ÌÌÌ·�®²Ù�§1´þfXÚ�½��mu)ò-u�[�uÑ�§¿�3É-�[�¬áÂ1§1Ì´ù��½�m�[�LÆ"Xþ�Ù¤ã§©f�½�m��[éAk>ó4Ý�/¤§ǱÒ´`§©f=Ä1ÌÏ~Ñ´>ó4�[Ì"u´§·�kÆÄþÀJ½Kµ
∆L = ±1 . (7.6)
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288 CHAPTER 7. ©f1Ì�©f(�ÐÚ¿�§1f�Uþ�±LãǱµ
ER = E(L+ 1)− E(L) =

(L+ 1)~2

I
, (7.7)Ù;.AÆXã 7.2 �m�Ü©fã¤«"1Ì��ÅêKǱµ

ν̃R =
ER

hc
=

(L+ 1)h

4π2Ic
,Ï~P�Ǳ

ν̃R = 2B(L+ 1) . (7.8)dd´�§©f�=Ä1Ì�Åêmåð½Ǳ
2B =

h

4π2Ic
. (7.9)@o§�â¢�ÿ��=Ä1Ì§·��±��(½ëþ B ��§dÙ½Â=���©f�=Ä.þ

I =
h

8π2Bc
. (7.10)éu{ü�V�f©f§dd�±��©f¥��fØ�m�må"~~~KKK. ¢�ÿ� HCl ©f��ù	áÂ1Ì��ÅêCqǱ~þ 20.68 cm−1§Á(½T©f¥ H �f� Cl m�må")))µµµ �K8�¦d®�Åê��1Ì(½V�f©f�ü�f£¢SǱülf¤�m�må§´;.���A^úª�¯K"b�©f�=Ä´IO�½¶=Ä§dÙU? ER = L(L+1)~2

2I
�§=Ä1Ì�ªÇ�©f�ÆÄþ L 9=Ä.þ I �m�'XǱ

νR =
Eγ(L+ 1 → L)

h
=

(L+ 1)h

4π2I
,dÅ��ªÇ�m�'X λ = c

ν
�§=Ä1Ì�Åê�©f�ÆÄþ L 9=Ä.þ I �m�'XǱ

ν̃R =
1

λR
=
ν

c
=

(L+ 1)h

4π2Ic
,u´Ù��Ì��Åê�Ǳ

∆ν̃R = ν̃R(L+ 1)− ν̃R(L) =
h

4π2Ic
.
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7.1. ©fU?Ú©f1Ì 289P HCl ©f¥ H lf� Cl lf�måǱR§KÙ=Ä.þ�CqLãǱ
I = µR2 =

mHmCl

mH +mCl
R2 ,K

∆ν̃R =
h

4π2 mHmCl

mH+mCl
R2c

.dd��
R2 =

mH +mCl

mHmCl

h

4π2c∆ν̃R
.�Ä H Ú Cl �U,´Ý§mH = mp§mCl ≈ 35mp§ò�~þ���\þª�

R2 =
1 + 35

35 (1.673× 10−27)

6.626× 10−34

4× 3.1422 × 299792458× (20.68× 102)
= 1.664×10−20m2 ,=k

R = 1.290× 10−10m .¤±§HCl ©f¥ H lf� Cl lf�måǱR = 1.290× 10−10m"
7.1.4 ©©©fff������ÄÄÄUUU???!!!���ÄÄÄ111ÌÌÌ999���ÄÄÄ===ÄÄÄ111ÌÌÌ���!!!���ÄÄÄ���...�!m©�®`²§��Ô�äkªÇCqǱ~þ��Ä1Ì¶í�Ô�äk°�«�1Ì�§ǱÒ´Qk�Ä1Ìqk�ÄÄ:þ�=Ä1Ì§~X§¢�ÿ��Åz�£HCl¤�1ÌXã 7.1 ¤«"Ǳ£ã©f��Ä1Ì"<�ïá
�Ä�."
1. nnn������...— {{{������fff���...1�Ù'uþfåÆÐÚ�?ØQ²`²§3²ï �NC���Ä�NXÑ�±d{��f�.Cq£ã"©f´þfåPNX§Ù(�é½§ÏdÙ¥�|©ü�=U
3�g�²ï �NC���Ä§l�±d{��f�.Cq£ã"{��f�.�³|Xã 7.3 ��>Ü©fã¤«§¿�)ÛLãǱ

U(r) = U0 +
1

2
k(r − r0)

2 , (7.11)
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290 CHAPTER 7. ©f1Ì�©f(�ÐÚÙ¥ k Ǳ�Ä�§ÝXê§¿�d�Äâf��þ µ Úd�û½��Ä��ªÇ
ω LãǱ k = µω2"�A��ÄU?Ǳ

EV =
(

n +
1

2

)

~ω =
(

n+
1

2

)

hν , (7.12)Ù¥ n Ǳ�Äþfê§��Ǳ n = 0, 1, 2, 3, · · ·¶ν Ǳ�ÄªÇ§¿�LãǱ
ν = 1

2π

√

k
µ
=~þ"

Figure 7.3: {��f�.�³|«¿ã£�¤Ú�{��f�.�³|«¿ã£m¤"dd�§©f�IO�Ä1Ì�ªÇǱ~þ ν = 1
2π

√

k
µ
§�A�Å�½Ǳ~þ"~~~KKK. ¢�ÿ��©f��Ä1Ì�Å�CqǱ~þ 2.3µm§Á(½�©f�§ÝXê")))µµµ d¢�ÿ���©f��Ä1Ì�Å���©f��Ä1Ì�ªÇǱ

ν =
c

λ
≈ 3× 108

2.3× 10−6
= 1.304× 1014Hz .dd�§�©f��ÄU?�m�Uþ�Ǳ

∆EV = hν = (6.626× 10−34)× (1.304× 1014) = 8.640× 10−20 J = 0.539 eV .dã 7.11 £�7.3.2!¤¤«��©f�³U��§éumå3 ∆R ≈ 0.17 nm��S�ü��f§�©f�³U�±éÐ/CqǱ��f³§u´§d
∆EV =

1

2
k∆R2�

k =
2EV

∆R2 =
2× 0.539

(0.17× 10−10)2
= 3.73× 1021 eV/m2 .
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7.1. ©fU?Ú©f1Ì 291¤±§�©f�§ÝXê��Ǳ 3.73× 1021 eV/m2"
2. ���������fff���...X'u©f=Ä�.�?Ø¤ã§�Ä´©fG��LÆ§@o©f�Ä�ªÇdÙ¥�|©�þf�û½"ǱÒ´`§�ÄªÇ ν ´G��6�§ØǱ~þ§d=���f�."�ÄÏ~�©f¥��Ä8ìǱ�>lf§�>lf�å�C�§Ùmkér�ü½§@o§���f�.�³|�±LãǱã 7.3 �m>Ü©fã¤«�/ª"�A/§�ÄU?k?�§~X§�±rcã��ÄªÇ ν LãǱ�Äþfê n �¼ê§Ǳ�±r�ÄUþ��U�Ǳ

EV =
(

n+
1

2

)

hν +
(

n +
1

2

)2

b , (7.13)Ù¥ b d?���§ÝXê k�¢SCz�¹(½"ùL²§¢S�©f��Ä1Ì�ªÇ�� l~þ ν = 1
2π

√

k
µ
"���!!!���ÄÄÄ–===ÄÄÄUUU???c¡®�Ñ©f��ÄU?Ú=ÄU?§¿�d=Ä�éu�Ä�Uþ'X�§=ÄU?©Ù3�ÄU?�Ä:þ§ǱÒ´3�ÄU?NCk�ü�=ÄU?§¿�äNLãǱ

EV,R =
(

n+
1

2

)

~ω +
L(L+ 1)

2I
~
2 . (7.14)éu~��>ó4�[§ÆÄþ L ��Äþfê�m�'X���f�;�ÆÄþ�Ìþfê�'Xaq§�±LãǱ

L = n, n− 1, n− 2, · · · , 1, 0 . (7.15)éu>o4�[§þã'XK�LãǱ
L = n, n− 2, n− 4, · · · , 1, ½, 0 . (7.16)nnn!!!���ÄÄÄ–===ÄÄÄ111ÌÌÌ

1. ÀÀÀJJJ½½½KKK
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292 CHAPTER 7. ©f1Ì�©f(�ÐÚ�'u�)�f1Ì��[�ÀJ½K��n�Ó§éu~��>ó4�[§ÙÀJ½KǱ
∆n = ±1 , ∆L = ±1 . (7.17)dd�§éuz� ∆n = 1 ½ −1 ��[�)��ÄÌ�NC§Ñk�Au

∆L = 1½ −1�[�)�=Ä1Ì�"Ï~§<�¡∆L = −1§=d L→ L− 1��[/¤�1Ì¡Ǳ P ©|§�Au ∆L = +1§=d L → L + 1 ��[/¤�1Ì¡Ǳ R ©|"�
$-uU?m��[Xã 7.4 ¤«"

Figure 7.4: �)©f��Ä–=Ä1Ì�áÂÌ��[«¿ã"
2. nnn������...eee���ªªªÇÇÇ!!!ÅÅÅêêêÚÚÚ111ÌÌÌAAAÆÆÆ�âþã'uÆÄþÚ�Äþfê�ÀJ½K±9UþÀJ½K§P ©|�ªÇǱ

νP =
En+1(L− 1)− En(L)

h
=

1

2π
ω − ~

2πI
L , (7.18)

R ©|�ªÇKǱ
νR =

En+1(L+ 1)−En(L)

h
=

1

2π
ω +

~

2πI
(L+ 1) . (7.19)�A�Åê©OǱ

ν̃P =
1

λP
=
νP
c

= ν̃0 − 2BL (7.20)
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7.1. ©fU?Ú©f1Ì 293

ν̃R =
1

λR
=
νR
c

= ν̃0 + 2B(L+ 1) , (7.21)Ù¥
ν̃0 =

ω

2πc
=

1

2πc

√

k

µ
, B =

~

4πIc
. (7.22)�âù��ªÇÚÅê§3n���Ä–=Ä�.e§©f��Ä–=Ä1Ì�AÆ´¥
Ä�üýké¡üm�måþ!�Ì�§Ù¥�Ä�éA ν = ν0 �� "~X§ã 7.4 ¤«�¥m�Y�ýkmåþ!� P ©|Ì�§mýkmåþ!� R ©|Ì�"

3. ???���cã?Øvk�9>f�U?9Ùm�[�)½áÂ�1Ì�"XJ>fU?Ǳu)Cz§∆L = 0 ��[ǱǱ#N�[£aqu�f��[¥�^ó4�[¤§u´1Ì�¥�Ñy�Au ∆L = 0 � Q ©|§¿�Ì�Åê¥� B ¬UC"�Äcã�y¢��{��Ä�.Ú�C=Ä.þ�.§þã�Ì��ªÇÚÅêÑA?1�A�?�"éu�ÙVã¥¤ã�ã 7.1 ¤«�Åz�©f�ù	áÂ1Ì§Ù� Ñy3 E = ~ω ≈ 0.358 eV§�må� 0.0026 eV§ùL² HCl ©f��Ä1Ì�Ä�éA�UþǱ� 0.358 eV§3ÙÄ:þ�=Ä1Ì�Uþm�Ǳ�
0.0026 eV§dd��£äNO�dÖö�ǱSK�¤¤§HCl ©f�§ÝXêǱ� 3.01 × 1021 eV/m2"�°[/�	T1Ì�§ÙªÇÌ¿Ø�m�§´�XªÇO�ÅìCÄ¶¿�Ì�rÝǱØ�Ó§äN/§3ÆÄþ l = 3 ?Ì��r¶z^Ì��Ñ�¹rÝØÓ�ü^Ì�"ªÇÌØ�m��ªÇO�ÅìCÄL²§HCl ©f�=Ä.þ�ªÇO�O�§�A/§�lf�Ålf�m�²ïmå�ªÇO�O�"Ì�rÝ�Ø�Ó¥k5Æ�©ÙL²§?uØÓ=Ä�£±ÆÄþ l IP¤�©fê8äkÚO©Ù5Æ§�Ä{ü�À�[ù©ÙÆ

P (Enl) = N(2l + 1)e
− Enl

k
B

T , (7.23)Ù¥ N Ǳ©foê§T ǱXÚ�§Ý§2l+ 1 ǱUþǱ Enl =
l(l+1)~2

2I
���{¿Ý§é¿§£� 23C◦§½= 0.0255 eV¤�¹§O�¦þã P (Enl) ��4���
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294 CHAPTER 7. ©f1Ì�©f(�ÐÚ
l§��©fê8�õ���ÆÄþǱ lmax ≈ 3§�¢�ÿþ��éAu l = 3 �=Ä1Ì��r��"'uz�^Ì�¢SÑ�¹ü^Ì�§ù´duÅ�f��fØkÓ � 35Cl£´Ý� 75.8%¤Ú 37Cl£´Ý� 24.2%¤§d 35Cl /¤�
HCl ©f�òÜ�þ'd 37Cl /¤� HCl ©f�òÜ�þ�§l=Ä.þk�É§=ÄUþk�É§¤±áÂ1Ì�¢SǱ§��g�A�ü^"
7.1.5 ...ùùù111ÌÌÌ���!!!...ùùùÑÑÑ������...ùùù111ÌÌÌVVVããã1Æ¥®²?ØL§1ÏL�ÝØþ!�0�½d9$ÄÚå�ÝÞá�0��u)�Ñ�¡Ǳa|Ñ�§ù«Ñ�ØKǱ1�ªÇ§ÙrÝ�1�ªÇ�og�¤�'§âd�±)º·�3�~�¹ew��U�¥7Ú"¢�uy£1928c<ÝÔnÆ[.ù£C.V. Raman¤uy¤§1\��éõáÆþ�§3Ñ�1¥§Øk�\�1ªÇ�Ó�¤©	§�kØÓªÇ�¤©§ÙªÇ�UC�\�1�ªÇÃ'§=�0�©f�5�k'§ù�y�¡Ǳ.ù�A§ù«Ñ�¡Ǳ.ùÑ�§�A�1Ì¡Ǳ.ù1Ì"âduy§Raman¼�
1930c�ì��ÔnÆø"�äN/§3Ñ�1�ªÇu)Cz�1¥§QkªÇ'�\�1ªÇp�1§Ǳk'�\�1�ªÇ$�1".ù1Ì¥§ªÇ'\�1ªÇ$�Ì�¡Ǳd÷�d�§ªÇ'\�1ªÇp�Ì�¡Ǳ�d÷�d�"���!!!...ùùùÑÑÑ������������·���§Ñ�1ªÇ�±ØCL²UþÅð§�A�Ñ�Ǳ�5Ñ�¶Ñ�1ªÇu)CzL²UþkUC§�A�Ñ�Ǳ��5Ñ�"@o§a|Ñ�==´�5Ñ�§.ùÑ�Qk�5Ñ�qk��5Ñ�"ò1�Ñ�LãǱ\�1�0�©fáÂ!,�0�©f2uÑ1�L§§K�äNLãǱ§0�©fáÂ\�1f§d��þf��[�,��þf�§U?u)Cz§~Xã 7.5 ¤«�dIPǱ 0 �U?Cz�IPǱ 0′ �U?§dIPǱ 1 �U?Cz�IPǱ 1′ �U?"XJò-u�dIPǱ 0′ �U?ò£�IPǱ 0 �U?§dIPǱ 1′ �U?ò£�IPǱ 1 �U?§Tò-uL§uÑ�1w,��\�1�ªÇ�Ó§==k�5Ñ�§ǱÒ´=ka|Ñ�"�
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7.1. ©fU?Ú©f1Ì 295´§3ò-u�§XJdIPǱ 0′ �U?ò£�IPǱ 1 �U?§dIPǱ 1′�U?ò£�IPǱ 0 �U?§KuÑ�1�ªÇ©O'�\�1�ªÇ$!'�\�1�ªÇp§=uÑ�1QkªÇ'�\�1�ªÇ$�¤©qk'�\�1�ªÇp�¤©"u´§Qk�5Ñ�qk��5Ñ��.ùÑ��±/�/LãǱ�g�?L§" ¿�§dIPǱ 0′ �U?ò-u�IPǱ 1 �U?

Figure 7.5: .ùÑ��n«¿ã"uÑ�1éA�1Ì�=d÷�d�§ÙUþ�éu�\�1C�§Å�C�§½=kù£¶dIPǱ 1′ �U?ò-u�IPǱ 0 �U?uÑ�1éA�1Ì�=�d÷�d�§ÙUþ�éu�\�1O�§Å�Cá§½=k7£"duÉ-J�Ø½§é¯£10−8 ¦±S¤Ò�£�Ä�§Ïd�Ü©�[UþØC§�Ü©â�) £"qduUþG�Ñ�ÅÚO©ÙÆ§@o¿§�?u-u�£�Ä¤U?�©fé�§Ïd�d÷�d���ud÷�d�"~X§¢�ÿþ�� CCl4 ©f�.ù1ÌXã 7.6 ¤«§dã�±²wwÑ§d÷�d��rÝ��u�d÷�d��rÝ§ù�´�d÷�d���ud÷�d���N"ÏǱ§Ý,p§?u-u��©fê¬Oõ"�A/§�d÷�d�òOr"
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296 CHAPTER 7. ©f1Ì�©f(�ÐÚ

Figure 7.6: CCl4 ©f�.ù1Ì"nnn!!!===ÄÄÄ...ùùù111ÌÌÌ©f´dü�½õ��fØ�õ�>f/¤�åP�XÚ"du�fØÚ>fÑ?u£p�¤$ÄG�§Ïd©f¥oka)>ó4Ý",��¡§©fk=Ä§���A§a)�>ó4ÝǱ¬=Ä§l¦�©fLyÑ>o4/C§Ñy>o4Ý§u)>o4�["Uìcã�.ùÑ�´�g�?L§��*ã�§Ù¥�z�?Ñ��f�Ï>fG�Czu)>ó4�[��§Ù�ÎÑ�±LãǱ ∝ ~r§@o£ã����g�?L§��Î ∝ ~r1 ⊗ ~r2 ∝ ~r~r§=Ǳ>o4L§"éu�5Ñ�§ò-u�-uéA§o4ÝØC§4zÇØC§QÃù	¹5Ǳvk.ù¹5"éuQk�5Ñ�qk��5Ñ��L§§ò-u�-u�Ð"���§ù«��¦�©f�4zÇkCz§o4Ýu)�ACz§lQkù	¹5qk.ù¹5"duÙL§´>o4L§§ÏdÙÆÄþÀJ½KǱ
∆L = 0,±2 . (7.24)Ù¥§� ∆L = 0 éA��[�)�1Ì�Ǳa|�¶�∆L = +2 éA��[�)�1Ì�Ǳd÷�d�§¿¡�Ǳ�¤ S |¶� ∆L = −2 éA��[�)�1Ì�Ǳ�d÷�d�§¿¡�Ǳ�¤ O |"�âþãÆÄþÀJ½KÚUþÅð½Æ§.ùÑ��)�1�ªÇǱ

ν = ±En(L+ 2)− En(L)

h
= ±4L+ 6

8π2I
h , (7.25)
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7.2. ©f(�£ã�{VØ 297�A�ÅêǱ
ν̃ = ±B(4L+ 6) , (7.26)Ù¥ B = h

8π2Ic
§I Ǳ©f�=Ä.þ"@o§IO.ù=ÄÌ���ÅêmåǱ

∆ν̃ = ±8B . (7.27)�©f����=Ä1Ì��§©f�.ù=ÄÌǱ·�Jø=Ä.þÚ©f���&E"ooo!!!���ÄÄÄ-===ÄÄÄ...ùùù111ÌÌÌd©f��Ä-=ÄU?m�[Úå�.ù1Ì¡Ǳ�Ä–=Ä.ù1Ì"
1. ÄÄÄ���AAAÆÆÆ�����Ä–=Ä1Ìaq§�Ä–=Ä.ù1Ì�;.AÆǱ´�^�r��ÄÌ�üýké¡©Ù��8�å��f�Ì�£Ñ��¤"
2. ªªªÇÇÇ���Ǳ�����Ä–=Ä1Ìaq§�rÌ��ªÇǱ

ν = νV =
1

2π

√

k

µ
, (7.28)3n����f�.e§TªÇǱ~þ"�ü�=ÄÌÜ©��Ì��m�Åê�Ǳ

∆ν̃L,n = 8B . (7.29)

3. AAA^̂̂d νV Ú ∆ν̃L,n �L�ª9 B �L�ª�§©f��Ä–=Ä.ù1Ì�±Ǳ·�Jø�°(�©f��rÝ9�Ý�&E§l£�Ä–=Ä¤.ù1Ì�ÿþ�©Û¤Ǳy�áÆ(�Ú5�ïÄ��Ãã"
7.2 ©©©fff(((���£££ããã���{{{VVVØØØ
7.2.1 ©©©fff���MMM���îîîþþþ������ÆÆÆ���§§§Ï~�©fdØ����fØÚõ�>f|¤§ØÓ��f�m!�fØ�>f�m!>f�>f�mÑk�p�^"P��©fäk��fØ�ê8Ú>f�



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

298 CHAPTER 7. ©f1Ì�©f(�ÐÚê8©OǱ N!n§3��éØCqÚ:âfCqe§þã�p�^Ñ�LãǱ¥Õ³�/ª§eØ�Äg^�A§KkM�îþµ
Ĥ =

N
∑

p=1

(

− ~
2

2Mp
∇2
p

)

+
n

∑

i=1

(

− ~
2

2mi
∇2
i

)

+
∑

p<q

(ZpZqe
2
s

rpq

)

+
∑

i<k

( e2s
rik

)

−
∑

p,i

(Zpe
2
s

rpi

)

,

(7.30)Ù¥ Mp Ǳ1 p (p = 1, 2, · · · , N) ��fØ��þ§mi Ǳ1 i (i = 1, 2, · · · , n) �>f��þ§Zp Ǳ1 p (p = 1, 2, · · · , N) ��fØ�Ø>Öê§rpq Ǳ p ��fØ�1 q ��fØ�m�må |~rp − ~rq|§rik Ǳ i �>f�1 k �>f�m�må
|~ri − ~rk|§rpi Ǳ p ��fØ�1 i �>f�m�må |~rp − ~ri|§e2s = e2

4πε0
"þãM�îþ�{PǱ

Ĥ = T̂N + T̂e + VNN + Vee + VNe . (7.30′)�A��Æ�§�L«Ǳ
ĤΨ(~r, ~r ) = EΨ(~r, ~r ) . (7.31)

7.2.2 ÀÀÀ���-ccc���°°°%%%CCCqqqþã�§�Kþ�)"�´§duÙ�9��måQk�fØ��fØ�m�!�k�fØ�>f�m!±9>f�>f�m�§Ù�Æ¼ê�mþ ~r Ú ~R éJO(�Nù�õ«måéA��p�^�¤kmþ"¿�§ù���9õ«må��p�^Ø´k%å|§�E,§¢SþÃ{î�¦)§Ï7L?1Cq"���!!!ÐÐÐÚÚÚCCCqqqǱ
{z§½ö`Ǳ
)û§þã¢SÃ{î�¦)�¯K§<�uÐ
é>fÚ�fØ©OÅÚ¦)�Cq�{"�¤±U
ù�§´ÏǱ�fØ��þ��u>f�þ§3oÑ�Cqe�±�Ñ��fØ�ÄU"3ù«�¹e§>f�M�îþǱ
Ĥe ≈ T̂e + V̂ , (7.32)
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7.2. ©f(�£ã�{VØ 299Ù¥
V̂ = V̂NN + V̂ee + V̂Ne .¦)�Æ�§

Ĥeum(~r, ~R ) = Em(~R )um(~r, ~R ) , (7.33)�±(½>f�$ÄG�"(½
>f$ÄG���§2(½�fØ�$Ä"�þã>f�§��Æ¼êǱÄ¥§K©f�Å¼ê�L«Ǳ
Ψ(~r, ~R ) =

∑

m

νm(~R )um(~r, ~R ) , (7.34)Ù¥ νm(~R )Ǳ�¦�VÇÌ"òþª�\���M�îþ��Æ�§ ĤΨ(~r, ~R ) =

EΨ(~r, ~R )§Kk
(

T̂N + Ĥe

)

∑

m

νmum = E
∑

m

νmum ,=
∑

m

[

T̂Nνmum + νmEm(~R )um − Eνmum
]

= 0 .�§ü>Ó¦± u∗n(~r,
~R )§,�é¤k>f�IÈ©§K�

[

En(~R )−E
]

νn(~R ) +
∑

m

〈

un
∣

∣T̂N
∣

∣νmum
〉

= 0 .ÏǱþã'u>f�Cq��Æ�§¥�¹k VNN Ú VNe �§¿�Ù�Æ¼ê�¹k�fØ�mþ§K
T̂N

∣

∣νmum
〉

=
∣

∣T̂Nνm
〉

|um〉 −
∑

p

1

2mp
{2(∇pνm) · (∇pum) + (∇2

pum)vm} .@o§
∑

m

〈

un
∣

∣T̂N
∣

∣νmum
〉

= T̂N |νn〉 −
∑

m

{

∑

p

1

mp

[〈

un
∣

∣∇p

∣

∣um
〉

· ∇p

+
〈

un
∣

∣

1

2
∇2
p

∣

∣um
〉]∣

∣vm
〉

}

,
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300 CHAPTER 7. ©f1Ì�©f(�ÐÚ¿�{PǱ
∑

m

〈

un
∣

∣T̂N
∣

∣νmum
〉

= T̂N |νn〉 −
∑

m

Cnm|νm〉 .@o§|νn〉 ÷v��§�±äNLãǱ
[

T̂N + En(~R )
]∣

∣νn(~R )
〉

−
∑

m

Cnm
∣

∣νm(~R )
〉

= E
∣

∣νn(~R )
〉

. (7.35))�§=�(½�fØ�$Ä"���!!!ÀÀÀ���-ccc���°°°%%%CCCqqqþã�§/ªþ�)§�O���Ý
�
Cnm =

∑

p

1

mp

[〈

un
∣

∣∇p

∣

∣um
〉

· ∇p +
〈

un
∣

∣

1

2
∇2
p

∣

∣um
〉]

(7.36)'�E,"ÏǱ mp é�§K��Ñ��� ∑

m

Cnm
∣

∣νm(~r )
〉§TCq¡ǱÀ�–c�°%Cq£Born–Oppenheimer approximation§{¡ B–O Cq¤"/ªþw§ù�Cq¦�����Æ¼ê¥�ÐmXê νn(~R ) � νm(~R ) pØ�'§=�Ñ
�5�6uØÓ�fØ�m�p�^�ØÓ��m��pKǱ§ÏdǱ¡�Ǳý9Cq"3À�–c�°%Cqe§�fØ��Æ�§Ǳ

[

T̂N + En(~R )
]∣

∣νm(~R )
〉

= E
∣

∣νm(~R )
〉

. (7.37)T�§/ªþ�)§¦+¢S¦)Eé(J"
7.2.3 ///©©©fff;;;���000���gggUUU|||���{{{���!!!“©©©fff;;;���”3À�–c�°%Cqe§©f¥>f�$Ä�§Ǳ

[

T̂e + V̂ee + V̂Ne + V̂NN
]

um(~r, ~R ) = Em(~R )um(~r, ~R ) .3õ>f�f¥§>f�$Ä�§Ǳ
[

T̂e + V̂ee + V̂Ne
]

ψ(~q ) = Eψ(~q ) .
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7.3. ©f���d�nØÐÚ 301�ö/ªÄ��Ó§�O3u�p�^ØÓ§�ÆUþØÓ§�f¥>f��ÆUþd>f�G�û½£�fØ�KǱ�N3>f�òÜ�þþ¤§©f¥>f��ÆUþQd>f�G�û½q��fØ�G��'§¿�´�fØ�mþ
~R �w¼ê"�f¥>f�$ÄG��±d²þ|�{(½§©f¥>f�$ÄG�ATǱ�±d²þ|�{(½"�f¥>f��Æ�§¥� V̂ A

Ne £A IP�A��f¤�Cqd�I�:3�fØþ��IXL«§z�>f��m$ÄG��±^/;�0L«"3©f¥§b��fØØÄ§>f3õ��fØÚ>f/¤�²þ|¥$Ä§Ǳ�@Ǳ�k��/;�0§Tü>f/;�0¡Ǳ/©f;�0"du©f¥kõ��fØ§©f¥>f��Æ�§¥� V̂ M
Ne éJd���IL«Ñ5§Ïd/©f;�0�/�f;�0E,�õ"���!!!yyy¢¢¢���OOO������{{{éuõ>f�f§Ù¥>f�G��±æ^²þ|�{½MAp–4�gU|�{½�Ý�¼�{�(½"�â$Ä�§����q5§©f¥>f�G�Ǳ�±æ^²þ|�{½MAp–4�gU|�{½�Ý�¼�{�(½"'u²þ|�{!MAp–4�gU|�{Ú�Ý�¼�{�§1oÙ¥®k0�§ùpØ2ã"�´§AT5¿§3�f¥>f�$Ä�§¥§Ø
3Cq�Ä�¹ek��fØ��þ�'�òÜ�þ	§vk'u�fØ� ���'�mþ"3©f¥>f�$Ä�§¥%²w�¹'u�fØ� ���mþ§¿�>f�G�KǱ�fØ�G�"ù�§3é©fG�?1gU¦)�§ATéÙ>f��§Ú�fØ��§?1éágU¦)"

7.3 ©©©fff���������ddd���nnnØØØÐÐÐÚÚÚ
7.3.1 ©©©fff���VVVããã���!!!©©©fff������VVVggg©fd�f|¤"©f1ÌL²§©fäk8N$Ä§=|¤©f��fmäk�r�'é½�p�^"Ǳ�*/�/Lãù«�p�^§<�Ú\
©f�
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302 CHAPTER 7. ©f1Ì�©f(�ÐÚ£Molecular bond¤�Vg"¤¢©f�=©f¥�f��f�m£½ö`§lf�lf�m¤��p�^å"·���§LÆ�p�^å�AÆþ�)�p�^�rÝ£½��¤!�p�^�å§�§ÏdLÆ©f��AÆþÌ�k�r!���"du©f´õN£½�N¤åPXÚ§Ïd��©f¥Ï~äkõ^©f�"ǱLÆØÓ©f��m�'X§<�Ú\
�Æ�Vg"�¶gÂ§¤¢��Æ=©f��m�YÆ"d���½åP^��§©f���^´¦õ��f|¤�åP�£©f¤�Uþ�uù
�fÃ�p�^©á�3��oUþ"���!!!©©©fff������©©©aaaXc¤ã§l��þ5ù§©f¥��|©m��p�^´>^�p�^"Ǳ�ÙäN/LÆ©f��5�§<��âäN�/¤©f���p�^�AÆÚ¤Ï£½=Å�¤ò�©Ǳlf�!�d�!��!����d�Ú7á��"/¤©f���füÕ�3�Ñ¥>¥5§�§�åP3�å/¤©f�§���f�d>f¬=£�,���f§¦�ü��fÑ¤Ǳlf§ù���Klfm�·>áÚ�^¦õ��f/¤©f§ù«�^¡Ǳlf�£ionic bond¤"�â�f�>f(�§·���§d÷�	=k��d>f�w7á�f����>fÒ/¤÷��®x���f/¤�©f�©f�Ì�Ǳlf�"du3lfmåé���¹eÙm�áÚ�^ér§Ïdlf�Ǳr�"3��õ�©f¥§���f�d>f¿Ø�Ù©²/=£�,���f§´dü�½õ��f¤�k§=©fmk>f�Ü"du�fm>f�Ü¦�fåP3�å/¤©f��^¡Ǳ�d�"~X§~�íN�í!�í��©f¥�©f�=Ǳ�d�"3�¹k��f�©f¥§XJT©fÌ�d����fÉ�ü��f�áÚ�^/¤§K¡ù«�^Ǳ��"~X§Y©f¥�©f�Ì�Ǳ;.���"XJ©f¥Qvk²w�Ù�lfǱvk²w��^>f/¤�>f�§´d�f�m]�aAÑ�>ó4Ý��^åP/¤©f§K¡ù«�^Ǳ����d�"~X§CÚ��ý5íN©f�©f�=±����d�ǱÌ�AÆ"
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7.3. ©f���d�nØÐÚ 30337áÚÜ7¥§�|©�f��
>f¤ǱD�>f§�f¢éA�lf¤Ǳ��½�¬�"7áÚÜ7¥�D�>fÚ7á¬�þ�lf�m��p�^¡Ǳ7á�"dcã½Â�§lf�aqu·>�^§�±±¥ÕåǱÄ:?1ïÄ§$��¥ÕåCq§¿���UþÑ'��"~X§Åz?£NaCl¤©f=Ǳ;.�dlf�/¤�©f§Ù³U�Na+�Cl− �m�måCz�1ǱXã 7.7 ¤«" dã 7.7 �wÑ£ãlf���
AÆþ§éAu��åP�må r0 =

Figure 7.7: NaCl ©f�ülfm��p�^³U«¿ã"½©f�ülf¥%m�ål§ǱÒ´lf����§dd r0 ����dlf�/¤�©f�>ó4Ý P = er0¶d¢�ÿþ��>ó4Ý�ù�nØ��'�=��©f�¥lf�¤Ó�¤©§Ï~¡�Ǳ>lÝ"�Au r0 �lf��Uþ�ýé�=Ǳ�U§½=�r§ǱÒ´©f�l)U"�
~��V�f©f���Ú�U£l)U¤Ǳ©f NaCl NaF NaH LiCl LiH KCl KBr RbCl RbF��/nm 0.236 0.193 0.189 0.202 0.239 0.267 0.282 0.279 0.227�U/eV 4.26 4.99 2.08 4.86 2.47 4.43 3.97 4.64 5.12�Au©f³UǱ"�lfmå rs =dlf�/¤�©f�l)�»§½=���»"�Au�f§·���§l�f¥£r��>f!¿¦��±·�G�¤I�Uþ¡Ǳ�f�>lU§Ùê�Ǳ�f¥�A>f��Uþ�ýé�¶
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304 CHAPTER 7. ©f1Ì�©f(�ÐÚ¥5�fáÂ��>f¤º�Ñ�Uþ¡ǱT�f�>f�Ú³"± NaCl ©fǱ~§d Na �fÚ Cl �f�(��§Na �f�>lUǱ 5.14 eV§Cl �f�>f�Ú³Ǳ 3.61 eV§d Na+� Cl−±lf�/ª/¤ NaCl ©f��kåPU 1.53 eV"�âlf��/¤Ån§Ak
e2

4πε0rs
= 1.53 eV ,dd�)� rs = 0.941 nm"�¢�ÿþ�éÐÎÜ"dulf�ér§Ïddlf��¤�©f/¤�Ô�äkMÝ!L:!£:�Ñ�p�A:§d7á��½Â�§7á�Ǳ´¥Õ�^³§�dõN�^/¤©f�§ÏdǱ´rè§¿�d7á��¤�©f/¤�Ô�äkk1L!k�r��>5Ú�959òÐ5�A:"du����d�´�f�m]�aA�>ó4Ý��^/¤§¦+Ǳ´>�^³§�aA�>ó4Ý�]�5¦�����d��f§~X��(ÜU=� 0.088 eV§¿�aA�]�5Ú�Å5¦�����d��Å�'�E,"d���½Â�§��ǱéE,"Ïdùp·�=Ò�d��±?Ø"

7.3.2 ���ddd������£££ããã���{{{���!!!���ddd������£££ããã���{{{������— ©©©fff;;;¼¼¼{{{
1. ©©©fff;;;¼¼¼���VVVgggP3¤k�fØÚÙ§>f/¤�²þ|¥$Ä�ü>fÅ¼êǱ ψi

(i = 1, 2, . . . , n)§Tü>fÅ¼ê¡Ǳ©f;¼£molecular orbital, {¡MO¤"du©f;¼�9©f�¹�¤k�fØ,½ö`�9¤k�f, Ïd©f;¼d�f;¼�5|Ü£linear combination of atomic orbital, {¡LCAO) ¤"
2. ©©©fff;;;¼¼¼���UUUþþþ'''XXX±V�f©fǱ~§P>f�éu�fØ a �Å¼êǱψa§>f�éu�fØ b �Å¼êǱψb, KÙ{ü(Cq) ��5|ÜǱ

ψ+ ∝ ψa + ψb , ψ− ∝ ψa − ψb .ù��>f�~�¡Ǳ�f;¼"
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7.3. ©f���d�nØÐÚ 305P�f;¼�A�Uþ©OǱE+!E−§�fØ a !b m�¥Õü½³Ǳ Vp§K©f��UþǱ
E± = E± + Vp .du>fǱ¤�f§Ïd�ï£î�5ùAT´ÏL¦)5(½¤©f;¼�§AT5¿7L÷v�|Ø�N�n"�âåPXÚ½�Ä��¦§©f;¼�AT�ÌUþ�$�n"Ïd§î�/§3(½
>f�AuØÓ�fØ�Å¼ê���ï©f;¼�§ATÚ\�½Xê5LÆ�5U\��U\Xê£�é�¤§~X§éþã� ψ+ Ú ψ−©OP�Ǳ ψ+ = c+a ψa + c+b ψb§ ψ− = c−a ψa + c−b ψb§,�|^ÄuUþ�$�n�C©�n(½�½Xê c+a!c+b!c−a Ú c−b"

3. ©©©fff;;;¼¼¼���©©©aaadþã?Ø�§©f;¼Ï~éE,"ǱLã�B§<�æ^ØÓ��Y5é©f;¼?1©a"
(1) ���âââ���éééuuu���¶¶¶���ééé¡¡¡555???111©©©aaa¤¢��¶=©f¥?¿ü�fm�é�"�â©f;¼�éu�¶�é¡5§<�ò©f;¼©Ǳ σ ;¼!π ;¼!δ;¼!�"�éu�¶¥¶é¡©Ù�©f;¼¡Ǳ σ ;¼"ëìéu��f�Å¼ê��m©Ù�@£§·���§s �Å¼ê� s �Å¼ê/¤�©f;¼!pz �� pz �Å¼ê/¤�©f;¼±9 s �� pz /¤�©f;¼�´ σ ;¼"dcã�V�f©f�©f;¼9�A�©f�Uþ�{ü?Ø�§©f;¼k¦©f�£o¤Uþü$�§Ǳk¦©f�Uþ,p�§<�Ï~¡¦©fUþü$��^Ǳ¤�§¡¦Uþ�p��^Ǳ��§©OPǱσ!σ∗"�éuÏL�¶�!¡¥�é¡©Ù�©f;¼¡Ǳ π ;¼"Ǳëìéu��f�Å¼ê��m©Ù£cÙ´¢êL«�¤�@£§·���§px �� px�Å¼ê/¤�©f;¼Ú py �� py /¤�©f;¼�´ π ;¼"

π ;¼Ǳk¤�Ú��ü«§Ù¿Â� σ ;¼e��Ó"éuÏL�¶�p�R��ü�!¡Ñé¡�©f;¼¡Ǳ δ ;¼"Ó�ëìéu��f�Å¼ê��m©Ù£cÙ´¢êL«�¤�@£§·���§dxy
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306 CHAPTER 7. ©f1Ì�©f(�ÐÚ�� dxy �|Ü/¤�©f;¼ Ú dx2-y2 �� dx2-y2 �|Ü/¤�©f;¼�´
δ ;¼"

δ ;¼Ǳk¤�Ú��ü«§Ù¿ÂǱ� σ ;¼e��Ó§=¦XÚUþ�$��^¡Ǳ¤�§¦XÚUþ�p��^¡Ǳ��"�\�ïÄL²§ùn«;¼e�U?üS´µ
σ1s < σ∗

1s < σ2s < σ∗
2s < σ2pz < π2px < π2py < π∗

2px
< π∗

2py
< σ∗

2pz
.

(2) ���âââ���éééuuu¥¥¥%%%���������ÛÛÛóóó555???111©©©aaa�����âþf��éu¥%���Ûó5ò�©Ǳó�¡�!Û�¡���§�â�éu¥%���Ûó5§<�ò©f;¼©Ǳó;¼!Û;¼üa"�éu¥%���±ØC£=Ǳó¼ê¤�©f;¼¡Ǳó;¼§PǱ g "�éu¥%��UCÎÒ£=ǱÛ¼ê¤�©f;¼¡ǱÛ;¼§PǱ u "
4. ¢¢¢~~~Ǳ��äN/
)©f;¼{§·�é�±©f£¢S=±�f§d���fØÚü�>f|¤¤aq��lf�±äN?Ø"�lfdü���fØ£�f¤Ú��>f|¤"Pü���fØ©O u
a!b§Ùm�måǱ R§��>f�éu��fØ a �måǱ ra§�éu��fØ b �måǱ rb§Xã 7.8 ¤«"

Figure 7.8: �lf�|©(�«¿ã"=�Ä>f���fØ a ½��fØ b /¤�£f¤XÚ§§�Ñ��u����f§ÙÄ�Å¼ê�©OLãǱ
ψa(ra) = 2

(Z∗

aB

)3/2

e−Z
∗ra/aB ,

ψb(rb) = 2
(Z∗

aB

)3/2

e−Z
∗rb/aB ,



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

7.3. ©f���d�nØÐÚ 307Ù¥ aB ǱÀ��»§Z∗Ǳ�Ä
¢S�3Ù§>Ö�¹e����fØ�k�>Ö"PþãÅ¼êm�UǱ
y

ψ∗
aψbdτ =

y
ψ∗
bψadτ = S 6= 0 ,Kd{¿�6�{�§�lf�UþǱ

E± = E0 ∓ A ,Ù¥ E0!A ©OǱØ�Äü��fØ�m�¥Õü½�^�¹e���Ý
�!��Ý
�"�lf�UþATǱþãUþ�ü��fØ�m�¥Õü½U
VC = e2

4πε0R
�Ú"äNO�(JXã 7.9 ���Ü©fã¤«"dã 7.9 ���Ü©fã´�§E+ + VC �Näká§ü½!¥�§áÚ�AÆ§l�A�G�ǱåP�§=/¤�lf H+

2¶ E− + VC 3?ÛmåeÑ=kü½�AÆ§l�A�G�ØǱåP�"

Figure 7.9: �lf�¤�!��ü«�¹��³U«¿ã£�fã¤9�A�>f�©Ù«¿ã£mfã¤"�lf�d©f;¼{(½�Å¼êǱ
ψ± =

1
√

2(1± S)

(

ψa ± ψb
)

.
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308 CHAPTER 7. ©f1Ì�©f(�ÐÚÙ'uü��fØ�mmå R = rab �©ÙXã 7.9 �m�Ü©fã¤«"dã
7.9 �m�Ü©fã´�§3 rab → ∞4�e§ψ± → ψH

1s§�A/§
E± ≈ EH

1 = −13.6 eV .3 rab → 04�e§ψ+ → ψH
1s§ψ− → ψH

2p, �A/§
E+ ≈ Z∗2EH

1 ≈ −54.4 eV , E− ≈ Z∗2

n2
EH

1 ≈ EH
1 = −13.6 eV .2\þü��fØ�¥Õü½U��=¥ã 7.9 ��ýfã¤«�1Ǳ§=�Au ψ− ��ØǱåP�§�Au ψ+ ��ǱåP�"¿��±äN���lf�l)UǱ EB = 2.648 eV§��Ǳ r0 = 0.106 nm§=ü��fØ�åTÐǱ��fÄ���»��¹e/¤�lf"���!!!���ddd������£££ããã���{{{������— >>>fff���ééé{{{

1. >>>fff���ééé{{{VVV���XJ/¤©f�z��f¥Ñkg^��é�þf�§K�fmù
��é�þf�¬/¤og^Ǳ 0 �é§=/¤g^�é¡�§�â>f�¤�f��§Ù�mÅ¼êAT´é¡�§lk���U"ù«g^���>fééA��mþk��U�þf�=/¤�d�§¦�f(Ü¤©f§ù«�{¡Ǳ>f�é{§�A�nØ¡Ǳ>f�énØ§Ǳ¡�d�nØ"£1927c W.

Heitler Ú F. London JÑ§1930c�d L.C. Pauling�õ¤nØ"Pauling Ïd¼�1954c�ì��zÆø¤
2. ¢¢¢~~~
(1) ���©©©fff�©fdü���f|¤§�äN/§�©fdü��f£�fØ¤Úü�>f|¤"Pü��f©O u a!b§Ùm�måǱ R§ü�>f©O u 1!2§Ùm�måǱ r12§ùü�>f�éu�f a �må©OǱ ra1!ra2§�éu�f
b �må©OǱ rb1!rb2§Ù|©(�Xã 7.10 «"�Ǳ��olfXÚ§�©f��Ñ
�fØ£�f¤ÄU�M�îþ£e¡{¡�Ǳ�©f�M�îþ¤Ǳ

Ĥ = − ~
2

2me

(

∇2
1 +∇2

2

)

+
e2s
r12

− e2s
( 1

ra1
+

1

ra2
+

1

rb1
+

1

rb2

)

+
e2s
R
.
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7.3. ©f���d�nØÐÚ 309

Figure 7.10: �©f�|©(�«¿ã"��>f�éu���fØ�Ä�Å¼ê( s Å) Ǳ
ψa(i) = 2

( λ

aB

)3/2
e−λrai/aB ,

ψb(i) = 2
( λ

aB

)3/2
e−λrbi/aB .Ù¥ aB ǱÀ��»§λǱ�Ä
¢S�3Ù§>Ö�¹e���f�k�>Ö"�Ä�ü>f�é9>f��Ó5§�©fÄ�Å¼ê�±LãǱ

Ψ± =
1

√

2(1 + S2)

[

ψa(1)ψb(2)± ψa(2)ψb(1)
]

,Ù¥
S =

y
ψ∗
a(i)ψb(i)dτi =

y
ψ∗
b (i)ψa(i)dτi .@o§��O����©f�M�îþ�Ý
�µ

H++ = 〈ψ+|Ĥ|ψ+〉 = E+ , H+− = 〈ψ+|Ĥ|ψ−〉 = 0 ,

H−+ = 〈ψ−|Ĥ|ψ+〉 = 0 , H−− = 〈ψ−|Ĥ|ψ−〉 = E− .)dM�îþ�¤��Æ�§���ÆUþ©OǱE+!E−"±k�>Öê λ Úü��fØ�m�måRǱC©ëþ§=�(½�©f�G�ÚUþ"~X§±λǱC©ëþ§���©f�UþE = E± + VC(R) � R�Cz1Ǳ©OXã 7.11 ���Ü©¥IPǱ ↑↓ 1Σ+
g!↑↑ 3Σ−

u ��¤«"�A�Å¼ê©Ù©OXã 7.11 �m�Ü©¥IPǱ ↑↓ 1Σ+
g!↑↑ 3Σ−

u �fã¤«"
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310 CHAPTER 7. ©f1Ì�©f(�ÐÚ

Figure 7.11: �©f�¤�!��ü«�¹��³U«¿ã£�fã¤9�A�>f�©Ù«¿ã£mfã¤"dã 7.11 ´�§�Au ψ+ ��ǱåP�§�Au ψ− ��ØǱåP�"dψ± �L�ª�§ψ+ Ǳ�mÜ©é¡��§ψ− Ǳ�mÜ©�é¡��"�â>f�¤�f���§� ψ+ �éA�g^�Ǳ���é¡�ü�£S = 0¤§� ψ− �éA�g^�Ǳ��é¡�n�£S = 1¤"Ïd3ã 7.11 ¥ØIk��IP¤�!���ÎÒ g!u 	§�kg^���IP"í2�§¤���d��½´�Aug^���>f/¤����é¡�é��fØ�Ó�^¤",��¡§2é R�C©§K�²ï£½�¤�©f¥ü��fØ�m�måǱ R0 = 0.077 nm"dd R0 O�Ñ�A�Uþ E§2\þ��fCqe R0 NC�":�ÄU§K��©f�l)UǱ EB = 3.54 eV"�¢�ÿþ� R0 = 0.0742 nm!EB = 4.45 eV ©OÎÜ���Ð"
(2) ���©©©fff N2!!!���©©©fff O2!!!������zzz%%%©©©fff COd1ÊÙ'uõ>f�f�>f|��?Ø�§��f�>f|�Ǳµ
(1s)2(2s)2(2p)3§=Ìþfê n = 1 �ü s �>f�g^®�¤�é¡�é§Ìþfê n = 2 �ü s �>f�g^Ǳ®�¤�é¡�é§Ìþfê n = 2 �n�
p �>f�g^Ñ��é"ü���f�C��½§Ý�§����f¥�n�g^��é� p �>f¥�,���,����f¥�n�g^��é� p �>f¥�,���¤g^�é¡�é§lÑyn��d�§¦ü���fåP¤
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7.3. ©f���d�nØÐÚ 311���©f"��f�>f|�Ǳµ(1s)2(2s)2(2p)2(2px2py)§=Ìþfê n = 1 �ü s �>f�g^®�é§Ìþfê n = 2 �ü s �Úü p �>f�g^Ǳ®©O�é§Ìþfê n = 2 �,ü� p �>f�g^ÿ��£¤g^Ǳ 0 �¤é"�ü���f�C��½§Ý�§����f¥�ü�g^��é� p �>f¥�,���,����f¥�ü�g^��é� p �>f¥�,���é§lÑyü��d�§¦ü���fåP¤���©f"%�f�>f|�Ǳµ(1s)2(2s)2(2p)2§=Ìþfê n = 1 �ü s �>f!Ìþfê n = 2 �ü s �>f®©O/¤g^�é¡�é§Ìþfê n = 2 �ü� p �>fÑ��é"��f�>f|�Ǳµ(1s)2(2s)2(2p)2(2px2py)§=Ìþfê n = 2 �o� p �>f¥kü�ÿ��¤g^�é¡�é"���%�f�����f�C��½§Ý�§��%�f¥�ü���¤g^�é¡�é� p �>f¥�,�����f¥�ü���¤g^�é¡�é� p �>f¥�,���é§lÑyü��d�§¦��%�f�����fåP¤����z%©f"��z%©f¥�ü�f�k]�4z§=k����d�"¤±��z%©fǱ,´V�f©f§�§kn^zÆ�"æ^�£ã�©f�Ó��{§=�éù
©f�(�?1½þïÄ"du��©fE,éõ§ùpØ�äN?Ø"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

312 CHAPTER 7. ©f1Ì�©f(�ÐÚnnn!!!'''uuu���ddd������������???ØØØ
1. ©©©fff;;;¼¼¼{{{���>>>fff���ééé{{{���'''���
(1) ÄÄÄ¥¥¥dþã'u©f;¼{Ú>f�é{�?Ø�§ü«�{Ä��Ó§Ì��O3uLã©f;¼�Ä¥"©f;¼{±©f;¼ǱÄ¥§=±©f;¼ǱÄ��ïü�§UìõâfXÚ�Å¼ê��ï�{5�ï§±z��f=k��d>f�V�f©fǱ~§=k

ψMO =
1

2(1 + S)

[

ψa(1)± ψb(1)
][

ψa(2)± ψb(2)
]

.>f�é{±�f;¼ǱÄ¥§ǱÒ´±�f;¼ǱÄ��ïü�§UìõâfXÚ�Å¼ê��ï�{5�ï§Ǳ±z��f=k��d>f�V�f©fǱ~§=k
ψVB =

1
√

2(1 + S2)

[

ψa(1)ψb(2)± ψb(1)ψa(2)
]

.'��§>f�é{�Ä¥=�Ä
�éuØÓ�fØ�>f��m�'é
ψa(1)ψb(2)!ψb(1)ψa(2)§©f;¼{�Ä¥Ø=�Ä
>f�é{�Ä
��éuØÓ�fØ�>f��m�'é§��Ä
�éuÓ���fØ�d>f��m�'é ψa(1)ψa(2)!ψb(1)ψb(2)"Ïd§>f�é{�Ñ�==´�Ä
½��A�¹�(J§©f;¼{�Ñ�´�Ä
���A�(J"
(2) ···^̂̂ééé���dcã�'uÄ¥�'�Ú¢~�§>f�é{æ^ÄuUþ�$�n�C©{?1O�§·^ué©fÄ��ïÄ"©f;¼{Ø=·^uïÄÄ�§�·^é-u�§?��±ïÄØÓG��m��["¿�§>f�é{'�{ü§´uA^§©f;¼{E,"
2. ���ddd���������UUU©f��d��(ÜU=�f¥/¤�d��|©m�'érÝ§½=�U§½¡�r"äNïÄL²§�d��(ÜU��Ǳ 10−1 ∼ 1 eV"�d���U£�r¤Ï~d)Ø�d�¤I�Uþ5LÆÚÿþ"·���§�í¥��©f©)Ǳü���f§�-�Ô¥� C!H �f(Ü¤½�
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7.3. ©f���d�nØÐÚ 313©f§��fdf�d�=CǱr�d��L§¥º�Ñ5�UþǱ-�9"Ïd§�d���U�±a'u©f�-�9"Äu�d���598cA^�¡�I¦§'u©f�d���U�ïÄ�~¹�"~X§y��½�q��ï�I�'u¾ÓÚ[ÿ��d���U�O(&E§±B�OÜ·��Ô©f!¦�U
k�/)Ø¾Ó½[ÿ�£ÙÌ��^�¤�d�§��k�£�;¾��J"ooo!!!;;;¼¼¼,,,zzz
1. ;;;¼¼¼,,,zzzVVVggg
(1) ½½½ÂÂÂ���ÄÄÄ������¦¦¦�fzÜ¤©f�§du�fm��pKǱÚ¤��¦§Aé�k��f;¼?1�5|Ü§/¤#���8��©f;¼§ù«L§¡Ǳ;¼,z"Ǳ
�y©f�G�ØÏ,zu)Cz§,zL§7L�y;¼ê8ØC"
(2) ���AAAd½Â�§;¼,z¬¦�©f;¼¥��f;¼��é�u)Cz§l¦©f��Uþu)Cz§¿�¤�Uå9���m©ÙǱ¬UC"
2. ;;;¼¼¼,,,zzz���©©©aaadu~���f;¼k s ;¼!p ;¼!d ;¼!�§Ïd~��;¼,zkµsp!sp2!sp3!dsp2!dsp3!d2sp3!��"XJ;¼,z�§�|©�f;¼�VÇ�Ó§K¡�Ǳ�5,z¶XJ�|©�f;¼�VÇØÓ§K¡�ǱØ�5,z"~���5 sp ,z�±LãǱ

ψ1 =
1√
2

(

s+ pz
)

, ψ2 =
1√
2

(

s− pz
)

.ÙÄ�AÆXã 7.12 ���Ü©fã¤«" ~X§¯#£C2H2¤©f H−C≡
C−H!Z�L£C3H4¤©f H2−C = C = C−H2!�Åzþ£HgCl2¤©f
Cl−Hg−Cl!��©fÒ´ù«;¼,z�©f"¯#ÚZ�L�©f(�Xã
7.12 �m�Ü©fã¤«"~���5 sp2 ,z�±LãǱ
ψ1 =

1√
3
s+

2√
6
px , ψ2 =

1√
3
s− 1√

6
px +

1√
2
py , ψ3 =

1√
3
s− 1√

6
px −

1√
2
py .
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314 CHAPTER 7. ©f1Ì�©f(�ÐÚ
Figure 7.12: �5 sp ;�,z«¿ã£�fã¤9Z�L�©f�(�«¿ã£mfã¤"ÙÄ�AÆXã 7.13 ���Ü©fã¤«"
Figure 7.13: �5 sp2 ;�,z«¿ã£�fã¤9¯L©f�(�«¿ã£mfã¤"~X§¯L£C2H4¤©f H2 =C=C=H2 ´;.�ùa,z�©f§Xã
7.13 �m�Ü©fã¤«"�5 sp3 ,z�±LãǱ

ψ1 =
1
2

(

s+ px + py + pz
)

, ψ2 =
1
2

(

s+ px − py − pz
)

ψ3 =
1
2

(

s− px + py − pz
)

, ψ4 =
1
2

(

s− px − py + pz
)

.ÙÄ�AÆXã 7.14 ���Ü©fã¤«"
Figure 7.14: �5 sp3 ;�,z«¿ã£�fã¤9`�Ú"�©f�(�«¿ã£mfã¤"
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7.3. ©f���d�nØÐÚ 315ùa;¼,z�;.©fk`�£CH4§C �f±�k©OÏL σ éX�o���f¤Ú"��§§��(�«¿ãXã 7.14 �m�Ü©fã¤«"Ø���555,,,zzz =ØU��f;¼�é¡5���ÑÙm�,z£U\¤Xê§´ÏL©f;¼{½>f�é{?1¢SO�§�Ñ,zXêÚ¢S��Æ"~X§Y©f�(�Xã 7.15 ¤«"
Figure 7.15: Y©f�(�«¿ã"²E,O��ÑÙØ�5,z�©f;¼Ǳ

ψ�1
= 0.448 s+ 0.500

(

px + py
)

− 0.547 pz ,

ψ�2
= 0.448 s− 0.500

(

px + py
)

− 0.547 pz ,

ψ�1
= 0.547 s+ 0.500

(

px − py
)

− 0.448 pz ,

ψ�2
= 0.547 s− 0.500

(

px − py
)

+ 0.448 pz .Ù¥�ü��é>f¥���Ǳ��f¥�k� (2p)2 é§,��´��f¥��� 2s �>f-u� 2p ���5��� 2p �>f�¤�é",	ü^�d�d��f¥� 2s!2p �>f�ü���f�>f/¤"
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316 CHAPTER 7. ©f1Ì�©f(�ÐÚggg���KKK���SSSKKK
7.1. ¢�ÿ� NaCl ©f¥ Na lf� Cl lfm�måǱ� 0.236 nm§Á(½

NaCl ©f�=Ä1Ì¥cn^Ì�£=©O�Au 1 → 0!2 → 1!3 → 2�ÆÄþ��m�[�Ì�¤�Å�9�A�U?mY"
7.2. ¢�ÿ��©f H2 �=Ä1Ì¥cn^Ì�£=©O�Au 1 → 0!2 →

1!3 → 2 �ÆÄþ��m�[�Ì�¤�Å�©OǱ 81.9µm!40.9µm!
27.3µm§Á(½�©f¥ü��fØ�m�må"

7.3. ¢�ÿ�Åz�©f HCl �=Ä1Ì¥�¹kÅ�µ120.3µm!96.0µm!
80.4µm!68.9µm!60.4µm"XJT©f¥�H!Cl ©O´1H!35Cl§¿�35Cl ��þǱ 5.81 × 10−26kg§Á(½HCl ©f¥��fØ�Å�fÚ�m�ål"

7.4. ¢�ÿ��z�©f HBr ��ù	1Ì�Ì�m�Ǳ 16.94 cm−1§Á(½
HBr �=Ä.þ!Ømå!±9�AuÆÄþ L = 4 �=ÄªÇ"

7.5. �Ï&ÿL²§16O �U,´Ýé�C 100%§12C U,´ÝØ� 98%§Ïd~����z%©fk 12C16O Ǳk xC16O"¢�ÿ� 12C16O!xC16O�¦ÆÄþu) 0 → 1 Cz�=ÄáÂ1Ì��ªÇ©OǱ 1.153 ×
1011Hz!1.102× 1011Hz§Á(½%Ó � xC ��þê x "

7.6. éu��*âfXÚ�=Ä1Ì§XJ®��þf��ÆÄþ§·��±d=ÄUþ½�[uÑ�1f�Uþ(½XÚ�=Ä.þ"XJ¢�þÿ�O((½�U?�ÆÄþ§Á`²UÄ½Â��Ø�6uÆÄþ�=Ä.þ±£ãÙ=Ä5�"eU§��ÑT½Â�L�/ª"
7.7. äkü�ØÓ�Ì=Ä.þ�©f�=ÄU?�±LãǱ

ER =
L(L+ 1)~2

2I1
+

1

2

( 1

I2
− 1

I1

)

m2
~
2 ,Ù¥ I1 Ǳ�Au x!y ¶�=Ä.þ§I2 Ǳ�Au z ¶�=Ä.þ§Á�Ñ I2 = 0.8I1 Ú I2 = 1.2I1 ü«�¹e�©f�=ÄU?��é �£± ~

2

2I1Ǳü ¤!xÑU?ã"
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7.3. ©f���d�nØÐÚ 317

7.8. du©f¢SØ´f5=f§Ïddul%�A§V�f©f¥�üØ�m�må�©f�ÆÄþ�O�O�§Á`²ù«��¦�©f�U?�éuf5=f�U?kÛCz"XJù«���¹e�=ÄU�±LãǱ
ER =

~
2

2I

[

L(L+ 1)− δ(L(L+ 1))2
]

,Ù¥ δ Ǳ��~ê§I Ǳ�5�=Ä.þ§Á�Ñù
=ÄU?�m�[Úå�=Ä1Ì�ªÇ�L�/ª§¿`²���A3ªÇþ�Ly"
7.9. ¢�ÿ�,V�f©f�1Ì�éuIO�½¶=Ä�1Ì�k l§ÙäNLyǱµÅêk� lÏf [1−L(L+ 1)/10000]§Á`²T©f¥�Ô�©Ù�ÆÄþO�Cz�1Ǳ"
7.10. Ádã 7.1 ¤«Åz�©f�ù	áÂ1ÌJ�Åz�©f�§ÝXêÚÙ¥Ålf��lf�m�²ïmå"
7.11. ¢�ÿ� HCl ©f��Ä1Ì�ªÇǱ 9× 1013Hz§Á(½ HCl ©f�§ÝXêÚ":U"
7.12. ¢�ÿ��©f��Ä1Ì�±éÐ/CqǱ§ÝXêǱ 573N/m �{��f�1Ì§¿�Ùl)UǱ 4.52 eV§Á(½��f��ÄáÂ1Ì¥�U��p��Äþfê"
7.13. ¢�ÿ� H2 ©f�±áÂÅ�Ǳ 2.3µm �ù	Ë�"XJd�Ó �/¤�©f HD Ú D2 k� H2 ©f��Ó�§ÝXê§Á(½ HD Ú D2 ©f��ÄªÇ"
7.14. ÁdV�f©f��Ä1ÌLyÑ��ÄªÇ ν�UþC�½C��1Ǳ`²/¤©f��fmåP�¹©OXÛCz"
7.15. XJ�Au�©f N2 =Ä� ~

2

2I
= 250µeV§�Au N2 ��Ä":UǱ

145meV§¿�§éAuz���ÄU?ÑkÊ^=ÄU?§Á(½ N2 ©fÉ-�[� n = 1 ��ÄU?��ò-uL§¥�Uu��1�ªÇ"
7.16. b� CO ©f¥ü�fØ�m�²ïmåǱ 0.113 nm§Á(½¿§e CO©f��Ä–=ÄáÂ1Ì¥rÝ���áÂ�éA�ÆÄþ"
7.17. ¢�ÿ� CO ©f�éAu 0 → 1 ��Ä-ue��Ä–=ÄáÂ1Ì�¥� R |�ÅêXeL



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

318 CHAPTER 7. ©f1Ì�©f(�ÐÚ
L 0 1 2 3 4 5

ν̃R (cm−1) 2147.084 2150.858 2154.599 2158.301 2161.971 2165.602Á(½µ(1) /¤T R |1Ì���Þ�ÆÄþ L0 Ǳõ�¶(2) �ÑT R|1Ì�Åê��g�©�²þ�§¿d�g�©�ÆÄþ L �'X�Ñ
CO ©f�=Ä.þ"

7.18. ïÄL²§©f�dõ�âf/¤�þfõNXÚäkõ«�ª�8N$Ä§ù
8N$Ä�ª�±Cq©Ǳ�ÄÚ=Äüa"XJéAuz���Ä��ÌþfêÑk��ÆÄþþfê§¤kdpUþG��$UþG���[Ñ´>o4�[§½Âz���[uÑ�1f�Uþ��AÐ�ÆÄþ�'�ǱREGOS = Eγ(S→S−2)
S

§Á�ÑéAu�ÄUÌ�RV
EGOS ÚéAu=ÄUÌ�RR

EGOS �Ǳ S �¼ê�äN/ª§¿xÑ«¿ã§`²RV
EGOSÚRR

EGOS ©O�ÆÄþ S O�Cz�1Ǳ"¿?`²§ÏL�	éAu¢�*ÿ��U£1¤Ì�REGOS �±©Û?Ø�A�þf��8N$Ä�ª�üz£�C¤¶¿`²§d©f1ÌJ±âd©ÛÙ8N$Ä�ª�C��Ï"
7.19. Á©ÛO�©f(�'O�õ>f�f(��E,Ú(J�?"
7.20. Á©Û?ØÀ�–c�°%Cq�Ôn¿Â"
7.21. ¢�ÿ� H2 ©f¥�ü�f�m�måǱ 0.074 nm§(ÜUǱ 4.52 eV"y�ï��ü�f�më��¥:þ����K>Ö��.§¦Ù5��cã� H2 ©f�5��Ó§¤���K>Ö�>þAǱõ�"
7.22. éÍ©f F2 ©fÚÍlf F+

2!F−
2§Á©Û(½§��(ÜU�p$^S9½5�^S"

7.23. ülf�m��p�^³U V (r) �§��må r �m�'X�±CqLãǱ
V (r) = − e2

4πε0r
+

b

r9
.éuÅzaKCl©f§¢�ÿ�Ùülf�m�²ïmåǱ r0 = 0.267 nm§Á(½�Auþª��p�^³�ëþ b!±9 KCl ©f��AuT²ïmå�³U"
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7.3. ©f���d�nØÐÚ 319

7.24. dlf�/¤�V�f©f¥ülf�m��p�^³U V (r) �§��må r �m�'X�±��°(/LãǱ
V (r) = −Z

∗2e2

4πε0r
+ be−ar − d

r6
,Ù¥ Z∗ Ǳlf�k�>Öê§a!b!d Ǳd¢�(½�~þ"éuÍz� LiF ©f§¢�ÿ�ù
~þǱ a = 3.25 × 10−10m−1§b = 895 eV§d =

2.68× 10−6 nm6eV§Ù��Ǳ 0.154 nm§Á(½r LiF ©fl)Ǳü�lf¤I��Uþ"¢��ÿ� Li �f�>lUǱ 5.39 eV§F �f�>f�Ú³Ǳ 3.45 eV§Á(½ò LiF ©fl)Ǳü�¥5�f¤I�Uþ"
7.25. ¢�ÿ�9za KI ©f�l)UǱ 3.33 eV§K �>lUǱ 4.34 eV§I �>f�Ú³Ǳ 3.06 eV§Á(½ KI ©f���"
7.26. ¢�ÿ�Åz?NaCl©f�l)UǱ 4.26 eV§Na�>lUǱ 5.14 eV§Cl�>f�Ú³Ǳ 3.61 eV"XJT©f¥�lf Na+!Cl− Ñ�CqǱ:âf§Ùm��p�^d·>�^Cq§Á(½ùü�lfm�²ïmå"
7.27. ¢�ÿ��z� BaO ©f�ülfm�²ïmåǱ 0.194 nm§>ó4ÝǱ

2.65× 1029Cm§Á(½T©f�>lÝ§¿`²é BaO ©fæ^lf�£ã�ØÜn5"
7.28. Á©Û NO ©fÚ N2 ©f�>f|�Ú�(�§¿`²=�«©f'�½"
7.29. Á©Û LiH ©f!CN©f!SO©f!ClF©fÚ HI ©f�>f|�Ú�(�§¿`²Ù¥=
´45©f"XJ´45©f§Á(½Ù=�à��>!=�à�K>"
7.30. Á©Û CO2 ©f!CS2 ©f!CSTe ©f!C3 ©f!CdCl2 ©f!OCl2©f! ONCl ©fÚ SnCl2 ©f��(�§¿`²Ù¥=
´�5�!=
´��"
7.31. Á©Û H2CO ©f��(�§¿`²§´Ä´²¡�"
7.32. Á©ÛAsH3©f!SbF3©f!BO3−

3 ©f!OH+
3 ©f!PCl3©f!SeO2−

3©f! BrO−
3 ©f!SiF3 Ú PF3 ©f��(�§¿`²Ù¥=
´²¡�!=
´cI/�"
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320 CHAPTER 7. ©f1Ì�©f(�ÐÚ
7.33. ·���§Y´·�7LzUÑ���Ô�"ÁÏL©Û'�`²§·�ØUzUÑ��Y"
7.34. Á©Û'�ïÄ©f��d��©f;¼{Ú>f�é{�ÉÓ"
7.35. Áy²�5 sp3 ,z�o�,zÅ¼ê´���"
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Chapter 8

æææ���fffÔÔÔnnnÐÐÐÚÚÚ·���§÷*Ô�d©f|¤§©fd�f|¤"lÔ��(��g5ù§�f�e��g´�fØ§éu�fØ�ïÄ�,´ÔnÆ���©|"Ïd§DÚþ§<�¡ïÄ�fØ�5�!(�!�A9�Ô��p�^�ÔnÆ©|Æ�Ǳ�fØÔn"�XïÄ��\§�fØÔn�½ÂÚ�ÆÑké��*Ð"Uìy�£ISþ¤�*g§ïÄ�fØ�5�!(�!�A!�Ô��p�^!9�fØ�|©(rf) �(�!5�Úd�/¤�Ô��5�!å��ÔnÆ©|Æ�¡Ǳ�fØÔn"Æ^ISò�fØÔn�âfÔn«©ǱØÓÆ��S.§��áØÚ¡�Ǳ�fØÔn§¡�Ǳæ�fÔn"�Ùéd�±{ü0�§äN�)eãSN"
8.1. �fØ�|©!$Ä�ª9�
AÆþ 8.2. Øå{0
8.3. �fØ�PC 8.4. �fØ(��.
8.5. Ø�A9ÙïÄ�{ 8.6. âf[x9ÙÄ�5Æ
8.7. y�ØÔn��Nµe

8.1 ���fffØØØ���|||©©©!!!$$$ÄÄÄ���ªªª999���


AAAÆÆÆþþþ
8.1.1 ���fffØØØ���|||©©©999ÙÙÙ£££ããã���!!!���fffØØØ���|||©©©

20VÐ�� α âfñÂ7Ê¢�L²§�fd>fÚ�fØ|¤§�fØ��>!8¥3é���m��S§���f�ý�Ü©�þ"��=é�fØ
321
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1919c§©Ù4�âíN¿S�ð��Ý§íÿ α âfñÂ�í¥��í��fØ�U�)��fØ9Ù§�fØ§=k

4
2He +

14
7 N −→ 1

1H+ X ,¿u1920cÒ@Ǳ�fØ�¹�fÚ�þ��f�þé�C�>¥5âf"�1925c§Ù.pA£P.M.S. Blackett¤ÏL@ý©Û�¹k 4 �õ^3�í¥$Ä� α âf�»,£©Ù3 2 �õÜ�¿ì¡¥¤§@½©Ù4íÿ��U�=CL§´
4
2He +

14
7 N −→ 18

9 F −→ 1
1H+ 17

8 O .ùL²§�fØ¥�¹k�f"��§©Ù4���%�£J. Chadwick¤�¤
 α âfñÂõ«����¢�§(@
þãk/¤EÜØ!EÜØ2uÑ�f�L§"l(@�fØ�¹k�f"y3ÿ½��f�S�5�´µ·�þ m = (938.272081 ± 0.000006)MeV!�>þǱ 1 �Ä�>Ö£ q = 1 e¤!g^ s = 1
2
~"

1930c§ÀA£W. Bothe¤Ú��£H. Becker¤3 α âfñÂ��fØ�¢�¥uykBßUå4r���§�k<uy'Ǳkaq5�§¿�Où«âf�Uþp�� 10MeV"1932c1�§ØpÅO£Joliot–Curie¤\Ùù«��´ γ��§§�±r�fl�0¥�Ñ5"��%�2@ý©ÛÙl1921cÒm©?1�Ïé�fØ�¹k�þ��f�þé�C�>¥5âf�¢�§¿#?1 α ñÂ Be!±9 Be �Ë�ñÂ N!��¢�§ÏL�¡©ÛÑ���f!>¥5âf9�ÀØ�Uþ!Äþ'X§¿|^�¿ÿ½cãË���þ§`²þã¢�¥�>¥5âfØ´ γ 1f§´�þ��f�þé�C�>¥5âf§ǱÒ´·¶Ǳ¥f�âf£¿u1932c2�uLÙïÄ(J§��%�ÏTuy¼�
1935c�ì��ÔnÆø¤"y3ÿ½�¥f�S�5�´µ·�þ m = (939.565413± 0.000006)MeV!�>þǱ 0!g^ s = 1
2
~¤"ù�§<�Ò(@
�fØ�¹k�fÚ¥f"du¢�*ÿ��fØ¬º�>f£β− PC¤§Ïd<�g,íÿ�fØ�¹k>f"�du¢�*ÿ�� β-PCuÑ�>f�Uþ���u�âØ(½'
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8.1. �fØ�|©!$Ä�ª9�
AÆþ 323XO����l�fØ¥º�Ñ�>f�Uþ§lüØ
�fØ�¹>f��U5"ù�§� 20 V 30 c�¥Ï§<�Ò(@�fØd�fÚ¥f|¤§½ö`�fØ�|©ü�´Øf£�fÚ¥f�Ú¡¤"
1952c§Å=�Æ[M.ûZ�£M. Danysz¤Ú J.ÊrÅdÄ£J. Pniewski¤3*ÿ�³u�»�¥�ØZ��uy§�3�
í´�)���Ø�¬£Phil. Mag., 44: 348 (1953)¤"�\&ÄÙ5�uy§ù
í´�)���Ø�¬£�fØ¤Øäk�Ï~�d�f�¥f(Ü¤��fØaq�5�	§Ù¥��¹k5��¥fÄ��Ó!��þ���âf"du��éùa�fØ���Ø�Ù§Ò÷^é��N!�6N�·¶�Y§¡ùa�fØǱ�Ø£hypernucleus¤§¿¡5��¥fÄ��Ó!��þ���âfǱ�f£hyperon¤"�XïÄ��\§<�¡ùa|¤�fØ�âfǱ Λ �f"�20V70c�¥Ï§<�ÿ½
�¹ Λ�f�%�fØ�(ÜU�5�£Phys.

Lett. B 53: 297 (1974)¤"d�§<�Åìuy
�¹�K>Ö� Σ �f��fØ£Σ �Ø¶Nucl. Phys. A 508:99c(1990), Nucl. Phys. A 639:103c(1998)¤±9�¹�K>Ö� � �f��fØ£� �Ø¶Ann. Phys. 146: 309 (1983)¤"Cc�uy
�¹� Λ �f���fØ£Science 328: 58 (2010)¤"ù
uyL²§�fØ|©Ì�´�fÚ¥f§��fǱ´�fØ£���Ü©�fØ¤��|¤ü�"2�5�ïÄuy§ØfÌ�dþ§�Úe§�|¤£�fdü�þ§�Ú��e§�|¤§¥fd��þ§�Úü�e§�|¤¤§�f��¹kÛÉ§�§ÏdÏ~¡�ØǱÛÉ5�fØ£½ÛÉØ¤"þã?ØL²§�fØdØfÚ�f|¤",��¡§¦Øf£±9�f¤åP¤�fØ�x0âfǱ0f£meson¤"Ïd§DÚþ§<�@Ǳ§0f==´x0âf§é�fØ�|©(�Ú�þvk�*����z"�20V90c�§é K+��fØ�m�Ñ��¢��ïÄ£Physical Review Letters 68:

290 (1992)¶Science 259: 773 (1993)¤Ú·IÆöÇªÍk)��nØïÄL²£Chinese Physics Letters 12: 344 (1995), ibid 13: 347(1996)¤§0fé�fØ�Ä�5�k���*��z£�Up� 10%¤"duØf£�fÚ¥f¤!�fÚ0fÑ´ë�r�p�^�âf§ÏdÚ¡Ǳrf"@o§2Â5ù§�fØdrf|¤§=�fØ�|©âfǱrf"äN/§õê�fØ�|©âf´Øf§���Ü©�fØ�|©âfQkØf§
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324 CHAPTER 8. æ�fÔnÐÚqk�f"¿�§0fǱ´�fØ��|¤Ü©"���!!!���fffØØØ���IIIPPPduõê�fØd�fÚ¥f|¤§Ïd§Ï~��fØdÙ�þê A ÚÙ�¹��fê Z£¥fê N = A− Z¤IPǱ
A
Z��ÎÒN .¿�§<��*/¡�fêÚ¥fêÑǱóê��fØǱóóØ!�fêÚ¥fêÑǱÛê��fØǱÛÛØ§�fêǱóê¥fêǱÛêÚ�fêǱÛê¥fêǱóê��fØǱÛóØ½óÛØ£¿Ú¡ǱÛ-AØ¤"éu�þê�Ó�UþØÓ�ÓØÉU�§<�Ï~P�Ǳ
Am
Z ��ÎÒN .¢�ÿþ�uy§éu�Ó�Ø>ÖêZ§�3¥fêN ØÓ��fØ"<�¡�fê�Ó�¥fêØÓ��fØǱÓ �"ØÓÓ �3g,.¥�´ÝØÓ§¢�ÿ��ØÓÓ ��U,´Ý�N¹o"aq/§<�¡¥fê�Ó�fêØÓ��fØǱÓ¥f�"¿�§<��¡�þê�Ó�¥fêÚ�fê�Ø�Ó��fØǱÓþÉ �"éu�Ø§<�Ï~P�Ǳ
A
nY��ÎÒN ,Ù¥n Ǳ�Ø�¹��f�ê8§Y Ǳ�f�Ú¡§�â¢S�¹äNzǱΛ!�!Σ§~X12

�� C4 L«�¹kü�Λ�f��%-12�fØ"nnn!!!ÓÓÓ   ^̂̂du�fÚ¥f´·��þé�C£�O=� 1.3MeV¤�g^ÑǱ 1
2
~ �¤�f§¿��f���ü �>Ö!¥fØ�>§Ïd§XJòÙmé���þ�ÉÀǱ>^�^¤�§K3r�p�^�¡þ§�fÚ¥f�±ÀǱØf���"Ǳ£ãù���5�§<�Ú\Ó ^£isospin¤�Vg§aqu>f�g^ÝKäk�þÚ�eü«�¹§<�¡¥fǱÓ ^3 z ��ÝKǱ 1

2
�
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8.1. �fØ�|©!$Ä�ª9�
AÆþ 325�!�fǱÓ ^3 z ��ÝKǱ−1
2
��"@o§�¹k Z ��fÚ N �¥f��fØ�Ó ^3 z ���ÝKKǱ

Iz = I3 =
N − Z

2
. (8.1)�ÆÄþ9Ù3 z ���ÝK�þfê�m�'X��§ù���fØ�Ó ^����=Ǳþã I3§ǱÒ´k

Imin = I3 =
N − Z

2
.,	§S.þ§IPÓ ^�ÎÒǱ~^F1i1 τ ½=©i1T "

8.1.2 ���fffØØØ���(((ÜÜÜUUU������%%%���...���!!!���fffØØØ���(((ÜÜÜUUU������þþþººº���·���§éu��f§d��)¤·���fÚ·��>f�Uþ¡Ǳ��f�>lU§½l)U§ǱÒ´Ù(ÜU£binding energy¤"òdVgí2§<�¡�fØ�·�þUÚ>f�·�þU�Ú��f�·�þU��Ǳ�f�(ÜU§=k
E�fB =M�fØc2 +m>fc2 −M�fc2 ,Ù¥ m>f Ǳ¤k>f�·�þ�Ú§cǱý�¥�1�"aq/§<�¡|¤Ï~��fØ�¤k�fÚ¥f�·�þU�Ú��fØ�·�þU���Ǳ�fØ�(ÜU§éudZ ��fÚN �¥f|¤��fØ§=k
E�fØB = Zmpc

2 +Nmnc
2 −M�fØc2 , (8.2)Ù¥ mp! mn! M�fØ ©OǱ�f!¥f!�fØ�·�þ"Ó�§<�¡Ï~�fØ�¤k�fÚ¥f�·�þ�Ú��fØ�·�þ�m���

∆M = Zmp +Nmn −M�fØ (8.3)Ǳ�fØ��þº�£Ǳ¡�þJ{¤"w,§�fØ�(ÜU�u�fØ��þº�éA�·�þU"2ö§���f�>lU£(ÜU¤aq§3·�À�Uþë�:��¹e§�fØ�(ÜU�u�fØ�Ä�Uþ�K�"
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326 CHAPTER 8. æ�fÔnÐÚ

Figure 8.1: ¢�ÿþ���X��fØ�'(ÜU",��¡§éu¤¹�fêØÓ!¥fêØÓ��fØ§þã(ÜU��É�Ué�§Ø�B'�"Ǳ�B©ÛÚ'�§<�Ú?
'(ÜU�Vg"¤¢�'(ÜU§=z�Øf�²þ(ÜU§=k
εB =

E�fØB

A
. (8.4)Ó�§<�¡¦Ï~��fØºÑ��£ü�¤Øf¿�±Ù/·�0�UþǱ�fØ�üØf©lU£VØf©lU¤"d½Â�§�fØ�'(ÜU�±Cq/ÏLÿþ�fØ�üØf©lU(½§�´§ù�ÿ½�'(ÜU==´é�5?u(½G��Øf�(ÜU"¢�ÿþ���d����fØ�'(ÜU��fØ�oØfêCz�1ǱXã 8.1 ¤«" dã 8.1 ´�§�fØ 62

28Ni NC��fØ�'(ÜU��"ùL²§� 62Ni ���fØÏLàC�ª�)��ÑUþ£~{¡Ǳ�9)§�
62Ni ��fØÏL�C�ª=CǱü�½õ�����fØ��ÑUþ"ùw,ǱØUA^Jø
Ä:Ú��"8c§éuØ§·��±ÏL�C�ª|^ØU¶éu�Ø§·��±|^àC�ª|^ØU"�CUA^Eâ®²¤Ù§¿®2�A^"àCUA^�¡§ÃO(����UEâǱ®¤õA^§O(����UEâ´8c��ïÄ�K§IS�¥I�Æ��lfNÔnïÄ¤®²¢y
á�m�/<E��0§ISþ��IÑ3��ïÄ§¿kITERISÜ�ïÄOy£|�3{I¤�3¢�"
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8.1. �fØ�|©!$Ä�ª9�
AÆþ 327du�fØ��|©âfm��p�^�âf�«ak'§Ïd§Ø
þã�Ï~��fØ§éu�Ø§<�¡¦�Ø¥ºÑ���f¿�±Ù/·�0�UþǱ�Ø¥�f�©lU§Ǳ{¡�Ǳ�f�(ÜU"���!!!���fffØØØ������%%%���...·�®²��§�fØ´drf|¤�þfåPXÚ"�âþfÔn�Ä��n§�fØ´þfz�Å"�´§ëì·�é��f£ã�²�§UìÙ¥Ô�£?uþf��âf¤�V,©Ù�«�§�fØǱ�±�@Ǳ´��k�½�mNÈ�EÜâf§¿�§¦+ÙØ�Ø Xêé�§�TâfØ´��f¥§Ïd�±ò�ÀǱ���%§lïá
�fØ��%�.£�S�£von

Weiszäcker¤u1935c£�@�¤JÑ�'u�fØ�÷*�.¤"ÏǱ�fØ£�%¤Ñk�½�NÈ§¤±§�½kNÈU EV"du�fØkL¡§�A/ÒkL¡U ES"du�fØ��|¤Ü©�f��>!¥fØ�>§Ïd�fØäk·>U§½ö`¥ÕU EC"¦+�fØ��|¤Ü©�f�¥fØ
�>^5��'�5�é�C	§§��5�¿Ø���Ó§Ïd�fØ�kduÙ|¤Ü©5�ØÓÚå�Uþ§=k�f�¥f�m�Øé¡U EAS§S.þ�ÄLã{'§<�¡�Ǳé¡U"�°[/§�Ä�fê9¥fê�Ûó5ØÓ�5�KǱ§�fØ�Uþ��¹kÛóUEOE"�*/§NÈU EV �'u�fØ�NÈ§L¡U ES �'u�fØ�L¡È§¥ÕU�'u�fØ�²þ�»"b��fØ�²þ�»£½ö`§ò�fØCqǱ¥N�§§éA�¥N��»¤Ǳ R§¢�ÿþL²�fØ�²þ�»�'u�fØ�¹�Øfê�n©��g�§u´k EV ∝ V ∝ R3 ∝ A§ES ∝
S ∝ R2 ∝ A2/3§EC ∝ R−1Z2 ∝ A−1/3Z2"éué¡U§8cÿ�ïÄ�Ù§Ä��£´§3�$�Cqe§é¡U�'u�fØ�Ó ^�1n©þ�²�§=k EAS ∝ I23 ∝ (N − Z)2"éuÛóU§²�L²§EOE ∝ A−1/2"u´§�fØ�oUþ£½=�þ¤�±d�fØ�|©LãǱ

E�fØ = αVA+ αSBSA
2/3 + αCBCZ

2A−1/3 + α(N − Z)2 + αPδA
−1/2 , (8.5)Ù¥ αV ǱNÈUXê§αS ǱL¡UXê§αC Ǳ¥ÕUXê§α Ǳé¡UXê§αP ǱÛóUXê§Ùê�ÚÎÒÏ~d[Ü�
�fØ��þ
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328 CHAPTER 8. æ�fÔnÐÚ

Figure 8.2: �°[/�Ä
Ø(��A�?����%�.é�fØ�þ�O�(J�¢�ÿþ(J�m���£�g Physical Review C 81: 044322 (2010)"¤½"BS!BC ©OǱ��%£�fØ¤/G�'�?�Ïf£é¥/Ø§BS =

BC = 1¤"¿�§éØÓa�fØ§δ ���Ǳ
δ =















1 , óóØ ,

0 , Û-AØ ,

−1 , ÛÛØ .DÚ��%�.éu�fØ�þ�O�Ñ´ÏL[Ü�fØ��þ(½ecãúª¥�ëê§,�A^uO�Ù§�fØ��þ"�5uÐïá
kÏLØ(�nØ�{(½ecã�ëê§,�?1O�§½ö`uÐïá
�ÄØ(��A?���%�.£~X§Physical Review C 81: 044322 (2010)!�¤"|^�Ä
Ø(��A�?���%�.é�fØ�þ�O�(J�¢�ÿþ(J�m���Xã 8.2 ¤«"dã 8.2 �§£�Ä
Ø(��A�?��¤�%�.�±��Ð/£ã�fØ��þ�5�"�´§duØUA^ïÄ�I�§<�I��fØ�þ£Uþ¤�éO(�ê�§Ïd�'�U?�Y��ïÄE3��\/mÐ",��¡§þã�'ué¡U�?Ø=·^uÏ~��fØ§éu�p�Ý�¹§é¡UXêÿ�(½§$�Ù�KÎÒÑ�(½§�U��¹Xã 8.3 ¤«"Ïd§'ué¡U9é¡UXê�ïÄE´8c�����K"
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8.1. �fØ�|©!$Ä�ª9�
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Figure 8.3: 'u�fØ9ØÔ��é¡U��ÝCz1Ǳ�O�(J£�g Physical

Review Letters 102: 062502 (2009)§Ù¥� 0 Ǳ�ÚØÔ��Ý§½=Ï~��fØ��Ý§Ùê�Ǳ �0 ≈ 0: 16Øf/fm3 ≈ 0: 15 GeV/fm3§x ��ucã� � §Ù§IPǱØÓnØ�{�IP"¤
8.1.3 ���fffØØØ���888NNN$$$ÄÄÄ���!!!���fffØØØkkk888NNN$$$ÄÄÄ
1. ¢¢¢���ÿÿÿþþþ¯̄̄¢¢¢¢�uy§��õ��fØÑäkØÓuüâfUÌ�UÌ§¿�LyÑË�ªÇCqǱ~þ��ÄÌ!½Ë�ªÇ�þf�ÆÄþCq¤�'�=ÄÌ�AÆ"éu�fØ�>^5��ÿþL²§éõ�fØäk��u=düdØfG�û½�>o4£E2¤ÝÚ=düdØfG�CzÚå� E2 �[AÇ"ù
¯¢L²§�fØØ=äküâf$Ä§�k¤kØfÑ�Óë��8N$Ä§¿�ù«8N$ÄäkØÓ��ª"
2. ���fffØØØ���888NNN$$$ÄÄÄ���ªªªd¢�ÿ���ÄÌ�§�fØ�8N$Ääk�Ä£vibration¤�ª"äN/§�Ä�±´NÈ�±ØC!�Ù¥ØÔ�©ÙØÓ��Ä§~Xäk�m�üé¡5�o4�Ä!½�m�üØé¡�l4�Ä!½�fÜ©�%�¥f
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330 CHAPTER 8. æ�fÔnÐÚÜ©�%©lm�ó4�Ä!½�á�ª£NÈUC¤�ü4�ª!�"duNÈ�±ØC!¤IUþ�$§Ïd�~���Ä�ª´>o4�Ä!Ùg´>l4�Ä§duó4�ÄÚü4�Ä¤IUþ�p§Ïd~¡�Ǳã��£giant

resonance¤"d¢�ÿ��Ë�ªÇ�þf�ÆÄþCq¤�'�=ÄÌ�§�fØäk=Ä�ª"d18Ù'u�fÚ1ÔÙ'u©f�?Ø�§�Ǳ��þfåP���fØ�=Ä�U´½¶=Ä£axial rotation¤§Ǳ�U´Ø½¶=Ä£kú=ÚÙÄ¤"éu¶é¡�½¶=Ä§<�Ï~¡=Ä¶�é¡¶R��=ÄǱ�ý¥=Ä£prolate rotation¤!¡=Ä¶÷é¡¶�=ÄǱAý¥=Ä£oblate

rotation¤"=Ä��U´k�½¶!�=¶Ø÷�fØ�?Û��.þÌ¶�=Ä§<�¡¶é¡�fØ�ù«=ÄǱn¶=Ä£triaxial rotation¤"¤¢Ø½¶=Ä§==¶���Ø(½§éu¶é¡�fØ§<�¡ù«=ÄǱ γ-^=Ä£γ-soft rotation¤"���!!!���fffØØØ���///GGG999ÙÙÙ£££ããã
1. ���fffØØØ���///GGG/¤�fØ�Ô�©Ù��ä¡�/G¡Ǳ�fØ�/G"�â�fØ��%�.§|©(½¿�NÈǱ(½��fØ�UþdÙL¡Èû½"dAÛ�n�§éuNÈ(½�ÔN§¥/�L¡È��"2�âUþ�$�n§¥/�fØ�Uþ�$"c®ã9§¢�uy§�fØéA�¥N��»�ÙØfê A �n©��g�¤�'§=k

R¥/�fØ = r0A
1/3 , (8.6)Ù¥���fØ� r0 ��§�fØ� r0 ��§Ä�þ r0 = (1.05 ∼ 1.25) fm"ùa?uÄ��{ü/G�fØ¥�|©Ô�©ÙXã 8.4 ¤«§¿�ëêzLãǱ

ρ(r) =
ρ0

1 + e(r−R)/a
, (8.7)Ù¥ ρ0 Ǳ�fØ¥%NC��Ý§RǱ�fØ��»§a��u�fØÔ�©Ù�L¡�þÝ"¯¢þ§�ǱþfåP���f�kõ«�ª�8N$Ä§lõê�fØ�/GÑ l¥/§ǱÒ´kC/£½¡/C¤"ýó¿�®²*ÿ���f
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Figure 8.4: ?uÄ��{ü/G�fØ¥�|©Ô���~©Ù«¿ã"
l=0l=0 l=2 l=3 l=4

Figure 8.5: k = 0, 2, 3, 4 éA� 2k 4/C§¢�þ*ÿ���p4/C´�84/C£�g Europhysics News 31, (2001)¤"Ø�/Gõ«õ�§Ï~òØ�»U¥�¼êYkm(θ, φ) Ðm§¿ò�A�/C¡Ǳ 2k 4/C§~X§éAu k = 2 �C/Ø¡Ǳo4/CØ§d¥�¼ê�5�£1nÙ'u��f�?Ø¥®`²¤�§ù«/CØ¥ý¥/¶éAu k = 3 �C/Ø¡Ǳl4/CØ§d¥�¼ê�5��§ù«/CØ�â m��ØÓ¥g/!u/!�ý/!�¶éAu k = 4 �C/Ø¡Ǳ�84/CØ§d¥�¼ê�5��§ù«/CØ¥c�1wK�aocÎ/!�Q/�"§��î�¡Xã 8.5 ¤«" ù
/C¥§�{üǱ´���´o4/C§¢�þ®²*ÿ���p4/C´164/C£Europhysics News 31 (2001)¤§Ó��fØ��Uk/G��y�£CÏ�nã0�� Reviews of Modern Physics

83: 1467 (2011)¤"Ä�C/ØÊH�3u���þ«£Europhysics News 31
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332 CHAPTER 8. æ�fÔnÐÚ
(2001)¤§cÙ��5¿�´�Ø«Ǳ�3C/ØÚ/G��§�(��\´L£Nature 433: 705 (2005)¤"-u�Ø�/CK�L¹ÔnSN,X�/C�!£�y�!ÓØÉU��Ñ�/C���'"o�§�fØäkõ«8N$Ä�ª£½G�¤§¿�kõ«�ª��Ú�«ÛÉ�G�"Ïd§é�fØ�8N$Ä�ªÚ/G�ïÄ´�fØ(�ïÄ�Ø%SN��"
2. ���fffØØØ///GGG��� Hill–Wheeler ëëëêêêzzz£££ããã�Au�fØ�8N$Ä§�fØ¥yØÓ�/G£î�5ù§|¤�fØ�Ô���ä¡¥ØÓ�/G¤"ǱLã�fØ�8N$Ä�5�§<�uÐïá
8N�.£Ù{ü��¹=AÛ�.§<�Ǳ~¡�Ǳ Bohr-Mottelson �.§Dan. Mat.-Fys. Medd. 27: No. 16 (1953); ibid, 30: No. 1 (1955)¤"�fØ/G�ïÄ��´�fØ(�nØ¥����¯K§ù´ÏǱ�fØ/G��fØ|¤¤©�ü«$Ä/ª£8N$ÄÚüâf$Ä¤Ñ���'§¿�ØÓ/G�fØ��Ä!=Ä�8N$Ä�ªǱ�Ø�Ó¶Ó��fØ�/Gd¤kØf��m©Ùû½£Physical Review 89: 1102 (1953)¤§��8N$Ä�ª�ØÓCz"Ǳ{ü/Lã�fØ�/G§<�ò�fØb�Ǳdõ�Øfd8N'é�N$Ä/¤��%§¿æ^n�îVÆ (θ1, θ2, θ3) Úü�S�Cþ θ!φ5LãÙ/GÚ�m��§Ù¥n�îVÆ½Â�N�I���§ü�S�Cþû½�¼êLÆ�fØ�/G£/C¤§u´�fØ�/G�±dÙU¥�¼êÐmL«��m©Ù5£ã§=k

R(θ, φ) = R0

[

1 +
∑

kµ

α∗
kµYkµ(θ, φ)

]

, (8.8)Ù¥ θ!φ Ǳ¢�¿�IX¥L«����I"¢�¿�IX��N�IX�m�'X�±dÐmXêÜþ αkµ �m�'XLãǱ
α∗
kµ =

∑

kν

akνD
k
µν(Ω),

Ω = (θ1, θ2, θ3) ,
(8.9)Ù¥ D ¼ê´Wigner=ÄÝ
"éu~���{ü�o4�C§Xê a2ν = aν
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8.1. �fØ�|©!$Ä�ª9�
AÆþ 333�±d Hill-Wheeler ëêz�Y£Physical Review 89: 1102 (1953)¤L«Ǳ
a0 = β cos γ ,

a±2 =
1√
2
β sin γ ,

a±1 = 0 .

(8.10)<���½§β > 0, γ > 0 éAa�ý¥/C§β < 0, γ > 0 ½ β > 0, γ < 0 éAaAý¥/C"M�îþK�LãǱ
Ĥ = − ~

2

2B

{ 1

β4

∂

∂β
β4 ∂

∂β
+

1

β2

( 1

sin3γ

∂

∂γ
sin3γ

∂

∂γ
− 1

4

∑

k

L′2
K

[sin(γ − 2
3
nπ)]2

)

}

+V (β, γ) , (8.11)Ù¥ B Ǳ8N�þëê§L′
K Ǳ÷�N�IX� K-¶£½= z-¶¤���ÆÄþ§V (β, γ) Ǳ3/Cëê�mLã��p�^³"�Ä�u¼ê±Ï5§<�rcã�éuëê��½?�Ú?UǱµβ > 0, γ ∈

[

0, π
3

] éA�ý¥/C§β < 0, γ ∈
[

0, π
3

] ½ β > 0, γ ∈
[

− π
3
, 0
] éAAý¥/C"nnn!!!'''uuu���fffØØØ888NNN$$$ÄÄÄ������


���ÿÿÿþþþþþþ

1. ���fffØØØ���ggg^̂̂�>f��§|¤�fØ��«rfÑkg^§¿��f!¥fÚ�f�g^Ñ´ 1
2
~§π0f�og^Ǳ 0"ù
|©âf�g^�;�ÆÄþU\3�å�¤��|©âfog^",��¡§�fØk8N$Ä§ù«8N$Ä¥�=Ä¦��fØk���N�g^"@o§�fØ�|©âf�og^�8N$Äg^�U\�¤�fØ�£o¤g^"¢�ÿþL²§¤kóóØ�Ä�g^ÑǱ"§¿kÆÄþ�� 2~ �Ä�=Ä�"Û-AØ�Ä�g^ÑǱ ~��Ûê�§ÛÛØ�Ä�g^ÑǱ ~��ê�£����Ü©Ǳ 0¤"��f¥>f�g^�;�ÆÄþ�'Xaq§�fØ�½5£Uþ�$�n¤�¦Ù¥�|©âf�g^��u��ü�£=�¤g^Ǳ 0 �é¤§l%³U�$�¦§��;�ÆÄþ�§�����§u´�fØ�|©âfog^Ï~Ñé�"?§$Uþ��fØ�g^��Ñ´�fØ�8N$Äg^£ÆÄþ¤"�´§éu8N$ÄÆÄþ£g^¤ép£�



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

334 CHAPTER 8. æ�fÔnÐÚ�A� ~¤�Ø�§�Au8N=Ä�l%å¦�|©âf�é'é)Ø§Ñy|©âfg^^ü£alignment¤§lé�fØ�g^k����z"
2. ���fffØØØ���^̂̂ÝÝÝ�fØdrf|¤§�>f��§�Au|¤�fØ��«rf�;�$ÄÚg^Ñk^Ý"ëì>f�;�^ÝÚg^^Ý

~µe
l = −µB

~l

~
, ~µs = −2µB

~s

~
,Ù¥

µB =
e~

2me

,

me Ǳ>f�·��þ§KÒd>f���ü K>Ö¤�§·��±½ÂØf¥�¤�f�;�^ÝÚg^^ÝǱ
~µH
l =

qH

mH
mp

µN
~l

~
, ~µs = 2

qH

mH
mp

µN
~s

~
, (8.12)Ù¥ qH ´±Ä�>Ö e Ǳü �rf H ��>þ§mH

mp
´±�f�·��þǱü �rf H ��þ,

µN =
e~

2mpǱØ^f"du�f�·��þǱ>f�·��þ� 1836 �§ÏdØ^f=ǱÀ�^f�� 1
1836
"Uìù�*:§�f!¥f�g^^Ý©OǱ µN!0"�¢�uy£�A�§1932c¤�f!¥f�g^^Ý©OǱ� 2.8µN!−1.9µN§�þãDÚnØ(J²wØÎ"ùL²�fÚ¥fÑäk�~^Ý£8c�O(�©OǱ µp = (2.792847351± 0.0000000009)µN§µn = (−1.9130427 ± 0.0000005)µN "3r�p�^�Ä�nØ)þfÚÄåÆ�gþéØf�~^Ý�Å��ïÄE3&¢�¥§'uØf�|©âf��~^Ý�ÐÚ&?�ë�Physical Review

Letters 106: 072001 (2011)¤"Q,�fØ��|©âfk^Ý§Ù8N$Ä�,Ǳk^Ý§@o§�g^aq§�fØ�^ÝǱǱÙ�|©âf�^Ý�8N$Ä^Ý�U\"
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8.1. �fØ�|©!$Ä�ª9�
AÆþ 335��f�^Ýaq§¢�þéu�fØ^Ý�ÿþÏ~ǱÛ�uÙ3,���þ�ÝK§~X§Ï~�Ù÷�fØ�g^ ~J ��"u´§�fØ�^Ý�Î½ÂǱ
µ̂z = µ̂l,z + µ̂s,z = gJµN Ĵ , (8.13)Ù¥ gJ Ǳ�fØ�^^'£½=K� g Ïf"Ù(½�æ^�(½�f� g Ïf���Ó��Y¤"P�fØ�G�Ǳ |J M〉£J!M ©OǱÆÄþ9Ù z ©þþfê¤§K�fØ�Ä��^ÝǱµ
µ = 〈J M |µ̂z|J M〉|M=J . (8.14)éuüâf�§N´��

µ =















(

gll +
1

2
gs

)

µN , �j = l + 1
2
;

j

j + 1

[

gl(l + 1)− 1

2
gs

]

µN , �j = l − 1
2
,Ù¥ gl!gs ©OüØf�;� g Ïf!g^ g Ïf§Ùê��>f��A��Ó§= gl = 1!gs = 2"Túª~�¡Ǳ Schmidt ^Ýúª"'�þãnØ(JÚ¢�ÿþ(JL²§éuüdØf�fØ�^Ý§nØ�¢�Ä�ÎÜ§�´½þþEk����É§Ù�Ï´�fØ�^Ýér/�6u�fØ�G�"Ïd§¢S�O�AT´|^�fØ(�nØ£�.¤(½�Ø��Å¼ê£~X§|�·Ü!�¤?1O�"
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336 CHAPTER 8. æ�fÔnÐÚ
3. ���fffØØØ���>>>ooo444ÝÝÝ18Ù?Ø�fU?��°[(��Q²J�§du�fØ¥Ô�©Ù���Ó5§Ïd�fØk>o4Ý"N¹n0�>^|�õ4Ðm�ǱQJ�§>Ö©ÙØþ!¬�5>o4Ý">Ö�ÝǱ ρ(~r)£~r = (r, θ, φ)¤�«��>o4ÝǱ

Qij = (3xixj − r2)ρ(~r) ,Ù¥ xi (i = 1, 2, 3) Ǳ ~r 3�Æ�IX¥�Lã"¢^¥§Ï~�Ù z ©þ£=1 3 ©þ¤§K
Q = Q33 = (3z2 − r2)ρ(~r) = r2(3 cos2 θ − 1)ρ(~r) =

√

16π

5
r2 Y20(θ , φ)ρ(~r) ,Ù¥ Y20(θ, φ) ǱéAum = 0 � 2 �¥�¼ê"Ï~��fØd�fÚ¥f|¤§�f���ü �>Ö e§@o§�f�>o4�Î�±��/LãǱ̂

q2m =

√

16π

5
e r2 Y2m(θ , φ) .Ï~�Ù1 3 ©þ§=�m = 0§u´k

q̂ = q̂20 =

√

16π

5
e r2 Y20(θ , φ) . (8.15)du¥fØ�>§Ïdü�¥f�>o4Ý�ÎǱ 0"ù�§�fØ�>o4Ý�ÎǱµ

Q̂2m =
Z
∑

i=1

q̂20(i) . (8.16)¢^¥§édüâf��ï��fØ�§Ï~ÏLO� (8.16) ª¤«�o4Ý�Î3�AØ��Ý
�(½"é��d8N�IIP��fØ�§Ï~ÏLO� (8.15) ª¤«�o4Ý�Î3�AØ��Ý
�(½"é÷é¡¶����¶Ǳ c!R�é¡¶���ü�¶Ǳ a �ý¥/�fØ§Ù>o4ÝǱ
Q =

2

5

(

c2 − a2
)

Z .



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.1. �fØ�|©!$Ä�ª9�
AÆþ 337dcã>o4Ý�Î�½ÂÚO��Y�§�fØ�>o4Ý�þj´ [m]2§Ï~±q�Ǳü §{PǱ b§¿� 1 b = 10−28m2 = 100 fm2"ooo!!!���fffØØØ���///GGG���CCCXþ¤ã§�fØ�/GdÙ¤kâf��m©Ùû½§ù
|©âf��m©ÙØ=�8N$Ä�ª�ØÓCz§��6u|©âfg��$ÄG�§Ïd§�fØ�8N$Ä�ªÚ/G7,´8N$ÄÚüâf$Ä�pKǱ�(J"·���§Øþ!�G�¥|©�Ó!ÔnÚzÆ5��Ó�þ!Ü©�G�¡ǱÔ���"duéAuØÓ8N$Ä�ª£/G¤§�fØ�|©âf�Ó§�ÙG�ØÓ§dÔ����½ÂK�§�fØ�ØÓ8N$Ä�ª£ØÓ/G¤=�fØ�ØÓ�§d�«8N$Ä�ª£/G¤�,�«8N$Ä�ª£/G¤�üzÒ´8N$Ä�ª£/G¤�C"du�fØ�G�£8N$Ä�ª!/G!�¤��fØ�¹�¥f�f'!-u�Uþ9g^!�¸§Ý9�Ý�õ«Ï�k'§ÏdKǱ�fØ/G�C£8N$Ä�ª�C¤�Ï�k¥f�f'!-u�Uþ9g^£ÆÄþ¤!�¸§Ý9�Ý�"�äN�§3,�Ó �ó£½Ó¥f�ó¤¥�fØ�Ä��8N$Ä�ª£�fØ/G¤¬�X¥fê£�fê¤�CzCz"21VÐ�Ä�Ø½¶=Ä�m�C��.:Ú½¶=Ä�Ø½¶=Ä�m�C��.:�fØ9�.G��é¡5Ún�:�ºYuy£�XÚ�0��Ü�Æ¬Ø©£�®�Æ§2009c¤¤§�\´L
<�éuÄ��fØ/G�C�@£"du¢�þγ-��&ÿì
�Eâ�?Ú§¦�·�Ø=�±é�fØÄ��/G?1ïÄ§��±é-u�!cÙ´pg^��Ø/G?1ïÄ§2003c*ÿ��÷Yrast�£dUþ�$�ØÓÆÄþ�/¤�Uþ�£�¤¡ǱYrast�£�¤¤Ñy�8N�Ä�ª�½¶=Ä�ª�Cz�Ñ
$-u�¥�U�3=Ä£½ÆÄþ¤°Ä�/G�C�¢�yâ£Physical Review Letters 90: 152502 (2003)¤"¯¢þ§nØþéug^Ú§ÝÚå��fØ/G�C�ïÄg20V80c�¥Ï=m©§¿���vk¥ä£Physical Review Letters 57: 539 (1986); Physical Review C 35: 2338

(1987); ��¤"éAuØÓ|�·Ü½/G|��Ø�¡Ǳ/G��£Shape

Coexistence¤"ù��üâf$ÄÚ8N$Ä�rÍÜ/¤�Ø�éu�\@£�fØ�(��'�§Ïd´�fØ/G9/G�CïÄ'5�:��§k
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338 CHAPTER 8. æ�fÔnÐÚ,��\&?�Öö�ë�Reviews of Modern Physics 83: 1467 (2011)",��¡§�fØ�(½�/GÚ8N$Ä�ª��½�ÄåÆé¡5�éX£Journal of Mathematical Physics 20: 891 (1979); ��¤§Ïdé�fØ�/GÚ8N$Ä�ª§cÙ´§��üz£=�C¤�ïÄ  �þfõNXÚ�ÄåÆé¡5�»"½¡E�éX§l§'u�fØ/G�C�ïÄØ=´�fØÔn+�¥���K§�Úå
k�þfõNXÚ+�ÚÚOÔnÆ.�4�'5"
8.2 ØØØååå{{{000
8.2.1 ØØØååå999ÙÙÙÄÄÄ���AAAÆÆÆ�fØÌ�d�fÚ¥f|¤§��ØØ�¹�fÚ¥f	��¹k�f"2Â5ù§�fØ�ù
|©ü��m��^å¡ǱØå"dÂ/§�fØ¥Øf–Øf�m��p�^å¡ǱØå"¢�uy§Øåäká§5Ú�Ú5!äk>ÖÃ'5!äká§ü½%!äkk%å¤©Ú�k%å¤©!äkg^–;�ÍÜé�!�Ä�AÆ"���!!!ØØØååå���ááá§§§555ÚÚÚ���ÚÚÚ555¢�L²§Øå�å§éá§=3 fm þ?"c®`²§�fØ�²þ�»3 A1/3 fm£A |¤�fØ�Øfê¤§Ïd§�fØ¥|©âf=�Ù±��A�âf�^§ǱÒ´äk�Ú5"���!!!>>>ÖÖÖÃÃÃ'''555�fØ�|¤Ü©k��>Ö��f!Ø�>�¥f£�Ø��¹kØ�>� Λ �fÚ�>� Σ �f�¤§�>âf�m�,k>^�^"¢�ÿþL²§3ØO9>^�^��¹e§3�p�^å§S�?u�ÓG��?¿ü�Øf�m��p�^Ñ�Ó§²þ(ÜU£�p�^³U¤� 8.44MeV"ù�5Æ¡ǱØå�>ÖÃ'5"nnn!!!äääkkkááá§§§üüü½½½%%%¢�uy§Øåäk�©fåaq�AÆ§=�üØf�åéC�§Ùmkér�ü½�^¶�üØf�åØéC�§ÙmkáÚ�^¶�üØf�å��
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8.2. Øå{0 339�§Ùmvk�^¶ÙÄ�1ǱXã 8.6 ¤«"Øf�m�åéC��ér�ü½�^¡ǱØå�ü½%"

Figure 8.6: Øå�k%å|Ü©±�p�^³Lã�«¿ã9�y��õëêØå�.�'�£�¤Ú�: QCD é S �g^ü�9g^n��^�O�(J9Ù��{ü�ü � ���.�'�£m¤£�gPhysical Review Letters 99: 022001 (2007)¤"ooo!!!ØØØååå���kkk%%%ååå¤¤¤©©©ÚÚÚ���kkk%%%ååå¤¤¤©©©c®ã9§{ü5ù§Øå´|¤�fØ�Øf�Øf�m��p�^§ØfÑ´g^ 1
2
~ �¤�f§¿��±?uØÓ�G�§@oØå�½´�¤�Ä�Øf�G��'�§~X�üØf��é;�ÆÄþ�'!�üØf�og^�'"ùÒ´`§Øåäk�k%å¤©"�g^�'�Øå��k%å¤©�±LãǱ

VNC = VT (r)
[

3(~σ1 · r̂)(~σ2 · r̂)− (~σ1 · ~σ2)
]

. (8.17)Ù¥ r̂ ǱüØfm�é �¥þ���ü ¥þ"¢�ÿþL²§Øå�äkk%å¤©"éuØå�k%å¤©§<�®ïá
õ«�.§~^�k¥�³²µ
VC(r) =

{

−V0 , r ≤ r0 ,

0 , r > r0 .
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340 CHAPTER 8. æ�fÔnÐÚ��f³µ
VC(r) = V0r

2 .pd³µ
VC(r) = −V0e−r

2/r2N ,Ù¥ rN Ǳ�fØ��»"�ê³µ
VC(r) = −V0e−r/rN .)A³µ
VC(r) = −V0

r
e−r/rN .Î[-i�Ü³µ

VC(r) = − V0
1 + e(r−R)/a

.Ù¥ R Ǳ�fØ��»§a��u�fØSÔ�©Ù�L¡�þÝ"Ǳ
Jp°Ý§½ö`�Ð/XÚ£ã�fØ�5�§<��ïá
éõõëê�."8c~^�kCD Born ³!Reid 93³!ni³!Argonne AV18³!��"du§��Lã/ªÑéE,§ùpØ�äN0�"ÊÊÊ!!!ØØØåååäääkkkggg^̂̂–;;;���ÍÍÍÜÜÜ���^̂̂¤¤¤©©©��f¥�>fäkg^–;�ÍÜ�^��§�*/§�fØ¥�?Ûü�Øf¥����g^^Ý¬aÉ�,��Øf£½ö`§Ù§¤kØf¤3Ù¤3«��)�^|��^§g^^Ý�'uÙg^~s§^|�^aArÝ�'uÙg��;�ÆÄþ~l§ÏdØåǱkg^–;�ÍÜ�^¤©§¿�Ǳ�±LãǱ
Vls = Vls(r)~̂l · ~̂s , (8.18)Ù¥ Vls(r) Ǳ�±dØf¤?�²þ| V (r) 9ÙòÜ�þ µ LãǱ

Vls(r) = − 1

2µ2c2
1

r

∂V (r)

∂r
.5¿§TL�ª�>f�����KÒ§Ù�Ï´>f�K>"äN©Û�§Øå¥g^–;�ÍÜ�^r�õ§Ù�z'>f�g^–;�ÍÜ�^éÙU?°[(���z�éõ§äN?Ø�e�!'u�fØ(����.�?Ø"
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8.2. Øå{0 341

8.2.2 ØØØåååïïïÄÄÄ���nnnØØØ���{{{c¡'uØå�½Â¥ù§Øå´�fØ¥ü|©âfm��p�^å"�¯¢þ§z�Øf�G�Ñ�Ù§Øf�'§ÏdØåØ==´{ü�üN�^å§´õN�^�Ó�)�"@o§'uØå�ïÄ´���~(J���K§¿E´8c�fØÔnÚpUÔnïÄ���K"dulõNXÚÑu�ïÄ�(J§$��±`Ã{ý�¢y§ÏdÏ~é��üN�^Cq"·���§�>âf�m�>^�^´�>^|D4¢y�§äNó´d1f£|¤D4�"aq/§Øf�m��p�^Ǳ´ÏL��x0âfD4�§ù«âf¡Ǳ0f"u´§<�ïá
'uØå�0f��nØ"�@ïá�0f��nØ�>^�^4Ù�q§=���� π 0f£�1f��§Ǳ´ÀÚf§g^þfêǱǱ 1§��þØǱ 0¤"c¡�Ñ�'uØå�k%åÜ©�)A�.=´ü π 0f���.£one pion exchange potential, OPEP¤���(J£î���Ñ�E,§aq�{ü?Ø�ë�êÆÔn�{¥'u��¼ê�?Ø¤"d�uÐïá
Ó��� π 0f!ρ 0f!ω 0f!σ 0f!η 0f±9V π 0f�nØ"��^���zXã 8.6 ¥�IP¤«"��\�ïÄL²§π 0f´�Goldstoneâf§=��ÃÆé¡5ÄåÆ»"�)�âf"u´§<��±lÃÆnØÑuéØå?1ïÄ"3?Ø�fØ�|©âf�Q²ã9§�fØ�|©âfÚ¡Ǳrf"��\�ïÄL²§rfǱk(�§§�d§�Ú�f|¤"§�Ú�fØäkg^�S�þfá5	§�äkôÚgdÝ§ùÒ´`¦§�/¤rf�r�p�^´Ú�^§�A�ÄåÆ=þfÚÄåÆ£Quantum Chromodynamics, QCD¤"ù�§Øå�±�@Ǳ´§��mÚ�^��{�^§u´§<��±|^QCDéØå?1ïÄ§¿uÐïá
�A�QCDk�|Ø!�:QCD!�O��{§8c®��´a¤J"~X§�:QCDéu 1S0 �Ú 3S1 �Øå�O�(JXã
8.6 �mýfã¤«§éù
ê�(J�ëêz[Ü�� π 0f���éØå�k%åÜ©��zǱ

V π
C (r) =

g2πN
4π

(~τ1 · ~τ2)(~σ1 · ~σ2)
3

( mπ

2mN

)2 e−m� r

r
,Ù¥ gπN Ǳ π 0f�Øf�^�ÍÜ~ê§~σi!~τi £i = 1!2¤©O´üØf�
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342 CHAPTER 8. æ�fÔnÐÚ�|�Î£Ý
¤!Ó ^�Î"¿� η 0f���éØå�k%åÜ©��zǱ
V η
C (r) =

g2ηN
4π

~σ1 · ~σ2
3

( mπ

2mN

)2(1

r
− m2

0

2mπ

)

e−m� r ,Ù¥ gηN Ǳ η 0f�Øf�^�ÍÜ~ê"duù
�{'��c§I��Ä:�£�õ§ùpØ�0�"
8.3 ���fffØØØ���PPPCCC
8.3.1 ���fffØØØ���PPPCCC999ÙÙÙ555ÆÆÆ���������£££ããã���!!!PPPCCC���ªªª���©©©aaa<�®²uy
2000õ«�fØ£½¡Ø�¤§�Ù¥=k� 300 «´½�"ùÒ´`§ý�õê�fØÑ´Ø½�§§�¬gu/ðCǱ,�«�fØ§¿��º�Ñ��½õ�âf"<�¡�fØ�ù«guðCǱ��5ðC§{¡ǱØPC£nuclear decay¤§¿~±º�Ñ�âf5éØPC?1©a§~Xµº�Ñα âf£?uÄ�� 4He �fØ¤�ðC¡Ǳα PC§º�Ñ γ 1f�ðC¡Ǳ γ PC§º�Ñ>f½�>f�ðC¡Ǳ β PC§¿�¡���fØgu/©�Ǳü�½õ��fØ�y�Ǳgu�C£spontaneous

fission¤§Ǳ¡ù«PCǱ�£õ¤8ìPC"Ø
ù
~��ª�PC	§�fØ�kÙ§�ª�PC"���!!!'''uuuPPPCCC���������£££ããã999ÙÙÙAAAÆÆÆþþþ
1. ���êêêPPPCCCÆÆÆ���ÆÆÆ···'u�fØPC�nØ£ã§î�5ùéE,§�Ï~<�æ^�5ǱA�Y"¤¢PC§=�a�fØ£½?u-u���fØ¤=CǱ,�a�fØ£½�$U���fØ¤§ǱÒ´`�5G���fØ�ê8�½~�"P,�Ǳ?u¤�	G���fØ�ê8ǱN§²�m dt �§?u¤�	G���fØ�ê8~� dN§T~�þ�½´ N Ú dt �¼ê§3�5ǱAe§Kk

dN = −λNdt ,Ù¥� λ ¡ǱPC~ê")d�§§K�¤�	G���fØ�ê8��mCz
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8.3. �fØ�PC 343�5ÆǱ
N(t) = N0e

−λt , (8.19)Ù¥ N0 ǱÐ©�Ǳ?u¤�	G���fØ�ê8§λd¤�ÄPC�Å�£½ö`�p�^�¤û½"ùL²§�fØ�G�UÙÆ·�©ÙÆ d(t) =

∣

∣dN

∣

∣

N0dt
Ǳ

d(t) = λe−λt . (8.20)ǱäN�	�fØPC��Ç§<�Ï~±¤�	G���fØ�ê8~���5�����m�ǱAÆþ§¿¡�Ǳ�PÏ§PǱ τ1/2"w,§
τ1/2 =

1

λ
ln 2 . (8.21)éu¤�	G���fØ�²þÆ· τ§�*/=d N0 CǱ 0 ¤I��m§=k

τ =

∫ ∞

0

d(t) t dt .ò d(t) �L�ª�\þª§¿�¤È©§�
τ =

1

λ
=
τ1/2
ln 2

. (8.22)

2. ???éééPPPCCC¢�*ÿ���fØ�PCØ=�k�ÚPC§�kõÚ?é�PC§= AG���fØPC� BG���fØ!BG���fØPC� CG���fØ!Xd�?�ë�?/?1e�"@o§éuTPCó¥� B G���fØ§§Ø
Ucã��ê5ÆPC� C �	§�kU�ê5Æd A PC5��ǱÖ¿"w,§3�5ǱAe§BG���fØ�ê8Cz1Ǳ�18Ù?Ø��f�Ë��1Ǳ�Ó§Ùê8��m�CzÇ�±LãǱ
dNB

dt
= λANA − λBNB . (8.23))�K�

NB(t) =
λA

λB − λA
NA0

(

e−λA t − e−λB t
)

. (8.24)
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344 CHAPTER 8. æ�fÔnÐÚÙ¥ NA0 Ǳ?éPCL§¥Ð©�Ǳ?u1� A ��fØ�ê8"w,§¥mG� B Cz�1ǱØ=�Ùg��PC~ê λB k'§��T?éPCó�1�
A �PC~ê λA �Ñk'"
3. ������555¹¹¹ÝÝÝ��5�fØ3ü �mSu)PC�ê8¡ǱT�fØ���5¹Ý£radiative activity¤§Ï~PǱ A"w,

A(t) = −dN
dt

= λN0e
−λt = λN(t) . (8.25)��5¹Ý�ü k��£ǱVg��V��@uy��5·¶§~{PǱ Bq¤ÚØp£ǱVgØpÅ<uyo!l!Y���5·¶§~{PǱ

Ci¤"1 ��½ÂǱz¦¨�mSu)�gØPC§1Øp½ÂǱz¦¨�mSu) 3.7× 1010 gØPC£½=µ�þǱ 1 ��Y£Ra¤3 1 ¦¨�mS���5PCê¤, �ö�mk'X
1Ci = 3.7× 1010 Bq .w,§Bq ü é�§Ci ü é�§Ïd§¢^�ü kÎØp£mCi§= 10−3Ci¤Ú�Øp£µCi§= 10−6Ci¤"d½Â�§ÿþ��5¹Ý´ÿ½�fØ��PÏ�Ä��{"nþ¤ã§�fØkõ«��5§duØÓ«a���5�ûuØÓ�ª��p�^§Ïd�gkÙÕA�1ǱÚ5Æ§e¡éù
PC©O�±{�0�"

8.3.2 γ PPP CCC��f��§?u-u���fØ´Ø½�§§¬�$-u��[§Ó��Ñ γ 1f§�fØ�ù«PC¡Ǳ γ PC§Ǳ¡�Ǳ γ �["3�Ñ�fØ��ÀUER ��¹e§�fØº�Ñ� γ 1f�Uþ�±dpUþ��UþEh!$Uþ��UþEl LãǱ
Eγ = Eh − El . (8.26)du�fØ��'�f� 4 �êþ?§�âØ(½'X§ÙUþ�Ø(½Ý'�f�Uþ�Ø(½Ý��� 4 �êþ§Ïd�fØ� γ �[º��1f�Uþ
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8.3. �fØ�PC 345'Ï~��fº�Ñ�1f�Uþ�éõ§��3 keV ��A MeV ���£�f�Ñ�1f�Uþ3 eV � keV ���¤"c®`²§�fØØkSÜ|©âf�üâf$Ä	§�kõ«�ª�8N$Ä§¿�>^�^Ǳkõ«�ª£õ4Ðm¤§Ïd�fØ� γ �[Ǳkõ«�ª"ØÓ�ª� γ �[÷v�ÀJ½K�c¡AÙ?Ø��fÚ©f�Ë�u1�ÀJ½K�Ó§ùpØ2ã"I�`²�´§éuØÓ�ª�8N$ÄG�SÜ9Ù�m�?é� γ �[�ÑØÓAÆ� γ �[UÌ£1Ì¤§~X§�~��>o4�[�ÑÆÄþþfê�� 2 �8N�Ä�Ú8N=Ä�§�l4/C�'�>ó4�[�ÑÆÄþþfê�� 1�ØÓ�¡��m�1Ì� · · ·10+ → 9− → 8+ → 7− → 6+ → 5− → 4+ → 3− → 2+ → 1− → 0+§��"dd�§γ �[UÌ(1Ì)´ïÄ�fØ�8N$Ä�ª9Ù�C��AÆþ"
8.3.3 αPPPCCC���!!!αPPPCCC���^̂̂������ÅÅÅ���·���§�fØ�α PC=º�ÑÄ�±-4 �fØ�PC§du±-4 �fØ��þêǱ 4!Ø>ÖêǱ 2§K�þêǱ A!Ø>ÖêǱ Z ��fØ X �αPC�±��/L«Ǳµ

A
ZX −→ A−4

Z−2Y + α .b�PCc1Ø X ?u·�G�§�âUþÅð½Æ§·�k
mXc

2 = mY c
2 +mαc

2 + Eα + Er , (8.27)Ù¥mX!mY Úmα ©OǱ1Ø!fØÚαâf�·��þ§Eα ÚEr ©OǱαâf�ÄUÚfØ��ÀÄU"½ÂEα �Er �ÚǱ/αPCU0§¿P�ǱQα§Kk
Qα ≡ Eα + Er =

[

mX −
(

mY +mα

)]

c2 . (8.28)duÏ~�Ø�5�¤ã��þÑ´�f�þ§��fØ��þ§P1��f!f��f!±�fÚ>f��þ©OǱMX!MY!MHe!me§K
mX =MX − Zme , mY =MY − (Z − 2)me , mα =MHe − 2me .
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346 CHAPTER 8. æ�fÔnÐÚ

Figure 8.7: �fØ� � PC�³^«¿ã"u´§αPCUQα �±L«Ǳµ
Qα =

[

MX −
(

MY +MHe

)]

c2 . (8.29)w,§Ǳ�yαPCu)§7LkQα > 0§=
MX(Z,A) > MY (Z − 2, A− 4) +MHe . (8.30)o�§��Ø�u)αPC�^�´Ù�þ7L�uPC���fØ�f�þ�±�f�þ�Ú"

α PCº�Ñ�α âf5g�fØ§Ù3ØS�É�ØåJø�áÚ�^¶3Ø	§§É�fØJø�¥Õü½�^"áÚ�Øå�ü½�¥Õå�U\3ØL¡/¤��³^§Xã 8.7 ¤«" �äN/§T³^�pÝ�±Cq/dα âffÄÑ1Ø��fØ�m�¥Õü½ULÆ§=k
VB =

1

4πε0

2Ze2

R
.PfØ!α âf��»©OǱ rY = r0A

1/3
Y !rα = r0A

1/3
α !r0 = 1.2 fm§Ù¥AY!Aα ©OǱfØ!α âf��þê¶2�Ä e2

4πε0
= 1.44 fm ·MeV§K�± MeV Ǳü �³^pÝǱ

VB =
2Z × 1.44

1.2(A1/3 + A
1/3
α )

= 2.4
Z

A1/3 + A
1/3
α

.
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8.3. �fØ�PC 347~X§éu 212
84Po§��� VB ≈ 26MeV§²w�u¢�ÿþ��§º�Ñ�αâf�ÄU£8.78MeV¤"@o§�fØ�α PC´��?uØS�α âfÏLþf���A!BLþã ^ÄÑ�fØ¤�"Ïd§�fØ�α PC�Å�´r�^Ú>^�^�Ó/¤�³|¥�þf�B"���!!!α PPPCCCØØØ���ÆÆÆ···@£�
α PC´α âf3r�^Ú>^�^�Ó/¤�³|¥�þf�B¤�§·�=�|^þfåÆ�³^�BnØé�?1£ã"du���p�^éE,§J±?1î��O�"Cq/§·��±æ^þfåÆ�O²;Cq�{)WKB Cq�{?1O�"£�1�Ù'uþf�B�{ü?Ø·���§éu 0 � a �mpÝǱU0 � ^§UþǱE < U0 �âf�ß�XêǱ

∣

∣T
∣

∣

2 ≈ 16E(U0 − E)

U 2
0

e−
2a
~

√
2m(U0−E) .{P�Ǳ ∣

∣T
∣

∣

2 ∝ P = e−G§K´�§ß�Xê�'uBßVÇP = e−G§Ù¥� G = 2a
~

√

2m(V0 −E) Ǳ~þ 2
~

√

2m(V0 −E) 3 ^¤?«� [0, a] �È©"@oéu©Ù3 [x1, x2] «mS�?¿ ^ V (x)§·�k§
G = 2

√
2m

~

∫ x2

x1

√

V (x)− E dx .éu¥Õ ^§éAUþǱ Eα �måǱ
Rout = R′ =

1

4πε0

Z1Z2e
2

Eα
,K

∫ Ro u t

R

[ 1

4πε0

Z1Z2e
2

r
− E

]1/2

dr =

√

1

4πε0
Z1Z2e2

∫ Ro u t

R

[1

r
− 1

Rout

]1/2

dr

= Rout

( 1

4πε0

Z1Z2e
2

Rout

)1/2[

cos−1

√

R

Rout
−
√

R

Rout

(

1− R

Rout

)]

=

√

Z1Z2e2Rout

4πε0
F (R/Rout) .
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348 CHAPTER 8. æ�fÔnÐÚ3 Rout/R� 1 �¹e��?Cqe§
F
( R

Rout

)

≈ π

2
− 2

√

R

Rout

,l§
G ≈ 2

√

2m

~2

1

4πε0

Z1Z2e
2

√
Eα

(π

2
− 2

√

R

Rout

)

.ò Z1 = Zα = 2§mαc
2 = 3750MeV �\§éuØ>ÖêǱ Z2 = Z �fØ§

G ≈ 4Z
√

Eα
− 3

√
ZR ,Ù¥º�Ñ� α âf�ÄU Eα ± MeV Ǳü ; R ≈ 1.2

(

A1/3 + A
1/3
α

)"?=��� α âfEÂ³^BL�VÇP = e−G"P α âf31ØS$Ä��ÇǱ v§1Ø��»Ǳ RP§K�¦¨�mS α âfEÂ ^�gê�±�*/LãǱ
n =

v

2RP

. α âf31ØS$Ä��Ç�±dÙÄU Ek LãǱ
v =

√

2Ek
mα

= c

√

2Ek
mαc

2
.� Ek ± MeV Ǳü §K

v = c

√

2Ek
3750

≈ ( 6.9× 106)
√

Ekm/s .P1Ø��þêǱ AP§K1Ø��» RP = r0A
1/3
P §u´k§

n ≈ (3× 1021)A
−1/3
P E

1/2
k s−1 .@o§α PC�²þÆ·�±CqLãǱ

τ =
1

λ
=

1

nP
≈ (3.5× 10−22)A

1/3
P

1
√

Ek
exp

( 4Z
√

Eα
− 3

√
ZR

)

. (8.31)
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8.3. �fØ�PC 349

Figure 8.8: �°[/�Ä
Ø(��AKǱeO�����
�fØ� � PC��PÏ£UÙ±¦Ǳü �ê��±10Ǳ.�éêLã¤�¢�ÿþ(J�'�£�g
Physical Review C 83: 044317 (2011) ¤"dd=� α PC�Æ· τ � α âf�Uþ Eα �mkCq'X

ln τ = AE−1/2
α +B , (8.32)Ù¥ A � B Ǳ�6u1Ø(��ëê§τ ±¦Ǳü §Eα ± MeV Ǳü "UþãoÑ�OO�éJ���±�¢�ÿþ(J�'��(J§Ïd¢SA^¥I�°[/�Ä�fØ¥α âf�UþG�9PC ^£½=�fØ(��¤�&E"�Ǳ��~f§�°[/�Ä
Ø(�Ú�p�^�A�¹eé�
�fØ�α PC��PÏ�O�(J�¢�ÿþ(J�'�Xã 8.8 ¤«"dã 8.8 �§3�°[/�Ä
Ø(���A�¹e§<��±éÐ/£ã�fØ�α PC�Æ·"nnn!!!α PPPCCCUUU���ØØØUUU???ãããduPCc1Ø�CqǱ·�§ÄþǱ"§PfØÚα âf��þ©OǱmY!mα§�Ý©OǱ vY!vα§dÄþÅð½Æ§�

mY vY = mαvα .@o§fØ��ÀUǱ
Er =

1

2
mY v

2
Y =

1

2
mαv

2
α ·

mα

mY

=
mα

mY

Eα .
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350 CHAPTER 8. æ�fÔnÐÚdPCU�½Â§K�
Qα = Eα + Er =

(

1 +
mα

mY

)

Eα ≈
(

1 +
4

AP − 4

)

Eα =
AP

AP − 4
Eα ,Ù¥AP Ǳ1Ø��þê"dd�§l¢�ÿþ��αâf�ÄUEα �±��(½α PC�PCU"¢�ÿþ(JL²§α âf�UÌäk©á!ØëY�AÆ"ùL²§fØäk©á�UþG�"dd�§ÏLÿþαPCÑ�α âf�UÌ�±���fØ�U?"ddÿ½��fØ�UÌ¡ǱαPC�PCjã"2ö§éud���#Ø��?é�αPC§XJÙ���fØǱ®�Ø§@odÿþ��α âf�UÌ=�(½#Ø���þÚØ>Öê"dd�§'uαPC�ÿþ´Ïé#Ø�Ú�������{"

8.3.4 β PPP CCC���!!!β PPPCCC���VVVgggc®`²§�fØ�Ñ>fu)ðC�y�¡Ǳ β PC"¢�uy§ùp¤`�>f©�K>Ö�Ï~�>f e− Ú��>Ö��>f e+ ü«§ÏdÏ~� β PC~�©Ǳ β− PCÚ β+ PC"g,/§º�ÑÏ~�>f e− �PC¡Ǳ β− PC§º�ÑÏ~��>f e+ �PC¡Ǳ β+ PC"éucã� β− PC§�@¢�*	�k>fÑ�§=d1Ø=C¤
fØÚ>f"@ý©Ûù�L§�UþÄþÚÆÄþuy§XJ=kþã�fØÚ>f e−§KXÚ�UþÄþØÅð!ÆÄþǱØÅð§Ïd�½��3�þé�é�!g^Ǳ ~/2 �>¥5¤�f§lýó
¥�f��3£�|�@JÑ§¿���<�@ǱÙ�þmν Ǳ""Cc5®k¢�L²mν 6= 0§�ÿ�?�Úy²"¿�=¦mν 6= 0§§�ê�Ǳ´é���£Ø�L10 eV) ¤"ù�§1Ø A
ZX � β− PC�±LãǱ

A
ZX −→ A

Z+1Y+ e− + ν̄e .ÙPCU£�)¥�f�Uþ¤�±d1Ø!fØÚ>f��þLãǱ
Qβ− =

[

mX −
(

mY +me

)]

c2 .



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.3. �fØ�PC 351ëì'uα PC�?Ø§¢�þ¢Sÿþ�´�f�ðC§�ÄØ�þ��f�þ�'X§þã β− PC�PCU�±d1Ø�f�·��þMX ÚfØ�f�·�UþMY LãǱ
Qβ− =

[

MX −MY

]

c2 .

β− PC�u)`²�½kQβ− > 0§¤±§u) β− PC�^�Ǳ
MX(Z,A) > MY (Z + 1, A) .ùÒ´`§éu>Öê©OǱZ ÚZ + 1 �ü�ÓþÉ �§�k3cö��f�þ�u�ö��f�þ��¹e§âUu)β− PC"Ón§1Ø A

ZX � β+ PC�±LãǱ
A
ZX −→ A

Z−1Y + e+ + νe .ÙPCUǱ
Qβ+ =

[

mX −
(

mY +me

)]

c2 =
[

MX −MY − 2me

]

.�) β+ PC�^�Ǳ
MX(Z,A) > MY (Z − 1, A) + 2me ,=§éu>Öê©OǱZ Ú (Z−1)�ü�ÓþÉ �§�k3>ÖêǱZ�Ø���f�·�þ'>ÖêǱ (Z−1) ��f�·�þ�Ñ 2me £1.02MeV �õ¤��¹e§âUu) β+ PC"
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352 CHAPTER 8. æ�fÔnÐÚ

Figure 8.9: 210Bi �fØ� � ��UÌ"���!!!β PPPCCC���PPPCCCUUU������fffØØØ���UUU???g��V�uy�f£Ø¤���5�Ñ�âf¥��«´>f£=k β− ��¤§����õcS§<�?1
�X�@ý�ÿþ§(JL²§β− ���UþÑé$§¿�UÌ´ëY�§=º�Ñ�>f�Uþ3"�,���� Eβ,max�m?¿��§~X¢�*ÿ�� 210Bi �fØ� β ��UÌXã 8.9 ¤«" ùw,�¢�ÿþ��αPCº�Ñ�α âfäk©áUÌ�y�Ø�Ó"dcã� β PC�9�âf�§TL§�PCU�±dº�Ñ�>f�UþEe−!�>f.¥�f�Uþ E�νe
±9fØ��ÀU Er LãǱ

Qβ− = Ee− + E�νe
+ Er .du>f��þ��u�fØ��þ§KfØ��ÀUEr ≈ 0§ÏPCUQβÌ�3>fÚ�¥�f�m©�"��¥�f�UþE�ν ≈ 0 �§Ee ≈ Eβ,max ≈

Qβ§l>f�Uþ�4��¶�E�ν ≈ Qβ �§Ee ≈ 0"Ïd§>f�±�l 0�Eβ,max �m�?ÛUþ�§l β PC� β ��UÌǱëYÌ"¦+ β PCº�� β ��UÌ´ëYÌ§�¢�ÿþ(JL²§β PC�PCUQβ ≈ Eβ,max %´©á�"£� β PC�PCU�½Â�§éu�X�?éβPC§PCU�þfz1Ǳ`²PCó¥��fØ�G�´þfz�§l|^ β PC�±ÿ½�fØ�UÌ"ù�ÿ½�UÌÏ~¡Ǳ β PCU?jã"nnn!!!βPPPCCCLLL§§§¥¥¥���¡¡¡ØØØÅÅÅððð
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8.3. �fØ�PC 353·���§�¡´£ãþf�3�m�ü�¹e�Cz1Ǳ�AÆþ"äN/§XJ�m�ü�þf��Å¼ê�±ØC§K¡Ù�¡Ǳó�¡£even

parity¤¶XJ�m�ü�þf��Å¼êUCÎÒ§K¡Ù�¡ǱÛ�¡£odd

parity¤¶~X§1nÙ¥?Ø��f��¡�Q?ØL�§P̂ψnlm(r, θ, ϕ) =

ψnlm(r, π − θ, π + ϕ) = (−1)lψnlm(r, θ, ϕ)"'ur�p�^Ú>^�^�ïÄL²§3ù
�p�^L§¥§XÚ��¡Åð§=�^c���¡Ø¬u)Cz§½ö`Ø¬u)·Ü"éu�f 60Co§PÙg^�þ§§3�m�üe�º��g^K�e"�÷Xg^����u� β âf�§Ùº�L§Ò÷X(�)g^��u�β âf"XJ β PCL§¥�¡Åð§KpǱº��ü«L§ÑU¢y"Ï�fØ3÷Xg^��Ú÷Xg^���u� βâf�VÇAT��"ÄK§�¡ØÅð"¯¢þ§du9$Ä£½ö`²ï������n�¦¤§�fØÏ~Ñ´�4z�§=�fØ�g^��´,Ï�"3�4z�/§=¦z��fØu� βâfk�½�Æ©Ù§=u� βâf�VÇ��fØg^���u�âf���m�YÆØÓØÓ§�éu��§du�¹�þ�fØ§§��g^��Ǳ´,Ï�§ÏÒ*	Ø� β âf�Æ©Ù"Ǳ
u��¡´ÄÅð§ÒI�r β��¥��fØUg^���ü�å5§=¤¢4z"�¦�fØ4z§�´�ü§§¦9$Äé�fØg^���KǱ~f¶�´\^|§ÏL^|��fØ^Ý��^¦�fØ�g^^üå5"
1957c§{7u¾ÔnÆ[Çè<�<?1
30.004K �m�$§£ÏLý9ò^¼�¤eÿþ·\���yü¬�L¡�S� 60Co� β PC�¢�£|^���y£�«^^í¤3	^|�^e�±^z!�)��ér�S^|§?¦ 60Co 4z)"ÿþ(J�Ù/L²§βâf÷Xg^��u��VÇ�u÷g^���u��VÇ"lÇk`²β PCL§¥�¡ØÅð"Ù�ØÈ§¢�qy²
�
0f�PCL§¥�¡ǱØÅð£¿`²§�5¤`� τ Ú θ0fÑ´ K 0f§¤¢�/θ-PC0Ú/ τ PC0´ K 0f�ØÓPC�ª¤"ly²
·IÔnÆ[o��Ú�wǱ)û¤¢�/θ-τ ¦J0u1956c£��§¦�Ǳ,�?{I§�I7Ñ´¥I¤JÑ�f�p�^¥�¡ØÅð�*:£ldmé
é¡5»"ïÄ��¤"o��Ú�wÏǱJÑf�p�^L§¥�¡ØÅð�Æ`¼�
1957c�ì��ÔnÆø"
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354 CHAPTER 8. æ�fÔnÐÚooo!!!βPPPCCC���ÅÅÅ���dØ(½'X�§�fØSØ�U�5Òk>f§ÏǱ¢�ÿþ��β−PC�Ñ�>f�Uþ��ud�fØ���û½��mSº�Ñ�>f�Uþ§´ÏL�L§�±LãǱ
n → p + e− + ν̄e�f�p�^L§�)�£Ù¥� ν̄e Ǳ�>f.¥�f¤"£ãf�p�^�5Æ�nØ�@d¿�|ÔnÆ[¤�JÑ"3¤�nØ¥§�fÚ¥fǱØf�Ó ^��§�� β PCÑy��f�¥f�m�=CǱÓ ^���m�þf�[§a'u�fu1�A��f�üþf�"2a'u�fu1´>^�p�^¤�!1fǱ>^�^�x0âf§β PC´f�^¤�!>fÚ¥�f´f�^�x0âf">^�^´¥þ�^£d>^|�o¥³LÆ¤§f�^Øäk¥þ�^��	§�k¶¥þ�^��^"¤¢¶¥þ=�m�ü�ØUC���¥þ"ÏǱù
�^�O(Lã��I�òþfåÆ*Ð��dÂ�éØ�(Ü�/ª§'�E,"ÏdùpØ�äN?Ø"duf�^'�E,§éu β PC�Æ·£½ö`�PÏ¤�nØ£ãéE,§�u�§�Æ��§ùpǱØ�?Ø"'uf�^�XÚî>�nØ§�1960c�¥�Ï£1950c�¥Ï=m©ïÄ¤{IÔnÆ[�.�£S. L. Glashow¤!§Ë�£S. Weinberg¤ÚnÄd"ÔnÆ[i.0£A. Salam¤ïá
Ú�f�^�>^�^�>fÚ�nØ!ýó
D4f��^�x0âfW± ÚZ0 âf�5�£W± ÚZ0 âf±9 γ 1fǱ>fÚ��äk SU(2)⊗U(1) é¡5�5�|éA�âf§duf�p�^´á§�^§ÏdÙx0ÀÚfW± ÚZ0 ��þé�¤â�±ïá"1983cî³ØfïÄ¥%ÿþ�
>fÚ�nØ¥�W± ÚZ0 âf§y¢
>fÚ�nØ��(5§g,(á
'uf�^�nØ"�.�!§Ë�Úi.0ÏǱïá>fÚ�nØ¼�
 1979 c�ì��ÔnÆø"3ÿþ�W± ÚZ0 ÀÚf��5�¢�¥å'��^�°'æ£C. Rubbia, ¿�|ÔnÆ[¤Ú����£S.

van der Meer, Ö=ÔnÆ[¤¼�
1984c�ì��ÔnÆø"
8.3.5 ÙÙÙ§§§���ªªª���PPPCCC£�cã� γ PC!α PCÚ β PC�Å�§§�©O´>^�^û½�ØL
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8.3. �fØ�PC 355§!r�^�>^�^�Óû½�ØL§!f�^û½�ØL§§½ö`§�©O´º�Ñ γ 1f!�fØ!�f�ØðCL§"¯¢þ§�fØ�kÙ§�©Oº�Ñþãnaâf�L§§$�º�ÑØ��aâf�L§"éu©Oº�Ñþãnaâf¥��a�L§©O¡Ǳa γ PCL§!aα PCL§!a β PCL§"e¡©Oé§��±{ü0�"���!!!aaaγ PPPCCC���PPPCCC
1. SSS===���>>>fffLLL§§§¤¢S=�>fL§=18Ù¥?ØL��f¥�S1>�A£lº�Ñ��>f¤L§"Ïd§ùpØ2ã"
2. ;;;ddd���������AAA;d���A=Ã�À γ ��áÂy�§duù«y��@d�IÔnÆ[;d��£M. L. Mössbauer¤u 1958 cuy·¶£;d��Ïd¼� 1961 c�ì��ÔnÆø¤"c¡?Ø γ �[º�Ñ�1f�Uþ�Q²J�§(8.26)ª´3�Ñ�fØ��ÀUER �b�e�(J"¯¢þ§duº�Ñ�1fkÄþ£ÄU¤§Ïd�fØ�½k�À$Ä"ò�fØ��ÀU�Ä?5§Kk

E0 = Eh −El = Eγ + ER = hν + ER ,Ù¥ ν Ǳº�Ñ�1f�ªÇ"b�º� γ 1f�c�fØ?u·�G�§�âÄþÅð½Æ§º� γ 1f���fØ�Äþ�ê�P =Mv �uº�Ñ� γ 1f�Äþ�ê�"@o§
ER =

P 2

2M
=

(hν)2

2Mc2
= hν

hν

2Mc2
.ÏǱ�fØ�·�þUÏ~��uÙº�Ñ� γ 1f�Uþ§Ïd�'u γ 1f�UþEγ = hν§ER ==´���þ"�´§�'u-u��U?°ÝΓ£�±d¢�ÿ�� γ �[��PÏÚØ(½'X(½¤§ER %�U´������þ§~X§º�Eγ = 14.4 keV �1fÚå� 57mFe �fØ��ÀUǱ� 2 × 10−3 eV, ÙU?°Ý=� 4.7 × 10−9 eV£¢�ÿ��AU?��PÏǱ 9.8× 10−8 s¤"
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356 CHAPTER 8. æ�fÔnÐÚéu�f§|^Ó��O��±��§�fuÑ γ 1f���ÀUÏ~Ñ���u�A�[�U?°Ý§éAu? D ��1fÚå�?�f��ÀUǱ� 10−11 eV§�A-u��U?°ÝǱ� 10−8 eV. duER �éé�§���±�Ñ§Ïd3¢�þ�~N´*	���áÂ"éu�fØ§þã?ØL²§�Ñ γ ����fØ��À¦��Ñ� γ ���UþÑk~�§lº�Ñ�1f�¢SUþǱ
Eγ,em = E0 − ER .�A/§áÂ1f�ØǱ¬k�À§@o§�y��áÂU
u)�UþAǱ
Eγ,ab = E0 + ER .dd�§¢Su��1f�Uþ�u)áÂ�¦�1f�Uþ�� 2ER"duERé�§�k�u�Ì�áÂÌÄ��pU�§�fØâUu) γ ��áÂ"ǱÒ´`§ATk ER < Γ"�	ER �L�ª�§Jp�ÀN��þ�±~�ER"@o§ò��5Ø��u�N¬�¥§Ùº�1f�u)�À�ÒØ´ü��fØ´�¬¬N§du�¬¬N��þé�§KER ª�u""u´��L§�ÀǱÃ�ÀL§§ùÒ´;d���A"3Ã�Àu� γ ½��áÂ�¹e§�±ÿþ�°Ý��Jp§~X§écã� 57mFe �fØ�Eγ ≈ 14.4 keV �[§'uU?°Ý�ÿþ°Ý Γ/E0 ¬p� 3× 10−13§=?Û�dþ?�éA���6Äþ��ÿþ�"Ïd§;d���A3�«°�ª�ÿþ¥Ñu�k4Ù���^"8cǱ�§®uy�äk;d���A���kC50�§äk;d���A�Ø��L90�§�;d���A�A��[õ�110õ�"�Ǳ~��Ø�kµ57Fe!119SnÚ 151Eu"Uþ©EÇAOp�;d���[kµ67Zn� 93.3 keV�£Γ/E0 ≈ 5.3 × 10−16¤!181Ta � 6.23 keV �£Γ/E0 ≈ 1.1 × 10−14¤±9 73Ge� 13.3 keV �£Γ/E0 ≈ 8.6× 10−14¤"k,��\
);d���A�Öö�ë�g�EÚ�ûÜÍ�5;d��ÌÆÄ:ÚA^6"���!!!aaaα PPPCCC���PPPCCCc®ã9§º��fØ�ØðC¡Ǳa α PC"du�fØ�±´�{ü��fØ)�f§Ǳ�±´���fØ§¿���±º�õ��fØ§Ïdaα
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8.3. �fØ�PC 357PC�)�f��5!�8ìPCÚõ8ìPC�"duõ8ìPCéE,§ùp=é�f��5Ú�8ìPC�±{ü0�"
1. ���fff������555=li¡5w§/�f��50�±kü�¿gµÙ�´XÓc¡¤?Ø�~���fØ�PC§��fØº�Ñ�f�y�"Ù���f���PC"3Ï~�$UþØÔn�ÆS§�f��5����fØº�Ñ�f�y�§Ǳ;�ÜÂ§<�Ï~rN\½�/�fØ�0§=¡�Ǳ�fØ��fÄÑ£proton

emission of nucleus¤"3pUÔn�ÆS§�f��5K��f���PC"éu�fØ��f��5§1982c�c=uy��l�fØ�Ó�ÉU�uÑ�f�¢~µ53mCo º�ÑUþǱ 1.59MeV ��f£τ1/2 = 17 s¤§¿kA�� β�u�f£3 βPC��Xº��f¤¯~"'ulÄ���º��f�¯~§��1982câ�uy"Ù1�~´|^KÜ�A 58Ni + 96Ru �)�#Ø� 151
71Lu80 £4à´�fØ§½ö`4à"¥fØ§ÏǱ§'g,.�3�½Ø� 175Lu80 "�
24�¥f¤º�Ñ 1.23MeV ��f£τ1/2 ≈ 85ms¤"Ù1�~´|^KÜ�A 58Ni + 92Mo /¤�4à´�fØ 147Tm78 £'g,.�3� 169Tm �fØ"�
 22 �¥f¤º�Ñ 1.05MeV��f£τ1/2 ≈ 0.42 s¤"�f��5§½ö`�fÄÑ§´8c´�fØ5�ïÄ+�¥4Ù¹����K��"

2. ���888ìììPPPCCC
1980c§ÛêZæÔnÆ[ A. Sandelescu Ú�IÔnÆ[ W. Greiner �<ýó(XÚ�0�� Physical Review C 32: 572 (1985) Ú Reports on Progress in

Physics 55: 1423 (1992))§Ø
α PCÚ�fÄÑ	§YÚo��
Ø�k�Ugu/u�14C!24Ne!26Mg!28Si!Ar ÚCa �lf§ǱÒ´�3�8ìPC"Ù�ØÈ(1984cÐ)§=I�¢�ØÔnÆ[=uy
 223Ra u� 14C �¯�(Nature 307: 245 (1984))"��§ºYuy
 222RaÚ224Ra� 14C��5§232U� 24Ne u�5!234U � 24,28Mg ��5!241Am � 28Si u�5!��§l(@�fØ�k�8ìPC"·IÔnÆ[?¥³�l�*nØÑué�8ìPC?1
�XÚ�ïÄ§�Ð/£ã
éõ�8ìPC��PÏ§k,��\&?�Öö�ë� Physical Review C 78: 044310 (2008) �©z"Q,�fØäk�8ìPC§<�g,�±íÿ�
�fØ�5Òd�
���8ì(cluster)|¤"�
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358 CHAPTER 8. æ�fÔnÐÚfØ�8ì(�Ǳ´8c�fØ(�+�¥é¹��ïÄ�K"nnn!!!aaaβ PPPCCC���PPPCCC
1. >>>fffÐÐÐ¼¼¼1Ø�  Ð¼Ø	;����>f§¦1Ø¥����f=Ǳ¥f§LÞ�fØ�Ó��Ñ��¥�f§ù«y�¡Ǳ;�>fÐ¼£electron capture,

EC¤"duK�>f�/�C0�fØ§¤± K >fÐ¼�VÇ��§Ǳ�U�k L Ð¼�"�fØ A
ZX �>fÐ¼�±��/L«Ǳ

A
ZX + e−i −→ A

Z−1Y+ νe ,Ù¥ i L«�Ð¼>f¤?���"P i�>f3�f¥�(ÜUǱWi§K�A�>fÐ¼L§�PCUǱ
QEC,i =

[

mX +me −mY ]c
2 −Wi .þª��±d�f�þLãǱ

QEC,i =
[

MX −MY

]

c2 −Wi .u´§u);�>fÐ¼�^��±LãǱ
MX(Z,A)−MY (Z − 1, A) > Wi ,Ù¥�þÑ±Uþü £~X§MeV¤Ǳü "ùL²§3ü����ÓþÉ �¥§�k�1Ø��f�þ�fØ�f��þ���u1 i �>f�(ÜU�A��þ��¹e§âUu)1 i�>f�;�>fÐ¼"8c®*ÿ�éõ;�>fÐ¼§¿�β PC��§d��±(½�fØ�U?jã"ù�§l�fØ£½ö`§Ø�¤�Cz�ÆÝ5w§β− PC!β+ PCÚ>fÐ¼Ñ´�UÚåØ�Cz��ª§¿�ØÓ�ª�m�3¿�"Ǳ
£ã±ØÓ�ªu)Cz�VÇ§<�Ú\©|'�Vg§~X§64Cu u)β− PC!
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8.3. �fØ�PC 359u) K >fÐ¼PC�64Ni �-u�!u) K>fÐ¼PC� 64Ni �Ä�!u) β+ PC=z� 64Ni�Ä��©|'©OǱ 40%!0.6%!40.4%!19%"dþã'u>fÐ¼L§�£ã�§>fÐ¼´>f.¥�f���)"·���§3§Ý½/Ú�Ý�p��¹e§�fØ¬l)¤rfÔ�£3§Ý½/Ú�Ýép��¹e§rfÔ�¥�rfq¬Mz¤§��fÔ�¤"éuØ%¥ .�#(�u§<�uÐïá
¥�f2\9�Å�£ð(üz�Ï§SÜr�p�^Ô��{¿Ø�ÚåØU²ï§l	�Ô��SÂ §ù«Â EÂ�± 56Fe ǱÌ�¤©�SØþ�§=u)��§/¤��-Å"ù«��-Å3Ô�¥é¯P~K§ÏdØUÚå�#(�u"�¯¢þ§<�*ÿ�
éõùa�#(�u"Ǳ)ûù�¯K§Bethe JÑ
Ô�¥�>fÐ¼L§¬�)�þ¥�f§ù
¥�f�±é��-Å?12\9§±�u§kv
�rÝDÂv
�§l���#(�u¤"u´§ØÔ�¥�>fÐ¼L§9Ù§Ý�Ý�61Ǳ=¤Ǳy�ØÔn§cÙ´ØUNÔn+��Ø%¯K��"
2. ¥¥¥���fffáááÂÂÂc¡J�Ø%¥ .�#(�u�¥�f2\9Å�"¤¢¥�f2\9=¥�f�Ô�áÂ§¿òUþDÑ�Ô�"u´§¥�fáÂÒǱ´��é��ÔnL§"¥�fáÂ��L§�±LãǱ

ν̄ + p −→ n + e+ , Ú ν + n −→ p + e− .�@£1956c§4�d(F. Reines) Ú��(C. L. Cowan)¤3¢�þuy¥�f£î�`§´�¥�f¤�´ÿþ�
£�¤¥�f�áÂ£Physical Review

113: 273 (1959)¤"¦��¢��`²§¥�f�Ô���p�^�¡é�£éu§�BL/¥�L§§Ù�Ð¼�VÇ�k 10−12¤"@o§éucã�¥�f2\9§dÙ�áÂ�¡û½�2\9�Ç�§Ý�Ý�61ǱÒg,¤Ǳ��I�@ý�\ïÄ�¯K"
3. VVV β PPPCCC�¶gÂ§Vβ−PC=Ø>ÖêUC 2!Ó�º�Ñü�>fÚü��>f.¥�f�L§§~Xµ

130
52Te −→ 130

54Xe + 2 e− + 2 ν̄e ,
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360 CHAPTER 8. æ�fÔnÐÚ
82
34Se −→ 82

36Kr + 2 e− + 2 ν̄e ,��"¢�þ�@ÿþ��V βPC=´þã 82
34Se �V β PC£²LòC 11 ����m§± 68% �&Ýÿþ�
 82Se u)� 36 �V β PC¯~§�PÏǱ (1.1± 0.8)× 1020c"Physical Review Letters 59: 2020 (1987)¤"c®`²§¥�f´g^Ǳ ~

2
�¤�f"nØþ§¤�f©Dirac ¤�f!Majorana¤�fÚWeyl ¤�f"Dirac¤�fÚWeyl ¤�fÑ´Ù�âf��ØÓ�¤�f£©OéAu Dirac �§��KUþ�)¤§ Majorana ¤�f´�âf�Ù���Ó�¤�f"@o§XJ3V β PC¥º�Ñ�¥�f´ Majorana ¥�f§duÙ��âf�Ó§º�Ñ�ùü� Majorana ¥�fÒ¬�«K§l¢SØº�Ñ¥�f"ù��Vβ PC¡ǱÃ¥�fV β PC£neutrinoless double β decay, 0νββ decay¤"duÙ�9Ä�âf��35§ÏdÃ¥�fV β PC�ïÄ´8cØÔnÚpUÔn+��Ó'%��¯K��§k,��\
)�'�¹�Öö�ë� Reviews of Modern Physics 87: 137

(2015)!�©z"
4. β òòò´́́¥¥¥fffuuu���£�cã?Ø§β PC´�fØ�Ø>ÖêUC 1!l/¤Ù§�fØ¿º�Ñ>f½�>f!±9�>f.¥�f½¥�f�y�"¢�uy§k
�fØ§cÙ�l β ½���fØ§3u) β PC��¬º�Ñ¥f"ù«y�¡Ǳ β ò´¥fu�"~X§´¥fØ 87Br ¬± 70% �©|'PC� 87Kr �-u�£�PÏǱ 55.6¦¤§,�áǱ�Ñ��¥fC¤ 86Kr"¢�þ�uy
 βò´V¥fu�§~X§´¥fØ 11Lik± β−PC=CǱ 11Be�-u�£�PÏǱ 8.5Î¦¤§fØ 11BeáǱº�ü�¥f=CǱ 9Be"w,§β ò´¥fu�´´¥f�fØ��Ôny�"duØ�Aæ��C�Ô¥�U�3k�þ´¥f�fØ§β ò´u��¥féuØ�Aæ�ïEÚ$1´���'��¯K"
5. β òòò´́́���fffuuu���999αâââfffuuu���¢�uy§´�f�fØ3u) β PC��¬º�Ñ�f!$�α âf§ù«y�©O¡Ǳ β ò´�fu�! β ò´α âfu�"~X§114Cs± β+PC
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8.3. �fØ�PC 361� 114Xe�-u��§á=º����fCǱ 113I§Ǳk�*�VÇº���αâfCǱ 110Te§��"
8.3.6 ½½½���cã?ØL²§õê�fØÑäk��5§=§�´Ø½�"�k�Ü©�fØ%´½�"½�fØ!Ø½�fØ±9�U�3�ÿ�(½��fØ3

Figure 8.10: ½�fØ!Ø½�fØ±9ÿ�(½��fØ3Ù�¹�¥fêÚ�fêÜ¤��m¥�©Ù±9�Ó ^£¥fê��fê��¤�'�ØÔn�9�Ì�¯KVA"Ù�¹�¥fêÚ�fêÜ¤��m¥�©Ù©OXã 8.10¥�çÚ�¬!�Ú«�ÚÉÚ«�¤«"Ù¥§½�fØ�Ù�¹��fêÚ¥fê�¼ê'X¡Ǳ�fØ�£β¤½�"£β¤½��î�(½�,´ØÔnÆ�¥ÊH'5����¯K§ÏǱ§�9cã��«PCL§Úå�Ø½5§ù
PCL§Ñ�Ù(�Ú¤?�¸���'"²�þ§β ½��±d�fØ�¹��fêZ ÚÙ�þêACqLãǱ
Z =

A

1.98 + 0.0155A2/3
.�XÚ/§�fØ�½5Ï~dã 8.11 ¤«�±�fØ�¹��fêZ Ú¥fêN Ǳmþ� U¡Lã"Ù¥Uþ�$�½�fØ�©Ù¡Ǳ�fØ�½�" �½��éA§·�k�f£¥f¤%�£drip line¤�Vg"¤¢��
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362 CHAPTER 8. æ�fÔnÐÚ

Figure 8.11: �fØ�½�«¿ã"f£¥f¤%�=éuØ½�fØ2V\���f£¥f¤ÒØU
2/¤�fØ��f£¥f¤ê�8Ü"dã��§�fØ��f%�®�V(½§¥f%�EØ�Ù"�A/§éu½�fØ����fê§½ö`��½�fØ��fê´õ�§±9����3Ø�ãþ�O( �§E,´8cØÔnÆ���c÷�K£'u�ØÜ¤�?Ð�¹��Ö1ÊÙ'u��±ÏL�?Ø¤"
8.4 ���fffØØØ(((������...
8.4.1 ������...£££Shell Model¤¤¤���!!!������...���¢¢¢���ÄÄÄ:::

20 V40 c�§�X¢�Eâ�?Ú§<�uy§?uαPCÚ βPC�U,��5PCóª:��fØÑäkAÏ��fê8ÚAÏ�¥fê8§äkù
AÏê8��fÚAÏê8�¥f��fØ�´Ý��udÙ§ê8��fÚ¥f/¤��fØ�´Ý"��uy�äkù
AÏ5���fê8Ú¥fê8k 2!8!20!28!50!82!126£é¥f¤"duÿØ�ÙÙ¥�Å�§<�@Ǳù
êäk ��^§Ïd¡�Ǳ�ê£magic number¤"<��uy§3�X�Ó �¥§¥fê�u�ê��fØ�¥fáÂ�¡��u���fØ�¥fáÂ�¡§¥fêǱ�ê��fØ�����¥f�(ÜU��u��Ó �



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.4. �fØ(��. 363

Figure 8.12: dÄ��1�-u��-uU�¥fêCz�1Ǳ£�g Heyde5The

Nuclear Shell Model6¤"�����¥f�(ÜU§¥fê½�fêǱ�ê��fØdÄ��1�-u��-uU��u���fØ��Ó-u�-uU£¢�*ÿ(JXã 8.12 ¤«¤§ ¥fê½�fêǱ�ê��fØ�üâf©lU��u���fØ�üâf©lU"d	§ØfêǱ�ê��fØ�>o4ÝØ=��u���fØ�>o4Ý§��C 0"ù
¢�*ÿ¯¢L²§��fäk��(���§�±NBâ£Ø¤fêǱØÓ�ê�m�ê�U?�mäk��må§~X§�±W¿Øf�ê83 2 ∼ 8 �m�U?��±W¿Øf�ê83 9 ∼ 20 �m�U?�mäk��må§NBâfê83 2 ∼ 8 �mê8�Øf�ØÓU?m�må±9NBâfê83 9 ∼ 20 �m�ê8�ØÓU?m�må�é��"u´§<�@Ǳ§�fØ�üâfU?äk�(�§¿âdJÑ
�fØ(����."���!!!������...���ÄÄÄ���nnnØØØµµµeee
1!!!ÄÄÄ���ggg���<���§�fØ�¹õ�Øf£�fÚ¥f¤!$��f§ǱÒ´`§�fØ´dØf-Øf�m9õØf�m��p�^/¤�þfõNåPXÚ£åP�¤"Øf-Øf�m�üN�^éE,§õØf�m��p�^�E,§éJ��l1��nÑu?1ïÄ"u´§<�JÑ²þ|Cq�g�§@Ǳz�Øf
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364 CHAPTER 8. æ�fÔnÐÚ

Figure 8.13: ��.�²þ|Cq�Ä�g�«¿ã"Ñ3Ù§Øf�Ó/¤�²þ|¥$Ä§Ø²þ|�	§Øf-Øf�m��{�p�^�±��6?n"ù�§�fØ�M�îþ�±L«Ǳ
Ĥ =

A
∑

i=1

[

T̂i + V (i)
]

+
∑

i<j

V ′(ij) , (8.33)Ù¥ T̂i =
~̂pi
2m
Ǳ1 i �Øf�ÄU§V (i) Ǳ1 i �Øf¤É�²þ|£Ǳ¡Ǳüâf ³¤§V ′(ij) ´1 i �ØfÚ1 j �Øf�m��{�p�^³§¿��±U�65?n"�fØ�G�d¦)ù�²þ|Cq¤��G�5£ã"o�§��.�Ä�g�Ò´²þ|Cq§ã 8.13 ǱÙ«¿ã"

2!!!²²²þþþ|||���///ªªªÏǱz�ØfaÉ�²þ|d¤kÙ§Øf�ÓJø§¤±<�@ǱT²þ|Cq/�'u�fØ��Ý©Ù§u´§T²þ|�±L«Ǳ£Physical Review

95: 577 (1954)¤
V (r) =

−V0
1 + exp( r−R0

a
)
, (8.34)Ù¥ V0 Ǳ�^rÝ§����3 50 MeV§½ö��¶R0Ǳ�fØ��»§�±L«Ǳ R0 = r0A

1/3§A Ǳ�fØ��þê§r0 = (1.05 ∼ 1.25) fm¶aǱ�fØ�L¡þÝ§Ùê���Ǳ 0.65 fm"T²þ| ³Ï~¡ǱWoods-Saxon ³"
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8.4. �fØ(��. 365éw,§Woods-Saxon ³�/ªéE,§J±d�?1O�£cÙ3L�O�Å]Ø
u��c�¤"�	 Woods-Saxon ³�»��I r Cz�1Ǳ�§Woods-Saxon ³Lã�²þk%å|�»�Cz1Ǳ0u�³²³Ú��f³�m§Ïd<�Ï~æ^��f³Cq�[Øf¤É�²þ|"nnn!!!üüüâââfff������...
1!!!ÄÄÄ���ggg���¤¢üâf��.=b��fØ�G�=d3¤kÙ§Øf/¤�²þ|¥$Ä���Øf�G�£ã"
2!!!���ppp���^̂̂³³³999ÙÙÙ???������YYYc®ã9§�fØSz�Øf¤aÉ�²þ|�±d Woods-Saxon ³CqLã",§=�Ä
Ù§Øf�©ÙJø�²þ�p�^§Qvk�Ä�f�¥f�m��É§Ǳvk�Ä�f��f�m¥Õü½�^"u´§<�JÑAT�Äþãü«Ï���z§lJÑéØf¤É²þ|�?��Y§=é
Woods-Saxon ³¥��^rÝ�e�?�µ(1) �Ä�f�¥f�m��É§lÚ\Øé¡U?�"ù�?�Ï~²�/LãǱ

∆Vs = ±27
[N − Z

A

]

MeV , (8.35)Ù¥� + Ò·^u�f§ − Ò·^u¥f"(2) éu�f§�ÄÙm�¥Õü½�^§¿ò�LãǱ
VC(r) =











Z k e2

RC

�

1 + 1
2

�

1−
(

r
RC

)2
��

, r < RC ,

Z k e2

r
, r > RC ,

(8.36)Ù¥ RC Ǳ�fØ�>Ö©Ù�»£ØÓu Woods-Saxon ³¥�ØÔ�©Ù�»¤§kǱ~þ",§¦+þã�Y®²��±���§�d�����fØ�üâfU?(�E,ØU£ã¢�ÿþ(J¤�N��fØ��(�!½ö`�ê"dþ�!'uØå�?Ø�§�AT�ÄØf�g^–;�ÍÜ�^"�	 Woods-Saxon³�/ª§ÙFÝ£=Ù»�CzÇ¤3ØSÜ«�Ä�Ǳ 0§3ØL¡äké����ê�£Xã 8.14 ¤«¤§òù�FÝ�\g^-;�ÍÜ³
Vsl = −ξ(r)~̂s · ~̂l = − 1

2m2c2
1

r

dV (r)

dr
~̂s · ~̂l
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366 CHAPTER 8. æ�fÔnÐÚ

Figure 8.14: Woods-Saxon³�¹eg^;�ÍÜ�^9ÙÚå�U?©�«¿ã£�g
Heyde5The Nuclear Shell Model6¤"�§3 Woods-Saxon ³¤«�²þ|�¹e§g^-;�ÍÜ�^ér§¿�aquL¡�p�^"u´§é²þ|�AT�Äg^-;�ÍÜ�p�^�?�£ù�g��@dMeyerÅ<Ú Jensen�JÑ£Physical Review 75: 1766 (1949);

ibid, 75: 1969 (1949); ibid, 78: 22 (1950)¤¤"
3. ���fffØØØ���üüüâââfffUUU???������(((���2@ý�	²þ|Ǳ Woods-Saxon ³�¹e�g^-;�ÍÜ�^��A�§du Woods-Saxon ³�FÝ3ØL¡NCk��é����ê�§Kg^-;�ÍÜ�^Úå�U?©�1Ǳ´ j = l+ 1

2
�U?ü$!j = l− 1

2
�U?,p£Xã 8.14 ¤«¤"3¦)²þ|Cq�üâfUÌ�Ä:þ§�Äþãg^-;�ÍÜ�^Úå�U?©��A§<����fØ�üâfUÌXã 8.15 ¤«"dã 8.15 �§ÃØ´�f�UÌ�´¥f�UÌÑ¥yÑ²w���(�§¿����U?må£½ö`§UY¤ÑÑy3âfê�u 2!8!20!28!50!82!126§ù
âfê�´¢�ÿþ(JL²��ê"ù�§�Äg^-;�ÍÜ�^�§æ^²þ|Cq���.O��±éÐ/£ã¢�ÿ���fØ���(�Ú�ê"ùL²§��.�±¤õ/£ã�fØ��
5�Ú(�"Mayer Å<Ú Jensen âd¼�
 1963 c�ì��ÔnÆø"ooo!!!õõõâââfff������...���µµµeee(((���999III���)))ûûû���'''���¯̄̄KKKõâf��.=�Ä�fØ�õNåPXÚ�����.§ÙLã/ªÚ¢S
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8.4. �fØ(��. 367

Figure 8.15: Woods-Saxon³�¹e�fØ�üâf£�müý©OéAu�f!¥f¤U?ã£�g K.L. Heyde5The Nuclear Shell Model6¤"
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368 CHAPTER 8. æ�fÔnÐÚO�ÑéE,§Ïd§�Ä�§�Æ§·�3ùp={�0�õâf��.�µe(�ÚI�)û�'�¯K"
1!!!nnnØØØµµµeee999III���)))ûûû���'''���¯̄̄KKK
(1) ���ÓÓÓ¤¤¤���fffXXXÚÚÚ���ééé¡¡¡555���ÅÅÅ¼¼¼êêê���///ªªªLLLãããêÆþ§éu��n��þ X £þf�¤?1ö� T̂�±¦�=CǱ,���þ X ′ = T̂ X "XJC�Ǳ��C�§=k |X ′|2 = |X |2§K¡�þ£þf�¤8Ü {X }äkN�é¡5§ù��C��8Ü�¤N�+§½¡Ǳj+§PǱ U(n,C)§Ù¥�yC��1�ªǱ+1 �¡ǱAÏj+§{PǱ
SU(n)"XJC��y X̃ ′X ′ = X̃ X §K¡�þ£þf�¤8Ü {X }äk��é¡5§ù��C��8Ü�¤��+§PǱ O(n,C)§Ù¥�yC��1�ªǱ+1 �¡ǱAÏ��+§{PǱ SO(n)"XJ�þǱóê�§=k X̃ =

(x1, x2, · · · , xn, xn+1, xn+2, · · · , x2n)§ Ỹ = (y1, y2, · · · , yn, yn+1, yn+2, · · · , y2n)§C� X ′ = T̂ X Ú Y ′ = T̂ Y �y n
∑

i=1

(

x′iy
′
n+i − y′ix

′
n+i

)

=
n

∑

i=1

(

xiyn+i − yixn+i
)§K¡ù���þ£þf�¤8Ü {X }äk��é¡5§ù��C��8Ü�¤��+§½¡Ǳ"+§PǱ SP(2n,C)"éuÃ¡�C�§ö� T̂�±dÝ
/ªLã"�äN/§P1 ξ11 ξ′��Ý
�Ǳ 1!Ù§Ý
�ÑǱ 0 � n × n Ý
Ǳ Eξ

ξ′§w,k
[Eξ

ξ′, E
�
�′ ] = Eξ

�′δξ′� − E�
ξ′δξ�′ ,ù�� Eξ

ξ′�8Ü�¤�y¤kn��m¥��þ X äkN�é¡5�C��Ä§ǱÒ´`§Eξ
ξ′�8ÜǱ U(n) +�Ã¡�)¤�"k�C�K�d�ê¢yLãǱ Û = eiλ
µ� µ £Ù¥ {λµ} ǱTN�+�Ã¡�)¤�§Θµ ǱC�ëê¤"é�ÓâfXÚ§Pz�âf��)�ÎǱ â†jm!�«�ÎǱ âjm§KÙÍÜ â†jmâj′m′ äk� Em′

m ���Ó��ê'X§ùL²£�[y²��ö³!¸Ù�5o�êo��ê93Ôn¥�A^6§½4�c5o+�o�ê9ÙA^6¤§üâfÆÄþǱ j ��ÓâfXÚäkN�é¡5 U(2j+1)§ÙØ��Ä:L«=XÚ�¹��Óâf�ê8"¿�éu�Ó¤�f£ÀÚf¤XÚ§TN�+äkf+ SP(2j+1)£SO(2j+1)¤§ÙØ��Ä:L«=XÚ�¹��Óâf¥Ø�¤ÆÄþǱ 0 �é�âf�ê8£~{¡�Ǳ"fê¤"@o§â
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8.4. �fØ(��. 369fê(½�äk=ÄØC5��Ó¤�fXÚäkÄåÆé¡5+ó
U(2j+1) ⊃ SP(2j+1) ⊃ SO(3) , (8.37)lXÚ�G�(Å¼ê) �±dIPþã+ó¥�+�Ø��L«�þfê5©a§u´§�Ó¤�fXÚ�Å¼ê�Ä�±LãǱ

|n τ α J M〉 ,Ù¥ n Ǳ�Ó¤�f�ê8§τ ǱXÚ�"fê§J ǱXÚ�oÆÄþ§M ´J� z ��ÝKþfê§α Ǳ«©�Ó� {n!ν!J} �ØÓ��N\þfê§í2�§düâfÆÄþ©OǱ jµ �õ«�Ó¤�f|¤�XÚäké¡5 U(
∑

µ(2jµ + 1))"oØfêǱ N =
∑

µ nµ!oÆÄþǱ J �Ø��Å¼ê�±��/L«Ǳ
∣

∣N, J
〉

=
∑

nµτµαµJµ�

AnµτµαµJµ�

∏


 ,nµτµαµJµ�

[∣

∣(|nµτµαµJµ〉) ; � ; J
〉]

, (8.38)

AnµτµαµJµ� ǱI�ÏL¦)(½�Xê§ ∏


 ,nµτµαµJµ�

|(|nµτµαµJµ〉) ; � ; J〉 ǱÅ¼ê�Ä§Ù¥ nµ ǱüØf;� jµ þ�Øfê§τµ ǱüØfoÆÄþǱ jµ �Øf�"fê§§�±d U(2jµ+1) �Ø��L« [1nµ] U+ó U(2jµ+1) ⊃ SP(2jµ+1)�z£= [1nµ] = � τµ(1
τµ)¤�5K£�z©|Æ¤(½§=k

τµ =

{

nµ, nµ − 2, · · · , 0 , nµ =óê;

nµ, nµ − 2, · · · , 1 , nµ =Ûê. (8.39)

αµǱ«© nµ!τµ!JµÑ�Ó���N\þfê§� Ǳ«©��Ó� nµ!τµ!αµ!JµÍÜ¤��Ó� J �N\þfê"
(2) MMM���îîîþþþXc¤ã§��.�Ä�g�´rz�Øf�$ÄÑw�´3Ù§Øf/¤�²þ|¥�$Ä§¿�T²þ|Ï~�±CqǱk%å|§~XWoods-Saxon³�/ª"éu÷�	�k��dØf��¹§=þ�!¤ã�üâf��.�¹§·��±��3�I�m¥¢yO�"�éu÷�	kõ�Øf��¹§æ
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370 CHAPTER 8. æ�fÔnÐÚ^�IL�éJ¢yO�§Ïd<�æ^ÓkêL�£½=�gþfzL�¤?nù�E,¯K"í21�Ù¥'u����f��ê){§PÆÄþ©OǱ jα!jβ �Øf��)!�«�Î©OǱ a†α!aβ§§�Ñl¤�f��é´5K
{aβ , a†α} = δβα .@o§3ÓkêL�¥§�¹Øf£¤�f¤�üNÚüN�p�^¿��±âfêÅð�M�îþ�±LãǱ

H = E0 +
∑

αβ

εαβa
†
αaβ +

∑

αβγδ

1

2
uαβγδa

†
αa

†
βaγaδ . (8.40)Ǳ�y�¡Åð�¦§ù
Øf¤?üâf“;�/�;�ÆÄþ÷v lα + lβ +

lγ + lδ = óê"Ï~§<�Ǳò�L«Ǳõ4Ðm�/ª§=k
H = E0 +

∑

α

εαn̂α +
∑

K

ΛK(a
†
αãγ)

K · (a†βãδ)K , (8.41)Ù¥ n̂α =
∑

mα
a†lα,mα

alα,mα Ǳüâf;� jα þ�Øfê�Î§ΛK Ǳ K 4�p�^rÝ§ãα = (−1)jα+mαalα,−mα
Ǳ� a†lα,mα

�Ý� jα �¥Üþ§[AB]K L« A Ú B ü�¥ÜþÍÜ¤�K �¥Üþ§=k
[AλBλ′ ]KM =

∑

mm′

〈λmλ′ m′ |KM〉AλmBλ′m′ , (8.42)Ù¥¦Ú¥�Xê 〈λmλ′ m′ |KM〉 ǱCG Xê"(Aλ · Bλ) L«Ó��ü�¥Üþ A Ú B ÍÜ¤Iþ§deª½Â
(Aλ · Bλ) = (−1)λ(2λ+ 1)1/2[AλBλ]0 =

∑

m

(−1)mAλmB
λ
−m . (8.43)

(3) III���)))ûûû���'''���¯̄̄KKKǱäN¦)¿(½dõ�£d¤Øf/¤��fØ�G�£UÌÚÅ¼ê�¤§·�I�kéÆzM�îþ3cã�Ä¥�m¥�M�îþÝ
!(½�
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8.4. �fØ(��. 371AG��Uþ§,�¦)Ñ�AUþe�Å¼ê£=(½cã�AnµτµαµJµ�¤"Ǳd§·�Äk(½þãÄ¥§,�O�Ñ¤k�Ý
�§2¦)�5�§|"Ǳ(½Ä¥§I�(½ nµ ��Ó�ÆÄþǱ jµ�ØfÍÜ/¤�oÆÄþ JµÚ�A�N\þfêαµ§u´§·�I�)û�'�¯KÒ=zǱ(½ Jµ �EÝ ηµ£ηµ = 0 L²Ø�3oÆÄþǱ Jµ ��§ηµ 6= 0 L²�3 ηµ �oÆÄþǱ Jµ��§@o�αµ ∈ [1, ηµ] =�(½N\þfê¤§^êÆ�óù§=(½ U(2j+1) +�Ø��L« [1nµ] U+óU(2j+1) ⊃ SP(2j+1) ⊃ SO(3) �z��z©|Æ"Ǳ(½Ý
�§·��±æ^�\��8��Yò�=zǱO�üN�Î�Ý
�§u´I�)û�'�¯KÒ8(ǱO�Ý
�
〈

jµ
nµ τµ αµ Lµ

∣

∣a†µ
∣

∣jµ
nµ−1 τ ′µ α

′
µ L

′
µ

〉

, Ú 〈

jµ
nµ τµ αµ Lµ

∣

∣ãµ
∣

∣jµ
nµ+1 τ ′µ α

′
µ L

′
µ

〉

.½=(½ U(2j+1) +�Ø��L« [1nµ] U+óU(2j+1) ⊃ SP(2j+1) ⊃ SO(3) �z�1©Xê£coe� cient of fractional parentage, CFP§=U4í�ª/¤�o�Øäk(½é¡5��¥�¹�äk(½é¡5���VÇ¤�z©|Æ"ù
SNQêÆzq'�E,§ÏdùpØ�äN0�§k,��Öö�ë��ö³!¸Ù�5o�êo��ê9ÙA^6½4�c5o+�o�ê9ÙA^6"Uìù«�Y§é (8.40) ª¤«�M�îþ¥��p�^rÝ εαβ!uαβγδ æ^�â²��.z�ê��¢SO�=Ï~�õâf��.§XJéù
�p�^rÝæ^d'uØå�Ä�nØ(½�ê�=ǱÄu1�5�n�õâf��.£ab initial calculation¤"¿�¡Ø=�ÄÏ~�dØfr¤kØfÑÚ��Ä���.ǱÃØ%��.£No-core Shell Model¤"8c§ù
õâf��.®²�±¤õ/A^u£ã A ≤ 28 ��fØ�5�"w,§õâf��.äknØÄ��`:"�Ó�Ǳäk�êã�£~X§éu 56Ni � 64Ge «���fØÙ�m�êÚ�"�ê8p� 1012 (Reviews of

Modern Physics 75: 427 (2005) )¤!O�þã��¯K"Ǳ3��.µee)ûù�¯K§<�ïá
�AkÛ��.£Monte Carlo Shell Model¤!SDé��.�U?�Y§k,��Öö�ë� Physical Review Letters 75: 1284 (1995),

Physical Review Letters 77: 3315 (1996), Physics Reports 278: 1 (1997), Progress

in Particle and Nuclear Physics 47: 319 (2001), Nuclear Physics A 626: 686 (1997),
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372 CHAPTER 8. æ�fÔnÐÚ
ibid 639: 615 (1998), ��©z"du SD é��.�Ä
�fØSdØf�m�Ï~�é'é£S é¤Úo4é'é£D é¤§¿�Ø�Ù§Cq§Ïd§��±£ã�fØ�8N$Ä"ÊÊÊ!!!ÄÄÄuuu������...���ïïïÄÄÄ888NNN$$$ÄÄÄ������{{{VVVãããc®`²§�fØ���.´���Ä�fØ�|©âf�m�p�^�'u�fØ(���.�{§�¢SO���.�m��§Ø´A^§AO´3O�Åê�O�]�Ø�u��c�J±A^uïÄ�fØ�8N$Ä5�"Ǳ
3��.µee£½ö`§3��.° e¤ïÄ�fØ�8N$Ä5�§<�uÐïá
�ÄØfé'é� BCS �{!±OâfLÆ8N$Ä�ÏLgU4í?1O��Hartree-Fock-Bogoliubov (HFB) �{!�ÄÄ�'é�Ã; �Cq£Random Phase Approximation§RPA¤�{!�Ä8N$Ä�=Ä�A�í=��.£Cranking Shell Model, CSM¤�{!âf=f�.£Particle–Rotor

Model, PRM¤�{ÚÝK��.£Projection Shell Model, PSM¤�{!���.�{§¿lØÓý¡�Ð/ïÄ
�fØ�8N$Ä5�"duù
�{'�;�§�9�Ä:9äNO��Y�ÑT�§�Æ§ùpØ�äN0�§k,��\ÆS�Öö�ë� P. Ring and P. Schuck5The Nuclear

Many-Body Problem6!Q>óÚ�ö³5�fØ(�nØ6!�L¬�5�fØnØ6£1�ò¤!MùÍÚæU5�fØnØ6!�Í�"
8.4.2 888NNN���...c®`²§�fØQäkÙ|©âf�üâf$Äqäk8N$Ä"Ǳ�*/£ã�fØ�8N$Ä§<�ïá
�fØ�AÛ�.Ú8N�.§éÐ/£ã
�fØ�8N�ÄÚ8N=Ä5�"Ùïá<�À�£A. Bohr¤!#AÜ£B.

R. Mottelson¤ÚX�»A£L. J. Rainwater¤¼�
1975c�ì��Ônø"��!é��±{�0�"���!!!AAAÛÛÛ���...¢�L²§�fØäk8N�ÄÚ8N=Ä§ò�fØCqǱ���%§K�fØ��ÄÚ=ÄG�=�d�%��ÄÚ=ÄLÆ§l�±ïá'u�fØ�Ä���f9���f�.§Ǳ�±ïá'u�fØ=Ä�½¶=Ä�.Ú�
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8.4. �fØ(��. 373C=Ä.þ�.§=k'u�fØ8N$Ä�AÛ�.§Ǳ¡À�–#AÜ�.§$��{¡ǱÀ��."3AÛ�.§½ö`�%�.e§X�Ù1�!¤ã§�fØ¥Ô��©Ùd���'�»�måû½§=k
R(θ, φ) = R0

[

1 +
∑

kµ

α∗
kµYkµ(θ, φ)

]

,Ù¥ θ!φ Ǳ¢�¿�IX¥L«����I"@o§ÙéA��p�^ ³�±UÙ�?êÐmLãǱ
V (R) = V (0) +

1

2

∑

λµ

Cλ
∣

∣αλµ
∣

∣

2
,Ù¥ Cλ Ǳ�/C4g 2λ �'�§ÝXê"��í2 1
2
mv2 �VgK�òÙÄULãǱ

T (R) =
1

2

∑

λµ

Bλ

∣

∣α̇λµ
∣

∣

2
,Ù¥ Bλ Ǳ�/C4g 2λ �'�8N�þëê"æ^�1�Ù?ØL�'u����f��ê){���Ó��Y§·���§þãüª¥� Cλ Ú Bλ �±d�Ä�ªÇ ω éXå5§äN=k Cλ = Bλω

2§¿�dþã8N�I αλµ Ú α̇λµ �½ÂÆÄþǱ λ!ÆÄþ3 z��þ�ÝKǱ µ �OÀÚf��«�Î!�)�Î©OǱ
bλµ =

1

2

[

√

2Bλω

~
αλµ + i

√

2Bλ

~ω
α̇λµ

]

,

b†λµ =
1

2

[

√

2Bλω

~
(−1)λ+µαλ−µ − i

√

2Bλ

~ω
α̇∗
λµ

]

.?§M�îþ Ĥ = T̂ + V (R) �±LãǱ
Ĥ = ~ω

∑

λµ

[

b†λµbλµ +
1

2

]

,
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374 CHAPTER 8. æ�fÔnÐÚ¿�∑

µ

b†λµbλµ ǱÆÄþǱ λ �OÀÚfê�Î"@o§éu λ = 2, 3, 4§=k
EQV =

(

Nd +
5

2

)

~ω ,

EOV =
(

Nf +
7

2

)

~ω , (8.44)

EHV =
(

Ng +
9

2

)

~ω .ùL²§|^ù��Y�±éÐ/£ã�fØ�o4�Ä!l4�Ä!�84�Ä�8N�Ä"ëì'u©f����ÄÌ�?Ø§·�Ǳ�±éþãIO�{��ÄÌ?1?�§ïá£ã���Ä��Ä�.§¿��¤õ"éu½¶=Ä§�£ã©f�8N=Ä��Y���Ó§<��±ïá'u�fØ½¶=Ä�n��.§¿�Ñ½¶=ÄUÌ
ER =

L(L+ 1)

2I
~
2 , (8.45)Ù¥ I Ǳ�fØ�=Ä.þ§L Ǳ�fØ�ÆÄþ"¿�Ǳ�±ïá�C=Ä�.±£ãý¢�Ø=ÄUÌ"��/§£ã�fØ8N$Ä�M�îþ�±LãǱ (8.11) ª¤«�/ª§¿~¡�ǱÀ�M�îþ"d��±��Ð/£ã�fØ�8N$Ä5�§cÙ´�Ä�=Ä�mvk�rÍÜ�8N$Ä�"���!!!888NNN���...·���§�fØ´drf/¤�þfåPNX§Ù¥�|©rfQküâf$ÄǱk8N$Ä"X�»Ü�@JÑ£1950c§Ïd��À�9#AÜ�å¼�
1975c�ì��ÔnÆø¤µäk��>o4Ý��fØØ´¥/�§´�dØf[È/C/
"ùÒ´`§éuk/C�8N$ÄØ�§dØf3C/�|¥$Ä§C/�|dÀ��.Lã"ù��Ó��ÄdØfÚC/�8N$Ä±9Ùm��p�^�Ø(��.=�fØ(��8N�.£collective

model¤"8N�.¥�{ü~^�´Z�Ü£S. G. Nilsson¤JÑ�òdØf�C/8N$Ä�m��p�^LãǱ��f|��.£~¡�Ǳ Nillson Model¤§l
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8.4. �fØ(��. 375k Nilsson U?"w, Nilsson U?�±´�ÄªÇ�6�"ò�í2§dØf�U?´�ÄªÇ!=ÄªÇ�6�£¿¡�Ǳ Rothian¤§ǱÒ´`§�fØ���(�¢S´G��'�§cÙ´pg^�/CØ���(�¬�¥/Ø�²wØÓ§��{ü�âfXã 8.16 ¤«"�A�ïÄE´8c���K"

Figure 8.16: ¥�fØ�Rothian«¿ã§Ù¥í=�ªÇ ! ±�fØ��k�ªÇ ! 0 Ǳü £�g Ring and Schuck 5The Nuclear Many-body Problem6¤"
8.4.3 ���êêê���...���!!!VVVããã
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376 CHAPTER 8. æ�fÔnÐÚdcü�!�?Ø�§��.§AO´õâf��.§´lØf–Øf�p�^Ñu�ïÄ�fØ(��Ä�nØ§�Ù�.�m��!O�þ��"8N�.�Ä
8N$Ä�AÆ§gdÝé�§�é�Ä=ÄÍÜ�r�Ø�ØUO(£ã§¿��
�fØ�þfõNXÚ���"u´§I�ïáQ�±þfõNXÚ��!�.�mq���nØ�."l§�ê�.A$¤"¤¢�ê�.§=|^�ê£½ö`§é¡5¤�{£ã�fØ�(�Ú5��nØ�."8c§®²ïá
éõ�ê�.§Ù¥Ì��´ SU(3) �.£J.P. El-

liott§Proceedings of the Royal Society of London, Series A: Mathematical and

Physical Sciences 245: 1240 (1958); ibid 245: 1243 (1958)¤!Pseudo-SU(3) �.£J.P. Draayer, et al., Nuclear Physics A 202: 433 (1973); Physical Review Let-

ters 68: 2133 (1992)¤!�p�^ÀÚf�.£IBM¤9Ù*Ð£F. Iachello, A.

Arima, et al., Physics Letters B 53: 309 (1974); Physical Review Letters 35: 1069

(1975); ��¤!SO(8)�.£J. N. Ginocchio, Annals of Physics 126: 234 (1980);��¤!¤�fÄåÆé¡�.£FDSM¤(Ç«r!�7�!�À�!¾�à!M. Guidry, et al., Physics Letters B 168: 313 (1986); Physical Review C 36:

1157 (1987); ��)"ù
�.æ^��{�C§�Ä�.��*5Ú¦^�2Ê5±9�§�Æ��§ùp=Ò�p�^ÀÚf�.�±{�0�"k,�é�p�^ÀÚf�.Ú¤�fÄåÆé¡�.�?1�\ÆS�Öö�ë�4�c5o+�o�ê9ÙA^6"���!!!���ppp���^̂̂ÀÀÀÚÚÚfff���...���nnnØØØµµµeee
1!!!ÄÄÄ���bbb½½½óóØ�¤kdØf½d�ÇÑ�¤é§ù
Øfé½�Çé�±CqǱÀÚf¶�fØPk�ÀÚf�ê8�udØf½d�Çê���"
2!!!MMM���îîîþþþÓkêL�£�gþfzL�¤¥§�¹ÀÚf�üNÚüN�p�^¿��±âfêÅð�M�îþ�±LãǱ

H = E0 +
∑

αβ

εαβb
†
αbβ +

∑

αβγδ

1

2
uαβγδb

†
αb

†
βbγbδ , (8.46)Ù¥ b†α!bβ©OǱÆÄþǱ lα!lβ �ÀÚf��)!�«�Î§ÑlÀÚf�é´5K"Ǳ�y�¡Åð�¦ lα + lβ + lγ + lδ = óê"Ï~§<�Ǳò�L«Ǳ
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8.4. �fØ(��. 377õ4Ðm�/ª§=k
H = E0 +

∑

αβ

εαβb
†
αbβ +

∑

K

ΛK
(

b†αb̃γ
)K ·

(

b†β b̃δ)
K , (8.47)Ù¥ΛK Ǳ K 4�p�^rÝ§b̃α = (−1)lα+mαblα,−mα Ǳ� b†lα,mα
�Ý� lα �¥Üþ§[AB]KL«A ÚB ü�¥ÜþÍÜ¤�K �¥Üþ§(Aλ · Bλ) L«Ó��ü�¥ÜþAÚB ÍÜ¤Iþ§©O�cã� (8.42)!(8.43) ª�Ó"

3!!!ÅÅÅ¼¼¼êêêoÀÚfêǱN!oÆÄþǱL�Ø��Å¼ê�±��/L«Ǳ
|N,L〉 =

∑

nµτµαµ

Anµτµαµ

∏


 ,nµτµ

[|ns; |nµτµαµLµ〉 ;L〉 ] , (8.48)Ù¥ns = N −
∑

µ

nµ ǱXÚ¥� s ÀÚfê§nµ ǱÆÄþǱ lµ 6= 0 �ÀÚfê§τµ ǱÆÄþǱ lµ �ÀÚf�"fê£=Ø�¤ÆÄþǱ 0 �é�ÀÚfê¤§αµ Ǳ«©nµ!τµ!Lµ Ñ�Ó���N\þfê§Ùê�� 1�d τµ �z�Lµ£O(2lµ + 1) �O(3)��z¤�EÝ�m��«�£XJ�A��EÝǱ 0§Kù«�Ø�3¤"Xê Anµτµαµ I�ÏLéÆzM�îþ(½"
4!!!���[[[���ÎÎÎǱ
ïÄ�fØ�>^5�9U?m�>^�[§��ïÄÀÚf�>^|��p�^§Ǳ
¦�.U�N�fØ�8N$Ä§Ǳdu�|�n���§<�rù
ÀÚfw¤´(�ÿØ�Ù!��kâfê�Oâf§§�>^|��p�^Ǳ��/Ú\"X�uüN�p�^§du�[�Î3=ÄC�e´K �¥Üþ§¤±�±dÀÚf�ÎL«Ǳ

TKµ = t00δK0 +
∑

ll′

tKll′[b
†
l b̃l′ ]

K
µ . (8.49)dd�±�� E0!M1!E2!M3!E4 ���[��Î§d�=�O��fØ��A4g�>^£�z¤�[AÇÚõ4Ý£~X§>o4Ý!^Ý!>ó4Ý�¤�>^5�"
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378 CHAPTER 8. æ�fÔnÐÚXJ|^õ4Ðm/ªK�±{ü/L«Ǳ
T̂E0
0 = γ′0 +

∑

αβ ′
0n̂α ,

T̂M1
µ = β ′

1L̂µ ,

T̂E2
µ = α2Q̂µ ,

T̂M3
µ = β3Ûµ ,

T̂E4
µ = β4V̂µ ,

(8.50)

Ù¥ L̂ ǱÆÄþ�Î§Q̂µ = Q̂2
µ Ǳ>o4�Î§Ûµ = Û3

µ Ǳ^l4�Î§Q̂µ =

V̂ 4
µ Ǳ>�84�Î"

5!!!���ppp���^̂̂ÀÀÀÚÚÚfff���...���©©©aaa�â�fØ�¹�ÀÚf|©£~X§s-ÀÚf!d-ÀÚf!g-ÀÚf!p-ÀÚf!f -ÀÚf!�¤©ǱsdIBM!sdgIBM!spdfIBM!spdfgIBM!�"�â´Ä«©�fÀÚfÚ¥fÀÚf©Ǳ IBM1!IBM2"Ø«©�fÀÚfÚ¥fÀÚf�¡Ǳ IBM1¶«©�¡Ǳ IBM2 "�â´Ä�Ä�f�¥f/¤�ÀÚf©Ǳ IBM1½IBM2 9 IBM3 ½
IBM4"=�Ä�f��f/¤�ÀÚfÚ¥f�¥f/¤�ÀÚf!Ø�Ä�f�¥f/¤�ÀÚf�¡Ǳ IBM1 ½ IBM2; Ø=�Ä�f��f/¤�ÀÚfÚ¥f�¥f/¤�ÀÚf!��Ä�f�¥f/¤�ÀÚf�¡Ǳ
IBM3!IBM4"du�@(á��p�^ÀÚf�.Ǳ sdIBM1§ÏdÏ~òÙ|©IP�Ñ§u´§y3~^��p�^ÀÚf�.£IBM¤©Ǳ IBM1!IBM2!IBM3!
IBM4!sdgIBM!spdfIBM!spdfgIBM!�"d	§éuÛ-A Ø§<�ò IBMí2§ïá
�p�^ÀÚf–¤�f�.£IBFM¤§¿kÀÚf�¤�f/é¡0��é¡�.¶éuÛÛØ§<�ïá
�p�^ÀÚf–¤�f–¤�f�.£IBFFM¤"duù
nØ�{�9o+o�ê��£§�Ñ��§��Æ§Ïde¡=é�{ü�~^� IBM1 �±{�0�"nnn!!!���{{{üüü������ppp���^̂̂ÀÀÀÚÚÚfff���...)))IBM1

1. IBM1 ���ÄÄÄ���SSSNNNc¡�{ü0�L²§IBM1 ´Ø«©�fÀÚfÚ¥fÀÚf!�=�Ä



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.4. �fØ(��. 379ÆÄþ©OǱ 0!2 � s!d ÀÚf��p�^ÀÚf�.§Ïd§IBM1 ´�{ü��p�^ÀÚf�."duÙ{ü§<�éIBM1 �5��@£��\��Ù"ïÄL²§IBM1 ���é¡+Ǳ U(6)§äk U(5)!O(6)!SU(3) n«ÄåÆé¡5"éÙ�ê(�£lU�M�îþ9>^�[�Î�§¦§��+�)¤�!Casimir�f��éX¤!+L«�z©|Æ£l(½�A�fØ�UÌÚÅ¼ê�¤�k,��\&?�Öö�ë� Iachello and Arima5Interacting

Boson Model6!½Q>óÚ�ö³5�fØ(�nØ6!½4�c5o+�o�ê9ÙA^6"²L�
O��§IBM1 �M�îþ��±dÙ�9��+� Casimir �fLãǱ̂
H = H0 + A1C1U(5) + A2C2U(5) + A3C2SU(3) + A4C2O(6) +BC2O(5) + C C2O(3) ,w,§� A3 = A4 = 0§=k U(5) ÄåÆé¡54��M�îþ¶� A1 = A2 =

A4 = B = 0§=k SU(3) ÄåÆé¡54��M�îþ¶� A1 = A2 = A3 = 0§=k O(6) ÄåÆé¡54��M�îþ"
U(5) ÄåÆé¡Ø��Å¼ê�±L«Ǳ

ψU(5) =
∣

∣N, nd, τ, α, L,M
〉

,Ù¥ N Ǳ s ÀÚfÚ d ÀÚf�oê8§nd Ǳ d ÀÚfê8§τ = nd − 2nβ ǱØ�¤ÆÄþǱ 0 �é� d ÀÚf�ê8§½= d ÀÚf�"fê§Ù¥nβ ǱÍÜ¤ÆÄþL = 0 �ÀÚfé�ê8¶L!M ©OǱ�fØ�ÆÄþ!ÆÄþ3 z ���ÝK"Ǳ²(«©�þfêÑ�Ó�{¿G��I���N\þfêα"XJPéAuÓ�� τ �ÆÄþǱL ���EÝǱ � §KN\þfêα ∈ [1, � ]"�*/§Pn� d ÀÚf|Ü¤L = 0 �8ìê8Ǳn∆§K��α = n∆"d+L«�z5K£©|Æ¤�§�þfê���5KXeµ
N =oÀÚfê ;

nd = N,N − 1, · · · , 1, 0 ;
τ = nd, nd − 2, · · · , 1½ 0 (nd =Ûê½óê) ;

L = τ − 3n∆, τ − 3n∆ + 1, · · · , 2 (τ − 3n∆)− 2, 2 (τ − 3n∆) .
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380 CHAPTER 8. æ�fÔnÐÚT��Uþ 〈

ψU(5)

∣

∣ĤU(5)

∣

∣ψU(5)

〉�±dIP§�þfêL«Ǳ
E[[N ], nd, v, n∆, L,M ] = E0 + A1nd + A2nd(nd + 4) +B τ(τ + 3) + C L(L+ 1) .±oÀÚfêǱ 3 Ǳ~�äk U(5) é¡5��fØ�;.UÌ9Ù�C÷�Ø 110Cd �$-u�UÌ�¢�ÿþ(J�'�Xã 8.17 ¤«" dã 8.17

Figure 8.17: ±oÀÚfêǱ 3 Ǳ~�äk U(5) ÄåÆé¡5�;.UÌ£m¤9Ù�110Cd �$-u�UÌ�¢�*ÿ(J£�¤�'�£�g Iachello and Arima 5The

Interacting Boson Model6¤"�§IBM1 � U(5) ÄåÆé¡54��±��Ð/£ã�fØ�o4�Ä�"P>o4�[�ÎǱ̂
T (E2)q = q2{(s†d̃+ d†s̃)2q + χ(d†d̃)2q} ,Ù¥ q2 Ǳk�>Öëê§χû½ T̂ (E2)q ¥ü���é�5§¡Ǳ T̂(E2)q �/ªëê£½(�ëê¤"E2�[��z�[AÇǱµ
B(E2, Li → Lf ) =

|〈LfkT̂ (E2)kLi〉|2
2Li + 1

.



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.4. �fØ(��. 381¿�§3 U(5) ÄåÆé¡54�e§~� χ = 0"'�O�(JÚ¢�ÿþ(JL²§IBM1 � U(5) é¡54��±éÐ/£ão4�ÄØ��>^�[5�"äk SU(3) é¡5�Ø��±dIP+ó¥�+�Ø��L«�þfêLãǱ
∣

∣[N ], (λ, µ), � , L,M
〉

,Ù¥ (λ, µ) Ǳ SU(3) +�Ø��L«§� Ǳd SU(3) �Ø��L«�z� O(3)�Ø��L«�¤Ú\�N\þfê§Ù�^��u=Ä�� K �"�â+L«��z5K§�þfê��Xeµ
N =oÀÚfê ;

λ+ 2µ = 2(N − 3n∆) ;

� = 0, 2, · · · , min{λ, µ} ;

L =

{

0, 2, · · · , λ+ µ, � = 0

� , � + 1, · · · , λ+ µ+ 1− � , � 6= 0
.Täk SU(3) é¡5�Ø��UþǱ

E[[N ], (λ, µ), K, L,M ] = E0 + A3[λ
2 + µ2 + λµ+ 3(λ+ µ)]/2 + C L(L+ 1) .±oÀÚfêǱ 12 Ǳ~�äkSU(3) é¡5��fØ�;.UÌ��Ü©Xã 8.18 ¤«" dã 8.18 �§éuz�X�d�� SU(3) �Ø��L« (λ, µ) û½��§ÙUþ�ÆÄþL �CzÑäkL(L+ 1) �1Ǳ"�¢�ÿþ(J'�L²§SU(3) ÄåÆé¡54��±éÐ/£ã�fØ�o4=Ä��UÌ"3 SU(3) ÄåÆé¡54�e§E2�[�ÎǱµ

T̂ (E2)µ = q2Q̂µ = q2

{

(d†s+ s†d̃)2µ −
√
7

2
(d†d̃)2µ

}

,Ù¥ q2 Ǳk�>Ö"w,§T T̂ (E2) �'u SU(3) +�Ã¡�)¤� Q2
µ§u´k E2 �[�ÀJ½KǱµ

∆λ = 0 , ∆µ = 0 .
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382 CHAPTER 8. æ�fÔnÐÚ

Figure 8.18: ±oÀÚfêǱ12 Ǳ~� SU(3) ÄåÆé¡5�;.UÌ��Ü©£m¤9Ù� 156Gd�$-u�UÌ�¢�*ÿ(J£�¤�'�£�g Iachello and Arima5The Interacting Boson Model6¤"dd�§ØÓ=Ä��m��[�KþÑ´B+�"¿�§Ä��S� E2 �[��z�[AÇǱµ
B(E2 , (L+ 2)g → Lg) = q22

3(L+ 1)(L+ 2)

4(2L+ 3)(2L+ 5)
(2N − L)(2N + L+ 3) ,Ä��SÆÄþǱ L ���>o4ÝǱµ

Q(L) = −q2
√

2π

5

L

2L+ 3
(4N + 3) .'�O�(JÚ¢�ÿþ(JL²§IBM1 � SU(3) é¡54��±éÐ/£ã½¶�o4/C=Ä��>^5�"äk O(6) ÄåÆé¡5�Ø���¥�±�Ǳ

∣

∣N, σ, τ, n∆, L,M
〉

,Ù¥ σ Ǳ O(6) �Ø��L«§éA��é�ÀÚfê§Ï~¡�Ǳ2Â"fê"τǱ O(5) �Ø��L«§éAØ� s ÀÚf����é� d ÀÚfê"�þ
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8.4. �fØ(��. 383fê���d+L«��z�©|ÆLãǱµ
σ = N,N − 2, · · · , 0½1 (N =Ûê½óê) ;

τ = σ, σ − 1, · · · , 0 ;
L = τ − 3n∆, τ − 3n∆ − 1, · · · , 2(τ − 3n∆)− 2, 2(τ − 3n∆) ;

n∆ = 0, 1, 2, · · · ,
[

τ
3

]

.dþfê σ!τ!n∆ ÚL IP�äk O(6) é¡5�Ø��UþǱ
E[[N ], σ, τ, n∆, L,M ] = E0 + A4σ(σ + 4) +B τ(τ + 3) + C L(L+ 1) .±oÀÚfê�u 3 Ǳ~�äk O(6) é¡5��fØ�;.UÌXã 8.19 ¤«"

Figure 8.19: ±oÀÚfêǱ 3 Ǳ~� O(6) ÄåÆé¡5�;.UÌ£m¤9Ù�196Pt �$-u�UÌ�¢�*ÿ(J£�¤�'�£�g Iachello and Arima 5The

Interacting Boson Model6¤"�	ã 8.19 �m>Ü©§î��N5w§äk O(6) é¡5�Ø��UÌ�
U(5) é¡�Ø��UÌäkaq�?£��
õ��^Sk�O¤¶þe5
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384 CHAPTER 8. æ�fÔnÐÚw§äk O(6) é¡5�Ø��z�^U�äkCq�=ÄAÆ§Ïd O(6) ÄåÆé¡54�éAØ½¶=ÄØ�"
O(6) ÄåÆé¡54�e§E2 �[�ÎǱµ

T̂ (E2)µ = q2(d
†s̃+ s†d̃)2µ ,Ù¥§q2 Ǳk�>Öëê"du T̂ (E2)µ �'u O(6) +�Ã¡�)¤�§KÙ�[�ÀJ½KǱ

∆σ = 0 , ∆τ = ±1 .¿�§N´�� O(6) 4�e� E2 �[��z�[AÇ§~X
B(E2 , σ σ (τ+1) 0 (2τ+2) → σ σ τ 0 2τ) = q22

(σ − τ)(σ + τ + 4)(τ + 1)

2τ + 5
,

B(E2 , σ σ (τ+1) 0 2τ → σ σ τ 0 2τ) = q22
(σ − τ)(σ + τ + 4)(4τ + 2)

(2τ + 5)(4τ − 1)
,��"'�O�(JÚ¢�ÿþ(JL²§IBM1 � O(6) é¡54��±éÐ/£ãØ½¶�o4/C=Ä��>^5�"éu~^��Äo4�^Ú=Ä�A�M�îþ

Ĥ = εdn̂d − k Q̂(χ) · Q̂(χ) + k′ L̂ · L̂ ,Ù¥ k!k′!χǱ��ëþ§n̂d Ǳ U(5) ��� Casimir �f§L̂ ǱÆÄþ�Î§Q̂(χ) Ǳo4�Î§�±äNL«Ǳ
Q̂(χ) = [d†s + s†d̃]2µ + χ[d†d̃]2µ .[�©ÛÙé¡5�§TM�îþ�±d��+� Casimir �fLãǱ

Ĥ =
[

εd −
2kχ

7

(

χ+

√
7

2

)]

C1U(5) − 2kχ

7

(

χ+

√
7

2

)

C2U(5)

+
kχ√
7
C2SU(3) − 2k√

7

(

χ+

√
7

2

)

C2O(6)

+
2k

7

(

χ +

√
7

2

)(

χ+
√
7
)

C2O(5) +
[

k′ − kχ

14

(

χ+ 2
√
7
)]

C2O(3) .
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8.4. �fØ(��. 385w,§À�AÏ���ëþ�ê�§·��±��äk(½é¡5�M�îþ(=µ¦XÚd U(6) é¡»"��½�é¡5)"n«4��¹©OéA���ëþ���Ǳ
U(5) : k → 0, χ→ ∞, kχ→ 0, kχ2 →k�� ;

SU(3) : εd = 0, χ = −
√
7/2 ;

O(6) : εd = 0, χ = 0 .XJ¦��ëþ3,ü«é¡5�¦�AÏê��mCz§·�=�d�ïÄùü«é¡5�m�LÞ«��fØ�5�"
2. ���ppp���^̂̂ÀÀÀÚÚÚfff���...���AAAÛÛÛ���...���'''XXX1�Ù¥Q²J�§òé����f�Ä�?1²£ö���Yí2§�±ïá£ãõâfXÚ8N$Ä�S��Z��{§¿kSK 2.41"í2SK 2.41 ¿æ^aq Bohr–Wheeler ëêz�Y�ëêz�Y§IBM1e�¹k N � s!d ÀÚf��fØ�S��Z��±LãǱ

∣

∣N ; β2, γ2
〉

= C
[

s† + β2 cos γ2d
†
0 +

1√
2
β2 sin γ2

(

d†2 + d†−2

)]N ∣
∣ 0

〉

,Ù¥ C Ǳ8�zXê"ÏL'��AuTG���fØ�>o4Ý�À��.�Ñ�>o4Ý£ØÓ�{�Ñ�Ônþ7L�Ó¤§�±��À��.¥�o4/Cëê {β, γ} �þãS��Z�¥�ëê�m�'XǱ
β ≈ 0.15β2 , γ = γ2 .�Äù
'X§d�·�Ø«© β2 � β§ǱØ«© γ2 � γ"¿�§éuÄ�§k U¡�¼
E(N ; β, γ) =

〈N ; β, γ|H |N ; β, γ〉
〈N ; β, γ | N ; β, γ〉 .éu-u�§KA�ÄÆÄþÝK§òS��Z�U�Ǳ

∣

∣N ; β2, γ2;L
〉

= CPL
MK

[

s† + β2 cos γ2d
†
0 +

1√
2
β2 sin γ2

(

d†2 + d†−2

)

]N ∣
∣ 0

〉

,Ù¥ PL
MK ǱÆÄþÝK�Î

PL
MK =

2L+ 1

8π2

∫

D∗L
MK(Ω)R(Ω)dΩ ,
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386 CHAPTER 8. æ�fÔnÐÚ
R(Ω) Ǳ=Ä�Î§DL

MK(Ω) Ǳ=ÄÝ
§Ω Ǳî.=ÄÆ (α′, β ′, γ′)§L ǱÆÄþ§M!K ©OǱÆÄþ3¢�¿�IX� z ¶!�N�IX� z ¶þ�ÝK"éuÄ��¥���§K = M = 0"²LÆÄþÝK�§�fØ�Ä�¥���Uþ�¼�±L«Ǳ
E(L, β, γ) =

〈

Ĥ
〉

G,L
=

〈N ; β, γ|HPL
00 |N ; β, γ〉

〈N ; β, γ|PL
00 |N ; β, γ〉 .,��â½5^�

∂E

∂β
= 0 ,

∂E

∂γ
= 0 ,(½éAu U¡4���/Cëê§=�½Ø��/G"©O�M�îþǱ U(5)!SU(3)!O(6)ÄåÆé¡54�e�M�îþ§äNO�äk U(5)!SU(3)!O(6) ÄåÆé¡5�Ä�Uþ£gdU¤�¼¡�§3N ªuÃ¡�4��¹e§éu U(5) ÄåÆé¡54�§ U¡�¼� γ Ã'§3 β = 0 ?k��4��§¤±§éA�/GǱ¥/"éu SU(3) ÄåÆé¡54�§ U¡�¼3 γ = 0!β2 =

√
2£β ≈ 0.192¤?k��4��§¤±§éA�/GǱ�ý¥/"éu O(6) ÄåÆé¡54�§ U¡�¼� γ Ã'§3 β2 = 1£β ≈ 0.15¤?k��4��§¤±§éA�/GǱØ½¶=Ä�ý¥/"O����©Oäk U(5)!SU(3)!O(6) ÄåÆé¡5�Ä��¥�
��Uþ£gdU¤�¼¡©OXã8.20!8.21!8.22¤«"dã 8.20!8.21!8.22�§3$ÆÄþ�¹e§äk U(5) é¡5�Ø�éA¥/�Ä�§äk SU(3) é¡5�Ø�éA½¶£�¤ý¥=Ä�§¿�§�XÆÄþO�§ù«½¶=ÄAÆ�\½£éAuAý¥/G�æ�Åì��¤¶äk O(6) é¡5�$ÆÄþØ�éAØ½¶ý¥=Ä�"�´�XÆÄþO�§ U¡�4��� �¬u)Cz§äk U(5) é¡5�Ø�=CǱ½¶=Ä�£gdU�¼4��Ñy3β2 = ±0.5!γ = 0 Ú π

3
¤§äk O(6) é¡5�Ø�=CǱn¶=Ä�£gdU�¼4��Ñy3β2 = ±1!γ = π

6
¤¶�ÆÄþé��§=CǱ�Ä�£β2 = 0!γ Ø(½§½ γ = π

6
!β Ø(½¤"ù
(JL²§IBM1 Ø=�AÛ�.äk���'X§��±£ãÆÄþ°Ä��fØ8N$Ä�ª�üz£/G�C¤"ò�¹n«ÄåÆé¡5�
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Figure 8.20: oÀÚfêǱ15�äkU(5)é¡5�ÆÄþ L = 2 £�ý¤ÚÆÄþ L = 10 £mý¤���gdU�¼¡£éAM�îþ¥�äNëê��ǱA 1 = 1: 0 MeV!A 2 = 0: 15 MeV!B = −0: 4 MeV!C = 0: 006 MeV!A3 = A 4 = 0¤£�g International Journal of Modern Physics E 15: 1711 (2006)¤"M�îþ¥��p�^rÝëê � Ú(�~ê χ ÀǱdÓ ^û½�¼ê§@o§IBM1 ��±£ãÓ ^°Ä�£÷Ó �ó�½÷Ó¥f�ó�¤8N$Ä�ª�C£/G�C¤"äN�ïÄL²§�Ä�Ø½¶=Ä�m��CǱ�?�C§�Ä�½¶=Ä�m��CǱ�?�C§½¶=Ä�Ø½¶=Ä�m�üzǱëYLÞ"Ø
þã�gdU�¼¡	§£ã�fØ8N$Ä�ª�C£/G�C¤�Ônþ�kUÌ¥�
$-u�Uþ�'�!E2�[AÇ�'�!E2 �[¥1f�Uþ�Øg^�'�!Å¼ê�ÄåÆé¡54�e�Å¼ê�U!��"Ù¥UÌ¥�
$-u�Uþ�'�Ú E2 �[¥1f�Uþ�Øg^�'�'�{ü§�Öö�ǱSK�±Øy§Ù§�â'�;�§ùpØ2�±0�"'u8N�.��\ïÄL²§é8N�.¥��p�^³U�Ǳ=�6u β�Ã��³²§�±��)Û)§T)Û)�±£ã�Ä�Ø½¶=Ä�m��?�C��.:G��5�§¡�Ǳ E(5) é¡5�£Physical Review Letters 85:

3580 (2000)¤"b�8N�.¥��p�^³U�±©lCþ§éÙ¥�6u β�Ü©E�ǱÃ��³²!�6u γ �Ü©�Ǳ����f³§Ǳ�±��)Û)§T)Û)�±£ã�Ä�½¶=Ä�m��?�C§¡�Ǳ X(5) é¡5�£Physical Review Letters 87: 052502 (2001)¤"éÙ¥�6uβ �Ü©�Ǳ����f³!�6u γ �Ü©�ǱÃ��³²§Ǳ�±��)Û)§T)Û)�±
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Figure 8.21: oÀÚfê�u15�äkSU(3)é¡5�ÆÄþ L = 0!4!10 ���gdU�¼¡£éAM�îþ¥�äNëê��ǱA 3 = 1!A 1 = A 2 = A 4 = B = C = 0¤£�g;ûÎÆ¬Ø©£�®�Æ§2005c¤¤"£ã�ý¥=Ä�Aý¥=Ä��.:G�§¡�Ǳ Y(5) é¡5�£Physical

Review Letters 91: 132502 (2003)¤"3�p�^ÀÚf�.eǱ�±£ãù
Ø/G�C��.:G�§¿�®²ïá
�±Ú�£ãù
�.:é¡5Ø��
F(5) �.£Physics Letters B 732: 55 (2014)¤"
3. ���ppp���^̂̂ÀÀÀÚÚÚfff���...���������...���'''XXX·���§��.´±�fØ�Ä��¤ü�)ØfǱgdÝ!3²þ|Cqe£ã�fØ�(�Ú5��nØ�{§cÙ´U?�����.®²�±��lØf-ØfüN�^±9Øfm�nN�p�^�ÑuïÄ�fØ�(�Ú5�§Ïd��.´�fØ(��.�Ä:ÚÄ��{"�p�^ÀÚf�.´Ǳ
)û��.¥�£O�¤�mã�¯KJÑ����.§�5uy
IBM �±�AÛ�.ïá���éX§£ã�fØ��«�ª�8N$Ä9�fØ�/G�C"æ^ÀÚN��{£~X§Holstein-Primakoff N�£HP.N�¤!Dyson N�£D.N�¤!Otsuka–Arima–Iachello N�!–©–±N�!–4–àN�!��¤§¿3ö�¥§�y¤�Ä¤�fLã��ê�¤k)¤�3N��ÀÚf�m��kÓ���ê(�¶¦¤kÔn�Î3ÀÚf�m�3¤�f�m�Ý
���§l�yN����5¶Ø�d¤�f�mN��
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Figure 8.22: oÀÚfê�u10�äkO(6)é¡5�ÆÄþ L = 10���gdU¡£éAM�îþ¥äNëê��Ǳ A 4 = −1 MeV!A 1 = A 2 = A 3 = B = C = 0¤£�g
International Journal of Modern Physics E 15: 1711 (2006)¤"
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390 CHAPTER 8. æ�fÔnÐÚÀÚf�m¥�b�§l�yN���éA¶K�±y²§�p�^ÀÚf�.´��.�éÐCq"�y3Ek���YO�þ��!�Cq�Ã{�yéb�Ø��ýéZÀ�¯KI�)û"
8.5 ØØØ���AAA999ÙÙÙïïïÄÄÄ���{{{·���§âf²q�^�Ñ��y�¡ǱÑ�§¿�§XJÑ�âf�Uþ�\�âf�Uþ�Ó§¡�Ǳ�5Ñ�"XJÑ�âf�Uþ�\�âf�UþØÓ§K¡�Ǳ��5Ñ�"w,§ÏL�	Ñ��1ǱÚAÆ§<��±¼�âf�q�p�^9q�(��&E§Ïd§éuÑ��ïÄ´Cy��ÆïÄ�Eâïu���L§ÚÃã§~Xµéu�f(��@£!éu�fØ�5��(��@£!éurf(��@£!éuáÆ�(��5��@£!éu#��ï��mu!��"Ïd§'uÑ��ïÄ�'uåP��ïÄÓ���éu�Ý4���fØ§�â¤�©EÇ�a|�âÚØ(½'X§Ǳ*ÿ�fØ�5�Ú(�§7Læ^�pUþâf/lf�Ǳ&�£½ö`1¤"Ïd§�fØ�A'Ñ��2Â!¿ÂǱ��§Q�)Ñ�§=Ñ�âfÚ�fØ�|©ØC�y�§Ǳ�)Ñ�âfÚ�fØ�|©Ñu)Cz�y�"ÏdØ�Aéu�fØ�(�Ú5��ïÄ!r�p�^�1ǱÚ5Æ�ïÄ!±9#�Ô�/��&Ä!��Ñ�'�"
8.5.1 ØØØ���AAA���©©©aaa������ÌÌÌ���ÄÄÄ���555ÆÆÆþ¡J�§�fØ�Aéu�fØ(�Ú5��ïÄ!r�p�^�1ǱÚ5Æ�ïÄ!±9#�Ô�/��&Ä!��Ñ�'�§§�)\�âf�qØ�p�^�Ñ��Ñ�y�§Ǳ�)Ñ�âfÚ�fØÑu)Cz�y�§ÏdØ�A´é2Â��p�^L§�Ú¡§Ï~±q�fØ A!\�âf£�)�fØ¤a!)¤£½ö`§�{¤�fØ B!Ñ�âf£Ǳ�)�fØ¤b!c!d!�LãǱ

a + A → B + b + c + d + · · · , (8.51)½
A ( a , bcd · · · ) B . (8.52)
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8.5. Ø�A9ÙïÄ�{ 391XJ�A��k B + b§K¡�Ǳ�N�A¶±daí§·�knN�A!oN�A!· · ·!�õN�A"dþã½ÂÚ��Lã�ª�§�fØ�Akõ«a.§¿��±UÑ�âf«a!\�âf«a!\�âfUþ«m!qØ�þ!�AÅ��õ«�ªé�?1©a"'u±Ñ�âf«aéØ�A�©a§±�N�AǱ~§XJ b = a!B =

A§K¡�Ǳ�5Ñ�¶XJ b = a′!B = A′§=«aÑØu)Cz§�UþG�kCz§K¡�Ǳ��5Ñ�¶XJ b 6= a!B 6= A§K¡�ǱØ=C"'uU\�âf«aéØ�A�©a§XJ\�âf a ǱØ�>�¥5âf£~Xµ¥f n!¥�f ν!�¤§K¡�Ǳ¥5âfØ�A"XJ\�âf aǱ�>âf£~Xµ�f p!�Ø D!%�fØ C!>f e±!Dfµ±!��f p̄!�¤§K¡�Ǳ�>âfØ�A"XJ\�âfǱ1f γ§K¡�Ǳ1Ø�A§~Xµγ +D → p + n!"γ + 9
4Be → 8

4Be + n!��"XJ\�âfǱ���fØ£��3α âf�þ¤§K¡�ǱlfØ�A"'uU\�âfUþéØ�A�©a§<�Ï~¡\�UþEk < 30MeV ��AǱ$UØ�A§50MeV < Ek < 1GeV �Ø�AǱ¥UØ�A§Ek > 1GeV�Ø�AǱpUØ�A"'uUqØ��þêéØ�A�©a§<�Ï~¡qØ��þêA ≤ 40 ��AǱ�Ø�A§40 < A < 150 �Ø�AǱ¥�þØ�A§A > 150 �Ø�AǱØ�A"'uUØ�AÅ�éØ�A�©a§XJØ�A´ÏL\�âf�qØ¥�ê|©âf���^�¤�§K¡�Ǳ���A"XJ��Ø�A�©Ǳ\�âf�qØ�^KÜ¤-u��#�fØ£EÜØ¤ÚEÜØ©)ǱÑ�âfÚ�{Øü�Õá��ã§~X§é�N�A§�±LãǱ
A+ a → C → B + b ,K¡�ǱEÜØ�A"XJ\�âf�Uþ�$uÙ�qØ�m�¥Õ ^§±�uØU
u)���A½EÜØ�A§�U
¦qØ-u§K¡ù��Ø�AǱ¥Õ-u"XJØ�A´���fØ�)¤ü�½õ��fØ§K¡�Ǳ�C�A"XJØ�A´ü��ØKÜ¤�����fØ§K¡�ǱàC�A"
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392 CHAPTER 8. æ�fÔnÐÚéu���A§XJ\�lf��qØNC§Ù¥k��½õ�Øf=£�qØ§�{Ü©UY�1§K¡����A§~Xµ4Li(α, D) 6Li!3H (D, n) 4He!
14
7 N (α, p) 17

8 O£1919c©Ù4�@(@ØS�3�f��A¤!9
4Be (α, n)

12
6 C£1930cÆA�@�¤§1932c��%�uy¥f��A¤!���A"XJ\�âf��qØNC§lqØ¥����½õ�Øf�/¤��âf£lf¤�UY�1§K¡����A§~Xµ13C( 3He, α ) 12C �(3He, α ) �A±9 (p, D ) !(n, D )! (p, t )! (p, α )!��A"XJ\�âfrÜ©Uþ��=��qØ¥���½õ�Øf¦��ÑqØ§K¡�ǱvÑ�A§~Xµ�« (p, pn ) !(p, p2n )! (p, pα )!��A!aq 64Cu( p, pn6α ) 38Cl ��«�A"XJ\�âf�qØ�m�^��J´Ø��âf��>Ö§K¡�Ǳ>Ö���A§~X�« (3He, t ) ��A!�« (π+, π−) �A!��"Ø�AL§�9��p�^Ì�kr�p�^!f�p�^Ú>^�p�^"ÙA�Ì�5ÆkUþÄþÅð!>ÖÅð!ÆÄþÅðÚfêÅð"UþÄþÅðÚ>ÖÅð´?Ûy¢�ÔnL§7L�Ì�Ä��n§ÏdØ�A�½Ǳ�ÌUþÄþÅð�nÚ>ÖÅð�n§¿�âd�±(½Ø�A¥��AU£Ǳ¡Ǳ�A9¤,~X§é�N�Ak

Q = EB + Eb −EA −Ea , (8.53)Ù¥Ei Ǳ�A¥1 i|©�oUþ§dEi = Mic
2 (½"Ï~§<�¡Q > 0 ��AǱ�9�A§Q < 0 ��AǱá9�A"?�Ú§<�½ÂU
¦Ø�Au)��$�\�âf�ÄUǱØ�A��AKU£threshold¤"éw,§�9�A��AKUEth = 0"éuá9�A§�*/§�AKUéA�%X¥�é$ÄÄþǱ"§u´N´��

Eth =











(

1 +
ma

mA

)

∣

∣Q
∣

∣ , ��éØ�¹ ;

1

2mA

(

ma +mA +mb +mB

)∣

∣Q
∣

∣ , �éØ�¹ .
(8.54)du�m=ÄØCéA�ÅðÆǱÆÄþÅð§Ø�AØÏ¤���ØÓØÓ§=äk�m=ÄØC5§ÏdØ�A�ÌoÆÄþÅð�Ä��n"~X§c¡?Ø β PC�¤`�º�Ñ�¥�f�g^Ǳ 1

2
~ =ǱÆÄþÅð�Ly
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8.5. Ø�A9ÙïÄ�{ 393£¥f!�f!>f�g^ÑǱ 1
2
~§¥f=CǱ�f!>fÚ�>f.¥�f�§�fÚ>f�og^Ǳ 0 ½ ~§ÆÄþÅð�¦"��og^A�Ð�� 1

2
~�Ó§Ïd£�>f.¤¥�f�g^Ǳ 1

2
~¤"oÑ5ù§UþÅðéAÏ~¿Âþ�Ô�Ø«�n§g,.¥�Ô���þÌ�d�f!¥f!�f��§>fÚ¥�f��þ�é�éõ§�f!¥fÚ�fÚ¡Ǳf§Ïd3Ø�A¥ofêA�±ØC§=kfêÅð¶o�fê�±ØC§=k�fêÅð"~X§cã� β PCL§§Ð�Ǳ¥f§ÙfêǱ 1!>ÖêǱ 0!�fêǱ 0¶¢�*ÿ�
���ü K>Ö�>f§ÙfêǱ 0§�fêǱ 1¶d>ÖÅðÚfêÅð�§"�¥�½�3fêǱ 1!���ü �>Ö�âf§2�ÄUþÅð§Tâf�½´�f¶2�Ä�fêÅð§)¤�âf¥�½k�fêǱ−1 ���f§?�Ú�ÄUþÅð§KTâf=Ǳ�þCqǱ 0 ��>f.¥�f"Ø
ù
ÊH¤á�ÅðÆ�	§�k�
(½^�e¤á�ÅðÆ"~X§3��9r�p�^�Ø�A¥§Ó ^Åð¶3��9r�p�^Ú>^�p�^�Ø�A¥§�¡Åð¶éu$UØ�A§ÛÉêǱÅð"

8.5.2 ������£££ããã���YYY���!!!ÑÑÑ������$$$ÄÄÄGGG���d1�Ù�?Ø�§�þǱm�\�âf�G��±d²¡Å/ªLãǱ
ψin = ei

~k·~r = eikz cos θ . (8.55)é��¥¡ÅÐm§Kk
ψin =

√
4π

∞
∑

l=0

√
2l + 1 iljkrl Yl0(cos θ)

kr→∞−−−→
√
π

kr

∞
∑

l=0

√
2l + 1 il+1

[

e−i(kr−
l�
2
) − ei(kr−

l�
2
)
]

Yl0(cos θ) .²L�q�^( P�Ǳ V (r) )§LÆâfG���ÌÚ� Ñ�Uu)Cz§ÙìC1Ǳ�±LãǱ
ψout

kr→∞−−−→
√
π

kr

∞
∑

l=0

√
2l + 1 il+1

[

e−i(kr−
l�
2
) − Sl(k)e

i(kr− l�
2
)
]

Yl0(cos θ) ,
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394 CHAPTER 8. æ�fÔnÐÚ½=
ψout

r→∞−−−→ eikr cos θ + f(θ)
eik

′r

r
,Ù¥

f(θ) =

√
π

kr

∞
∑

l=0

√
2l + 1 il+1

[

1− Sl(k)
]

e−i
l�
2
)Yl0(cos θ)

=

√
π

kr

∞
∑

l=0

√
2l + 1 i

[

1− Sl(k)
]

Yl0(cos θ) .þãÃª¥�Sl(k) ~�¡ǱÑ�ÅXê§f(θ)~�¡ǱÑ��Ì"w,§XJ Sl(k) = 1§K f(θ) = 0§l ψout(~r) = ψin(~r)§=âf?ugd$ÄG�"XJ ∣

∣Sl(k)
∣

∣ = 1§P�Ǳ Sl(k) = e2iδl(k)§K
f(θ) =

1

k

∞
∑

l=0

(2l + 1)eiδl(k) sin δl(k)Pl(cos θ) .ùL²§âf�Ñ��ÌvkCz§�� u)
Cz§l�±£ã�5Ñ�"þª¥�� UC δl(k) ~�¡Ǳ l ÅÑ��££phase shift¤"XJ ∣

∣Sl(k)
∣

∣ < 1§KÑ�Å�Ì~�§ǱÒ´Ñ�âfê~�§ùL²u)
áÂ§d�Q�±£ã��5Ñ�Ǳ�±£ãØ=C"���!!!���©©©ÑÑÑ������¡¡¡���ÑÑÑ������¡¡¡é½6�Ý jin�\�§Ñ�� {θ, φ}���áNÆ dΩ S�âfê½ÂǱ
dn(θ, φ) = σ(θ, φ)jindΩ ,Ù¥
σ(θ, φ) =

1

jin

( dn

dΩ

)

,¡Ǳ£�©¤Ñ��¡§L«ü �mS���âfÑ�� θ��ü áNÆS�âfêÓü �mS\��ü q¡þ�âfê�'~"é�áNÆ¦Ú=�o�¡
σt =

∫

σ(θ, φ)dΩ =

∫ 2π

0

[

∫ π

0

σ(θ, φ) sin θdθ
]

dφ .
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8.5. Ø�A9ÙïÄ�{ 395òcã�\�âfG��\6�Ý�½Âª§²{üO��§\�6�Ý�±L«Ǳ
jin = −i~ 1

2m

[

ψ∗
i ∇ψi − ψi∇ψ∗

i

]

=
~k

m
.òcã�Ñ�âfG��\6�Ý�½Âª§K�Ñ�6�Ý£»�¤Ǳ

jout =
−i~
2m

[

f ∗(θ)
−eik′r
r

∂

∂r

(

f(θ)
eik

′r

r

)

− f(θ)
eik

′r

r

∂

∂r

(

f ∗(θ)
−eik′r
r

)]

=
~k′

m

|f(θ)|2
r2

.@o§ü �mS?\ θ ��áNÆ dΩ¥�âfêǱ
dnout = joutr

2dΩ =
~k′

m
|f(θ)|2dΩ .Ïd§�©Ñ��¡�±LãǱ

σ(θ) =
1

jin

( dn

dΩ

)

=
k′

k
|f(θ)|2 .dd�§£3þfåÆ�¡þ¤ïÄØ�A�¡�Ø%¯K´¦)�p�^³ V (r) e�Å½��§§��ÙìC1Ǳ§(½e¼ê f(θ)±9Ù¥�Ñ��£ δl �"w,§�©Ñ��¡QLÆâfÑ�����þ�VÇ§qLÆØÓÆÝ�m�'é§ùÒ´`�©Ñ��¡Q£ãØ�A�Æ©Ùq£ãØ�A�Æ'é"?�Ú§ÏL�Äâf�4zG�éA�{¿Ïf9ÙCz��±¦�éØ�A�£ã�°["c®ã9§Ø�AQ�)Ñ�Ǳ�)áÂ§PÙ�A�o�¡©OǱ σsc!σr§N´y²µ

σsc =
π

k2

∞
∑

l=0

(2l + 1)
∣

∣1− Sl(k)
∣

∣

2
, σr =

π

k2

∞
∑

l=0

(2l + 1)
(

1−
∣

∣Sl(k)
∣

∣

2)
,¿k

σt = σsc + σr =
4π

k
Im[f(θ)] .T5Æ~�¡ǱÑ�£�¡¤��75K"nnn!!![[[���²²²ïïï���nnn
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396 CHAPTER 8. æ�fÔnÐÚP\�� a + A Ǳ α§Ñ��; b+B Ǳ β§Kü �mS��[VÇǱ
λαβ =

2π

~
|Hαβ|2

dn

dEβ
,Ù¥ Hαβ ǱÚå�A��6�^Ý
�§ dn

dEβ
Ǳ"����Ý"PÑ��¥�g^�ÏfǱ Sβ§K

dn = Sβ
4πp2βdpβ
(2π~)3

V =
4πp2βdpβ
(2π~)3

(2Lb + 1)(2LB + 1)V ,Ù¥ Lb!LB ©OǱ�A�üâf�g^"qÏǱ Eβ
∼= 1

2
µβν

2
β§= dEβ =

µβνβdνβ = νβdpβ§K
λαβ =

V

π~4

p2β
νβ

|Hαβ|2(2Lb + 1)(2LB + 1) .@o§d�A�¡�½Â�
σαβ =

λαβ
Φα

=
λαβ
nανα

=
λαβ
να/V

,ò λαβ �L�ª�\§Kk
σαβ =

1

π~4

p2β
νανβ

|V Hαβ|2(2Lb + 1)(2LB + 1) .ÏǱÏ~�¹e§|Hαβ|2 = |Hβα|2§K
σαβ
σβα

=
p2β(2Lb + 1)(2LB + 1)

p2α(2La + 1)(2LA + 1)
,

dσαβ

d

dσβα

d


=
p2β(2Lb + 1)(2LB + 1)

p2α(2La + 1)(2LA + 1)
,Ù¥ La!LA ©OǱ�Acüâf�g^"ù
�A�¡m�'X¡Ǳ[�²ï�n"dd�§����
�A a + A →

b+B ��A��¡§ǱÒ��
�A b+B → a +A ��A��¡"Ïd§éuéJ¢y�Ø�A§<��±|^[�²ï�n§dÙ_�Aé�?1ïÄ"
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8.5. Ø�A9ÙïÄ�{ 397ooo!!!Lippmann–Schw inger ���§§§999 T ÝÝÝ


��� S ÝÝÝ


c®ã9§ïÄØ�A�'�´(½Ñ�âf�Å¼ê"e¡{�0�(½Ñ�âfÅ¼ê����{"P c �M�îþǱ Ĥc§�qm�^Ǳ Vc§XÚÅ¼êǱ ψc§UþǱ E §KkSchrödinger�§µ
(Ĥc + Vc)ψc = Eψc .½=k
(E − Ĥc)ψc = Vcψc .P c �S�ÆÅ¼êǱ ϕc§=k
(E − Ĥc)ϕc = 0 ,þãüª�~§�

(E − Ĥc)(ψc − ϕc) = Vcψc .ÏǱ
1

E0 − Ĥc

ϕc =
1

E0 −E
ϕc3 E = E0 �uÑ§KAæ����Øù�uÑ"nØþ§�Øù��uÑ��{¡Ǳ�z"ùpØXÚ0��znØ§=�*/Ú\/�zXê0£ëê ε¤§Kk

1

E0 − Êc + iε
(E − Ĥc)(ψc − ϕc) =

1

E0 − Êc + iε
Vcψc .w,§þªLÆ�p�^Úå� c�Å¼ê�Cz"P�	!�S$Ä�Å¼ê©OǱ ψ

(+)
c !ψ(−)

c §Kk
ϕ(±)
c = ϕc +

1

E0 − Êc + iε
Vcϕ

(±)
c .d= Lippmann–Schwinger (LS)�§§�±ÏL4í��{?1¦)"Ù¥�(E0 − Êc ± iε)−1 ¡Ǳ��¼ê�Î"é ϕ

(+)
c

Vc′−−→ϕc′ §Kk T Ý
µ
Tc′c = 〈ϕc′|Vc′|ϕ(+)

c 〉 .
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398 CHAPTER 8. æ�fÔnÐÚP Ŝ = 1 + 2iT̂§Kk S Ý
µ
Sc′c = 〈ϕc′|Ŝ|ϕc〉 .

8.5.3 111ÆÆÆ³³³!!!ÀÀÀ���CCCqqq!!!©©©ÅÅÅ©©©ÛÛÛ!!!���ïïïÄÄÄ���{{{VVVããã���!!!111ÆÆÆ³³³·���§Ø�AØ=kÑ�§�káÂ"¿�§éuÑ�¯KÚåP�¯K§�p�^³ÑLãǱ¢ê/ª"Ǳ£ãQkÑ�qkáÂ�Ø�A¯K§<�æ^í2é>^|£1¤QkÑ�qkáÂ�£ã�Y§PÚåØ�A��p�^³Ø=k¢Ü�kJÜ§¿�é¢ÜQ�Ä�ØSÔ�©Ù�A�Ü©§q�Ä�¥Õ�^�A�Ü©Úg^–;�ÍÜ�^§=k
V (r) = V0(r) + VC(r) + Vls(r)

~l · ~s+ iW (r) ,Ù¥§V0(r) ~��Ǳ Woods–Saxon ³�/ª§VC(r) ~��Ǳ¥Õ³�/ª£éØ>^�^�» RC = rCA
1/3 �	§�Ǳ¥Õ³§é RC �S§�Ǳ ZaZA e

2

2RC

(

3 − r2

R2
C

)¤§g^–;�ÍÜ�^¥�»��'�rÝ Vls(r) Ǳ�Ǳ�AuWoods–Saxon³�/ª§áÂ³~�©ǱNáÂÚ¡áÂüÜ©§NáÂ³~��Ǳ/XWoods–Saxon ³�/ª§¡áÂ³~��Ǳ� Vls(r) �Ó�/ª"Ù¥��^rÝÑ�Ø(����.¥��§�Ä¥Õ?�Ú�f¥fØé¡£Ó ^¤?���A"éuC/Ø§~æ^���ò»�©ÙLãǱ¥�¼êÐm�/ª§¿k�A�C/Ø1Æ³"



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

8.5. Ø�A9ÙïÄ�{ 399���!!!ÀÀÀ���CCCqqq·���§XJ\�âf�qm��^���6Cq§K ψ(~r ′)�d"?CqLãǱ ei
~k·~r ′"u´k

ψ(~r ) = ei
~k·~r − m

2π~2

∫

V (~r ′)ei
~k·~r ′ ei

~k′·(~r−~r ′)

|~r − ~r ′| d
3~r ′ .é

|~r − ~r ′ | = (r2 − 2~r · ~r ′2 + r ′2)1/2 ≈ r(1− ~r · ~r ′/r2) ,Kk
ψout(~r )

r→∞−−−→−me
ik′r

2π~2r

∫

V (~r ′)e−i(
~k′−~k)·~r ′

d3~r ′ ,

f(θ, ϕ) = − m

2π~2

∫

V (~r ′)e−i(
~k ′−~k)·~r ′

d3~r ′ ,?=�(½Ñ��¡!�A�¡!�"nnn!!!©©©ÅÅÅ©©©ÛÛÛ999���ÍÍÍÜÜÜ������{{{VVVãããdþ��!�?Ø�§Ñ�âf�G�Ú�A�¡�AÆþÑ�\�âf�q�^��©Å�£���'§Ïd§3£ãÚïÄØ�A�§<�~ÏLäN¦)�AuäN�¹�Å½��§§��ÙÑ��Å¼ê§,�é�?1¥¡ÅÐm§©ÛÑ��Å¼ê3Ã¡�?�ìC1Ǳ�\��²¡Å�3Ã¡�?�ìC1Ǳ��É§(½e�A�©Å�£ δl§?���A�¡�&E"w,§©Å�£ δl ´\�âf�qØ�m�p�^��N§��ó§éAuáÚ�p�^�©Å�£ δl > 0§éAuü½�^�©Å�£ δl < 0"¢^¥§Ǳ{zO�§<�Ï~=ééAu�ÆÄþ�$©Å©O?1O�Ú?Ø§~X§=©O?Ø s Å!p Å!d Å��1Ǳ"¯¢þ§Ñ���¹k�«©Å"ò�
©ÅÍÜ3�å��/?Ø�A�1ǱÚ5Æ��{=Ǳ�ÍÜ�{£CCM¤"�A/�kÛÅÀ�Cq£DWBA¤!ÛÅÀþCq£DWIA¤�Cq�{"ù
�{�Ä�g��cã�{�Ó§äN?n�Cq�Yk¤ØÓ"ÏǱéu§��äN?Ø'�êÆz§¤±ùpØ�äNÐm"
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400 CHAPTER 8. æ�fÔnÐÚ
8.6 âââfff[[[xxx999ÙÙÙÄÄÄ���555ÆÆÆ
8.6.1 ���***âââfff[[[xxxc®J�§�fØdrf|¤§�fØ� β PCL§º�Ñ>fÚ£�>f.¤¥�f"du>fÚ¥�f��þé�§Ïd<��*/¡�Ǳ�f"dd�§¢�ÿþ��âfkrfÚ�fü�a"®uy�rfkþz«§�äN/§rf©ǱfÚ0f"0f�)π-0f!K-0f!ρ-0f!ω-0f!��"§�Ï~dÙg^ s!;�ÆÄþ l ÚoÆÄþ£og^¤ J 5©a£î�5ù´d§���§�/¤ù
0f��p�^/ª©a¤§¿PǱ JP§P = (−1)l+1 Ǳ�¡£ÙÅ��e��!¤!d;�ÆÄþ l û½¶J Ǳog^§~Xµ0+ IPIþ0f§Ùg^!;�ÆÄþÑǱ 1!og^ÑǱ 0¶0− IP�Iþ0f§Ùg^!;�ÆÄþÚog^ÑǱ
0¶1− Ǳ¥þ0f§Ùg^!;�ÆÄþ!og^©OǱ 1!0!1¶1+ IP¶¥þ0f§Ùg^!;�ÆÄþ!og^©OǱ 0!1!1"c¡�Q{üJ�§rfk£o¤g^ J!>Ö Q ÚÛÉê S �S�á5§cã��a0fÏ~�±dù
S�á5©Ǳ�I0fl£Ê¤�!¥þ0fl£Ê¤�!��§¿~dã 8.23 IP£ù«©ak|u©Û§��|©(�§äN?Ø�e!¤"

Figure 8.23: ��I0f�l£Ê¤�£�fã¤Ú¥þ0f�l£Ê¤�£mfã¤�«¿ã"f�)�f p!¥f n Ú�«�f§§�Ï~dÙg^ s!;�ÆÄþ l ÚoÆÄþ£og^¤ J 5©a§¿PǱ JP§P = (−1)l Ǳ�¡!d;�ÆÄþ lû½¶J Ǳog^§c¡�Q{üJ�§rfk£o¤g^ J!>Ö Q ÚÛÉ
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8.6. âf[x9ÙÄ�5Æ 401

Figure 8.24: �fl�£�fã¤Úf��£mfã¤�«¿ã"ê S �S�á5§cã�fÏ~Ǳdù
S�á5©Ǳfl�!f��!��§¿~dã 8.24 IP£ù«©aǱk|u©Û§��|©(�§äN?Ø�e!"þã�ÛÉêS ¢S=´drf¤�¹�ÛÉ§��ê8û½�§¿5½��ÛÉ§��ÛÉêǱ−1!���ÛÉ§��ÛÉêǱ 1¤"Ǳ�BLãâf�5�§<��Ú\
�Ö Y �Vg"P��f�fêǱ 1§KÙ�ÖêǱ
Y = B + S . (8.56)¿�§rf�>Öê�±dÙÓ ^1n©þ I3 Ú�Öê Y LãǱ

Q = I3 +
1

2
Y . (8.57)T'X~�¡ǱX�ù–Ü�'X£Gell-Mann–Nishijima relation¤"®uy��fØ>f9Ù�A�¥�fÚ§��A��âf	§�kDf! τfÚ§�éA�¥�f±9§���âf"

8.6.2 rrrfff���|||©©©âââfff999rrrfff���§§§������...���!!!rrrfffkkk(((���þVÊ�c�¥Ï�8�c�Ð?1
�X�>f��f��Ý��5Ñ��¢�§¢�ÿþ��Ñ��¡Xã 8.25 ¤«" ã¥�kØ���:ǱéØÓ\�Uþÿ��êâ§¢�ÚJ�Ǳéq�f�:âfCqenØ(J"éw,§éu�pUþ£875 MeV ±þ¤e��A§ò�f�Ǳ:âf�nØØU£
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402 CHAPTER 8. æ�fÔnÐÚ

Figure 8.25: >f–�f�Ý��5Ñ��Ñ��¡£�g Phys. Rev. 124: 1623

(1961)¤"ãpU�f�Ñ��Ñ��¡§`²Ù/GÏf�:âf�/GÏfØÓ§l�f�¤¢�“ Ä�âf” Ø´:âf§´k(��"dd�§rf´dÙ§âf|¤�"���!!!§§§������ÄÄÄ���555���|¤rf�âf¡Ǳ§�£Ǳ¡ǱÜ©f£¢SǱÜ©f¥��a¤§½�f!fâf!�¤"§�äk£�k¤�þ!g^!�¡!>Ö!�Ö!Ó ^!fê!ÛÉê�þfê"U§���k�þ£dÃÆé¡5gu»"�)¤�5�§<�ò|¤~���rf�§�¡Ǳþ§�!e§�!ÛÉ§�"�þV70c�<�uy
��ì§�§��quy
��.§�Úº§�"y3§<�rUì�k�þØÓé§��©aǱ¡Ǳ§�äkØÓ��£�¤§¿�Nò�©Ǳn�"Ä�£;�ÆÄþ l = 0¤§���¡Ñ�@
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8.6. âf[x9ÙÄ�5Æ 403½Ǳó£+¤�¡§Ù§þfêXL 8.1 ¤«"w,§ù
þfê�mk'X
Y = B + S 	§�÷v

Q = I3 +
1

2
(Y + C +B′ + T ) . (8.58)

(8.58) ª¡Ǳí2�X�ù–Ü�'X"
Table 8.1: §��S�5��AL£Ù¥11�§��à£·¤�þ± MeV Ǳü §12�Ú13�§��à£·¤�þ± GeV Ǳü ¤�g �� à�þ fê >Ö �Ö Ó ^n©þ ìê ÛÉê ºê .ê

(F ) (m 0 ) (B ) (Q (e)) (Y ) (I3) (C ) (S ) (T ) (B′)

1 þ(u) 2.3+0.7
−0.5

1
3

2
3

1
3

1
2

0 0 0 0

1 e(d) 4.8+0.7
−0.3

1
3

−1
3

1
3

−1
2

0 0 0 0

2 ì(c) 1.275± 0.025 1
3

2
3

1
3

0 1 0 0 0

2 ÛÉ(s) 0.095± 0.005 1
3

−1
3

−2
3

0 0 −1 0 0

3 º(t) 173.5±0.6±0.8 1
3

2
3

1
3

0 0 0 1 0

3 .(b) 4.18± 0.03 1
3

−1
3

1
3

0 0 0 0 −1�«���§�ÑkéA��âf)�§�"�§��¤kþfêÑǱ�A§��þfê�K�§¿kS�Û�¡"� 20 V 60 c�cÏérfÌ�ïÄL²§3§��.µee§XJ§�=äkcã�£�k¤�þ!>Ö!g^!Ó ^�S�gdÝ§KÃ{)º¢�*ÿ�� ∆++(3
2
) ��35£g^þfê 3

2
`²Ù¥� 3 �§�Ñ?u

∣

∣

1
2

1
2

〉 G�§� 2 �ü �>Ö`²Ù¥� 3 �§�Ñ?u�>Ö 2
3
e G�§=Tâf´d 3 �?u�ÓG�� u §�|Ü¤"ùw,��|Ø�N�ngñ¤"@o§§�£�§�¤ØäkcãS�gdÝ	§�k����gdÝ§<�¡�ǱôÚ"du¢�þ*ÿ��rfÑØ�ôÚgdÝ§ǱÒ´ÃÚ�§Ïd<�@ǱôÚgdÝkn�§Ï~dn�Ú) ù£red, r¤!É£green,

g¤!=£blue, b¤IP§¿�@Ǳ§�äkÚ SU(3) é¡5§�?uÙÄ:L«
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404 CHAPTER 8. æ�fÔnÐÚ
[1]3£eIIPÙ�ê¤£ÚgdÝ�@´3éÄ���âf£para-particle¤XÚ�ÚO5Æ�ïÄ¥Ú\�§¿�@Ǳ´vk¢S¿Â� para gdÝ§�5��K>f-E�ÔÚ0fPC�Ô�¢�ïÄ�¦TgdÝ´y¢�§¿U¡�ǱôÚ¤"�þãôÚ�é§�k�Ú§=�ù£r̄¤!�É£ḡ¤!�=£b̄¤"du¢�þvkw��ôÚ�§�§Ïd<�@Ǳ§�´B4�"nnn!!!������rrrfff���§§§���(((���lþV 50–60 c�m©��y3§<�®²uy
êþ
��rf"ù
�þ�rf==d�êA«§��¤"Ù¥��rf§Ó�Ǳ´¢�þ�@*ÿ��rf§Ñd u!d!s n�§�£½Ù¥�ü«¤�¤"duùn�§�5��C§d§��¤�rfäkCq� SU(3) é¡5"¤¢ SU(3) é¡5=§�|3C�

q(x) =



B

B



u(x)

d(x)

s(x)



C

C



=⇒ q′(x) = exp
(

− iΓ
8

∑

a=1

ξa(x)λa

)

q(x) ,9aq/ª�C�£Ù¥ ξa(x) (a = 1, 2, · · · , 8) ǱC�ëê§λa Ǳ Gell-MannÝ
§Γ ǱäN�,�p�^���^�Î£Ý
¤¤e�yN�N�ØC"3§��.¥§0f´d��§�����§��¤�åP�§Ù��mÚÚ�m�L«Ñ�±d§�!�§���AL«��È�z£=ÆÄþ�d�ÍÜ�m�ÍÜ�m�C��í2¤U�êIPLãǱ 3 ⊗ 3̄ = 8 � 1 "éuÚ�m§þã��L«ǱéAuÚü�£ÚB4¤�L«§=[111]½(00) L«§§�±wª/LãǱ
|1〉 = 1√

3
(rr̄ + gḡ + bb̄) .ÏǱ0fǱÃÚ�rf§Ïd0f�Ú�mL«=þãL«"þãl�L«´éAuwÚ�L«§±Ù�Ǳ|©�£~X§?Øõ§���¤~�¡ǱÛÚ�"éu��m§þã��L«Úl�L«©OéA�ü�0fÚ�l�0f"�Ä§���§��g^þfêÑǱ 1

2
§d�/¤�åP��g^þfê

S = 0!1¶2�Ä§��S��¡Ǳó!�§��S��¡ǱÛ§KÙ¥|©m�é;�ÆÄþþfêǱ l �0f��¡ P �±dÙ;�ÆÄþþfêLãǱ P = (−1)l+1"@o§|©¥§���§���é;�ÆÄþþfê l = 0!1
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8.6. âf[x9ÙÄ�5Æ 405���XÚk 9 �£Ä�¤�Iþ0f£JP = 0−§S = l = 0¤Ú 9 �£Ä�¤¥þ0f£JP = 1−§S = 1, l = 0¤§§��§�|©(�Xã 8.23 ¥�)ÒS�IP¤«"¿��Iþ0f��þ�é��§~XÙ¥�π0f´¤krf¥���âf£¿~¡�Ǳ� Goldstone âf¤"fdn�§��¤§�fdn��§��¤§ÙÚ�m�ü�Å¼ê�±LãǱ
|1〉 = 1√

6
(rgb− rbg + gbr − grb+ brg − bgr) .d±�êIP�§��� SU(3) �Ä:L«��z 3 ⊗ 3 ⊗ 3 = 10 � 8 � 8 � 1§�§��fkl�Ú��§§��~`�âf�éA±9§��§�|©(�Xã 8.24 ¤«"Ù¥f��¥� Ω−(3

2
) kdnØýó§�5â3{I

Brookhaven I[¢�¿�*ÿ�"§��3(á
�rf� SU(3) �é¡5§Ǳ§��.�(áC½
Ä:"§��.®²��ã�¤õ§�§"yr�p�^�Ä�nØ)QCD �Ä:§¿�Ã{�cAÙ?Ø�f(��@�ïÄrf¥§��äN©Ù"Ïd7LuÐ�3 QCD �¡þérf5�9Ù(�?1ïÄ"��8c§� QCD� Dyson–Schwinger �§£8cïáå5�A����Ó�äk QCD �ÃÆé¡59ÙÄåÆ»"ÚÚB45��ëY|Ø�{¤�(Ü� Bethe–Salpeter �§££ã�éØ5üNåP�¯K�Ä��§¤�{®²�±éÐ/£ã�Ä�0f�5�§� QCD � DS �§�(Ü� Faddeev �§££ãnNåP�¯K�Ä��§¤�{£ãf5��ïÄǱ���v?Ð£8c§®k�I�
Eichmann Ú·I��gÆïáå
¦)� QCD � DS �§�(Ü�o�ÆC£�éØ5¤� Faddeev �§�O�§S�§¿���
��Ð�êâ(J¤"'u��rf(�� QCD ïÄ´8crfÔn£æ�fØÔn§½ö`�fØÔn���©|¤Æ����+���"ooo!!!ÛÛÛÉÉÉrrrfff������rrrfffcã�rf�g^Ú;�ÆÄþ¢S©O�§��|©§��og^!�é;�ÆÄþ§r�p�^�Ä�é¡5ég^Ú;�ÆÄþÍÜ¤�og^9�¡kAÏ���§Ïdù
rf��¡Ǳ�~�"¯¢þ§Ø
þãd;�ÆÄþû½�Ï~��¡	§�kd>Ö�ÝC�þfêû½� C �¡!±9d÷Ó
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406 CHAPTER 8. æ�fÔnÐÚ ^1����ÝK9>Ö�ÝC�éÜû½� G �¡"þfê C Ú G Ñ�rf�äN§�|©(�k'§¿� G �nØz§Ýép§ùpØ�[ã"Ø÷vcãþfê��5K�rf�¡ǱÛÉrf�£exotic hadron state¤"éuÛÉrf��ïÄ�,´rfÔn£½ö`æ�fØÔn¤��SN"2ö§XJrf�|©(�Ø´§�´�f§K¡ùarfǱ�¥£glue ball¤"XJrf�|©(�Qk§�qk�f§K¡�Ǳ·,�£hybrid state¤"�¥Ú·,��,Ǳ´ÛÉrf�"Ø
cã�dn�|©§�/¤�fÚd��§�����§�/¤�0f	§nØýó£¢�þǱk�
,�L²¤��U�3d8�§�!Ê�§�£î�5ù§Ù¥��Ǳ�§�¤!o�§�£î�5ù§Ù¥ü�Ǳ�§�¤|¤�õ§��"ùaõ§��Ǳ¡ǱÛÉrf�"ù
ÛÉrf�Ǳ�±dÙ§�|©(�5©a"ØÛÉrf��	§Ï~�k?u-u��rf�"'uÛÉrf�Úrf-u��5��(��ïÄ´8crfÔn������+�"c¡��3?Ød��§�/¤���rf�"¢�uy§�§�Ǳ�±/¤rf"¯¢þ§ c §�Ò´ÏL¢�þuyÙó� J/Ψ âfuy�"��8c§¢�þ®uy
éõ�¹�§��0f§~X J/Ψ âf!õ« D0f(�¹k��§�Ú c §��0f) Úõ« B 0f(�¹k��§�Ú b §��0f)"¿�§�C¢�þ�uy
�¹ü� c §��Vìf �++
cc (3620)

(Phys. Rev. Lett. 119, 112001 (2017))!±9�¹�� c §�Ú�� c̄ §��Ê§�� Zc(4380)!Zc(4450) (Phys. Rev. Lett. 115, 072001 (2015))¶¿u�C�#Ǳ Zc(4380)!Zc(4450)! Zc(4380) (Phys. Rev. Lett. 115, 072001 (2019))"dd�§8c'u�õ§���ïÄAO¹�§�'�nØïÄǱ���v?Ð"¿�§·IÆö3�'ïÄ¥�Ñ��z§~Xµp�w�é3 LHC �¢�¥Ïé�õ§���ÑâÑ�z"
8.6.3 rrr���ppp���^̂̂���ÄÄÄ���555���ïÄL²§r�p�^äkìCgd!ÚB4ÚÃÆé¡5ÄåÆ»"n�Ä�5�"ùpé§��Ä�AÆ�±{�0�"
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8.6. âf[x9ÙÄ�5Æ 407���!!!ìììCCCgggdddìCgd´��p�^�ÍÜrÝ�X=£ÄþO�~��1Ǳ"dØ(½'X�§ìCgd½�Ü©f�m��p�^�Ùmmå~�~�"T5Æd ′t Hooft!Politzer!Gross Ú Wilczek uy£Phys. Rev. Lett. 30: 1343 (1973);

Phys. Rev. Lett. 30: 1346 (1973)¶Nucl. Phys. B 72: 461 (1974)¤"¯¢þ§3o���¥�C��5�|Ø´��äkìCgdAÆ�nØ£Phys. Rev. Lett.

31: 851 (1973)¤"
QCD ��¿ØUýóÍÜ~ê αs ��§�´�6QCD U
(½3=£Äþ q é��¹e�ÍÜ~ê�¼ê/ªαs(q

2)"~X§3ü��6 QCD e§ÍÜ~ê�=£Äþ q �m�'XǱ
αs(q

2) =
4π

β0 ln
(

q2/(Λ
Nf

QCD )2
)

,Ù¥ β0 = 11 − 2
3
Nf ǱQCD��~þj§Λ

Nf

QCD Ǳ�Au��ê Nf �QCD�AÆUþ"lþª�±w�§αs(q2) �X q2 O�éêØ$" Ǳ
u�QCD§

Figure 8.26: ØÓUIe¢�ÿþ���ÍÜ~ê£�ÄÍÜ~ê¤� s£�g Nucl.

Part. Phys. Proc. 282-284: 149 (2017)¤"7L3ØÓUIeÿþ αs"���C�ØÓ¢�ÿ�� αs �(JXã 8.26 ¤«§Ù¥�´ 4 ��6QCD O�(Ü¢�²þ� αs(MZ0) = 0.1181 ± 0.0011
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408 CHAPTER 8. æ�fÔnÐÚ���(J"·��±w�§3p=£Äþ�¹e§£�6¤QCD �(J�¢�ÿþÎÜ��~Ð§ù��¡`²r�p�^(¢äkìCgd�5�§,��¡Ǳ`²3pU�¹e�6QCD´�(�nØ"lã 8.26 ·���±wÑ§αs(q ≤ 1GeV) ∼ O(1)§U αs ��gÐm��6nØ�{=Ø2·^§7LuÐ��6�{¦)QCD"���!!!ÃÃÃÆÆÆééé¡¡¡555999ÙÙÙÄÄÄåååÆÆÆ»»»"""3 QCD e§ÙÄ�gdÝ´§�Ú�f§5�C�+Ǳ SUc(3)"§��éA
SUc(3) �Ä:L«§�f�éA SUc(3) ���L«§Ù¥ c =ôÚ�{¡"3IO�.¥��k 6 �§� — {u, d, s, c, b, t}§z��§�k 3 «ØÓ�ôÚ§=£3Ø�Äg^��¹e¤äk 18 «§�¶�fk 8 «ØÓ�ôÚ"QCD�.¼þǱ

L QCD =

Nf
∑

f=1

q̄f (x)(i /D −m0
f)qf (x)−

1

4
G a
µν(x)G

µν
a (x) ,Ù¥ qf (x) L«§�|§Nf Ǳ§���ê§m0

f Ǳ f ��§���k�þ"Dµ =

∂µ − ig λ
a

2
Aaµ ǱÆC�©§g ǱÍÜ~ê§λa

2
Ǳ SUc(3) �)¤�"G a

µν(x) Ǳ�f|�|rÜþ§½ÂǱ
G a
µν(x) = ∂µA

a
ν(x)− ∂νA

a
µ(x) + gfabcAbµ(x)A

c
ν(x) ,Ù¥ Aaµ(x) L«�f|§fabc Ǳ SUc(3) +�(�~ê"dþãüª�±w�§�f�mäkg�p�^£ù´ QCD � QED ���«O¤"Ǳ?Ør�p�^�ÃÆé¡59Ù»"�5�§<�Ú\�ÃÚmÃ=ÄÝK�Î

P L,R =
1

2
(1± γ5), (8.59)Ù¥ γ5 = γ1γ2γ3γ4 ǱÚ^Ý�Î§{γµ, µ = 1, 2, 3, 4} Ǳ Dirac Ý
1§ò§�©

1äN�§
k
=

( 0 −i�
k

i�
k

0

)

(Ù¥�
k
, k = 1, 2, 3, Ǳ�|Ý
)§

4
=

( I
2�2

0

0 −I
2�2

)"w,k y

� = � , {� , ν} = 2��ν (�, � = 1, 2, 3, 4); 
5

=
( 0 −I

2�2

−I
2�2

0

)§y

5
=


5
§{

5
, 

�
} = 0 (� = 1, 2, 3, 4).
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8.6. âf[x9ÙÄ�5Æ 409Ǳ�ÃÚmÃ=Äüa§=k
qL,R = P L,Rq =

1

2
(1± γ5)q , (8.60)�A�§

qL,R = (γ4q
L,R)† = q

1

2
(1∓ γ5) .u´k

q̄f(x) /Dqf (x) = q̄Lf (x) /Dq
L
f (x) + q̄Rf (x) /Dq

R
f (x) . (8.61)ùL²§�Ã§��mÃ§�Ø¬ÏL�f��u)�p�^"3ÃÆ=ÄC� e−iγ5� e§

qLf → e−i� LqLf , qRf → e−i� R qRf (8.62)e§( 8.61) ª�/ª�±ØC§=äkÃÆ=ÄØC5"éuX5�|Ü©§duÙØ¹§�§3ÃÆC�eg,�±ØC"@o§"�þ�¤�fXÚäkÃÆ£=Ä¤é¡5"�´§dÃÆ=ÄC��Î�§¤�f��þ�
m0
f q̄f (x)qf (x) = m0

f

(

q̄Rf (x)q
L
f (x) + q̄Lf (x)q

R
f (x)

)

, (8.63)¬»�ÃÆé¡5"o�§3 mf = 0 ��¹e§QCD �.¼þäkÃÆé¡5¶� mf 6= 0 �§ÃÆé¡5u)»""ùǱ`²§ÃÆé¡5»"¦"�þ�¤�f=CǱk�þ�¤�f"�?�Ú§ÃÆé¡5»"´¤�f¼��þ��"ÃÆé¡5»"��ªkü«§�«´ÃÆé¡5gu»"£Spontaneous

Chiral Symmetry Breaking§~{PǱ SCSB¤§,�«¡ǱÃÆé¡5²w»"£Explicit Chiral Symmetry Breaking§~{PǱ ECSB¤"ÃÆé¡5gu»"´ý�gu»"§�Au Higgs Å�§¦�§�äk�k�þ£�Au~`�6�þ§½�zIÝØC��þ¤§l3XÚ�.�KFþ¥Ñy²w»"ÃÆé¡5��þ�§ǱÒ´ÑyÃÆé¡5²w»""XJÃÆé¡5»"dÄåÆ�p�^£�U´�p�^/ª§Ǳ�U==´�p�^rÝ¤¤�§K¡�ǱÃÆé¡5ÄåÆ»"£Dynamical Chiral Symmetry Breaking§~{PǱ
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410 CHAPTER 8. æ�fÔnÐÚ
DCSB¤"XJ DCSB ==d�^rÝCzÚå§�p�^�/ª�±ØC§K§¢S´ SCSB"�äN/§8c�ïÄL²§Higgs Å�¦��§�£u, d¤¼���þ�Ǳ 2.3 ∼ 4.8 MeV§�âfdn�§�|¤�Ä�*:§XJ§�=kþãd
Higgs Å�¼���k�þ§KØf��þ�Ǳ 10MeV ½��§�¢�ÿ��Øf�þǱ� 939MeV§@o|¤Øf� u, d §��|©�þ�Ǳ 330MeV§$���"dd�§HiggsÅ�éØf�þ��z�u 2%§¦�§�Ú·��»¥���Ô�¼��þ�Ì�Ï�Ø´£dÂþ�¤HiggsÅ�§AT´Ù§�ª§T�ª=ÃÆé¡5ÄåÆ»""|^ QCD � DS �§�{O����LÆÃÆé¡5»"��
AÆþ£|©§��þ!§�và!π 0f�þ�¤��p�^rÝCz�1ǱXã 8.27¤«" dã 8.27 éN´��§3ÃÆ4��¹e§XJ�p�^rÝØv
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Figure 8.27: |©§��þ!§�và!� 0f�þÚPC~ê�§�-�f�p�^�k�rÝCz�1Ǳ£�gPhys. Rev. D 86, 114001 (2012)¤§Ù¥�>fãǱéAÃÆ4�£m 0
f = 0¤�¹�(J§Ù¥m>fãǱéA��ÃÆ4�£m 0

f = 5MeV¤�¹�(J"�§K|©§��þ!§�vàÚ π 0fPC~êÑ�±ÃÆé¡�¹e�"ê�¶3�p�^rÝ�u���.���¹e§|©§��þ!§�vàÚ
π 0fPC~êâäk�AuÃÆé¡5»"��"�§π 0f�þCǱ�Au£Goldstone½nû½�¤ÃÆé¡5»"�"�§¿�ù
�"��ýé��
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8.6. âf[x9ÙÄ�5Æ 411�p�^rÝO�O�§π 0f�"�þ�±ØC"ù
(J�Ù/L²§�p�^´ÃÆé¡5»"��§ǱÒ´�½�3ÃÆé¡5ÄåÆ»""¤±§ÃÆé¡5ÄåÆ»"´§�|©�þ9��Ô���þ��Ì�5�ÔnÅ�"¿�§3��ÃÆ4��¹e§ǱÒ´3äkM»"��¹e§ÃÆé¡5ÄåÆ»"E,´��Ô���þ��Ì�5"'�äkM»"�vkM»"�¹��§�þ�)�L§ÚÅ�Ä��Ó§�´äkM»"�¹e§3�.�^rÝe�AÆþìCO�§3ÃM»"�¹e§ÙCzǱâC"�°[�ïÄL²§ÃM»"�¹e��þ�)L§£=ÃÆé¡5ÄåÆ»"L§¤´�?�C§kM»"�¹e��þ�)L§´ëYLÞ§k,��Öö�ë�
Phys. Rev. Lett. 106, 172301 (2011) Ú Phys. Rev. D 94, 076009 (2017) �©z"äN��¹ u!d ü�§��XÚ§ÃÆ4�e§=§��à�þǱ 0 £î�5ù§´�zUIe�6�þǱ 0¤�¹e§§äk SUL(2) ⊗ SUR(2) é¡5"ùL²§éud§�|¤�z��£"�þ¤rf§Ñk��g^Úfê�þfêÑ©O�Ó��¡���£"�þ¤rf��éA§�¢�ÿ��rfÌ¥l�uyù���¡º��£~X§JP = 0− �Ä��Iþ0f π ��þǱ� 138MeV§JP = 0+ �Iþ0f σ ��þ�Ǳ (400 ∼ 550)MeV¶JP = 1−�Ä�¥þ0f ρ ��þǱ� 775MeV§JP = 1+ �¶¥þ0f a1 ��þ�Ǳ 1230MeV¤"dd�§þãé¡5�½u)
»""dufêÅð§½ö`��Ó5�Ó ^=Äé¡5E,�±§KÃÆé¡5»"�±LãǱ SUL(2)⊗ SUR(2) ⊃ SUV(2)⊗ UA(1) , lÃÆé¡C�¦�z��rfC�Ǳ���¡���rfÚ��"�þ� Goldstone ÀÚf"3��ÃÆ4��¹e§þã"�þ� Goldstone ÀÚfCǱ� Goldstone ÀÚf"¿��±��U
£ãrf5���±0fǱgdÝ�.¼þ"éu�¹ u!d!s n�§��XÚ§3ÃÆ4�e§XÚäkÃÆé¡5 SUL(3)⊗ SUR(3)§¿k»"�ª

SUL(3)⊗ SUR(3) ⊃ SUV(3)⊗UA(1) .3��ÃÆ4��¹e§AT�Ä6�þÚå�M»"��z§d�Ǳ�±��U
£ãrf5���±0fǱgdÝ�.�KFþ§¿��Ð/£ãrf��5�§~X§�Iþ�� Goldstone ÀÚf– π �0f��þ!�PC~ê�§
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412 CHAPTER 8. æ�fÔnÐÚ��6�þ£m0
u!m0

d!m0
d¤9d DCSB Úå�ÃÆ§�và (〈q̄q〉) �mk'X£~�¡Ǳ Gell-Mann–Oakes–Renner 'X§{¡ GOR 'X¤µ

m2
πf

2
π = −

(

m0
u +m0

d

)〈

q̄q
〉

0
, m2

K+ f 2
π = −

(

m0
u +m0

s

)〈

q̄q
〉

0
,

m2
K0f 2

π = −
(

m0
d +m0

s

)〈

q̄q
〉

0
, m2

η0f
2
π = −1

3

(

m0
u +m0

d + 4m0
s

)〈

q̄q
〉

0
,

m2
πηf

2
π = − 1√

3

(

m0
u −m0

d

)〈

q̄q
〉

0
,Ù¥ mπη Ǳ π0 � η0 �·Ü���þ"äNO��§gu»"D��¡���rfº����þ�ÉØ¬��§,¢�þÿ��þ�É%é�§~X§¥þ0f ρ ��þǱ� 775MeV§¶¥þ0f a1 ��þǱ� 1230MeV§450 õ MeV ��þ�É�½Ø=gÃÆé¡5gu»"§�ÃÆé¡5ÄåÆ»"u�
����^£°[�O�£~X§Phys. Rev. C 85, 052201(R), 2012¤L²§�k3Ó��ÄÃÆé¡5ÄåÆ»"é§�DÂfÚé§�–�f�p�^ºÆ��z£'u�Ä
ÃÆé¡5ÄåÆ»"�A�§�–�f�p�^ºÆ�Lã§8cïák Chang–Liu–

Roberts-Qin �.§Physical Review Letters 106: 072001 (2011); Physics Letters B

722: 384 (2013)¤��¹e§ù��þ3�âU�±�Ð£ã¤"o�§ÃÆé¡59ÙÄåÆ»"´r�p�^�Ä�AÆ£5�¤§´|^
QCD ïÄ��Ô��þåÚrf�þÌ9rf(�����Ï�"8c§ÃÆé¡59Ù»"�VgÚïÄ�{®�A^u�»Æ!>fé¡5»"!và�Ôn!1Ôn�Ù§Æ��ïÄ¥§~Xµ£�¤c^�C!�6y�!�¬!1� �!��§�d««§®²é2�§�u�ÌÚ�§�Æ§ùpØÐm0�"nnn!!!ÚÚÚBBB444ÚB4´QCD �,���AÆ§§��´µ�ÚÖ�âfØ�U�üÕ©lÑ5§lØ�U�*ÿ�§§��p(Ü§±Úü��8ì�N�/ª�3"ÚB4´��²�¯¢§¦+®kéõ&?ÚB4�Å��ãå£Phys.

Rev. D 10: 2445 (1974); Nucl. Phys. B 139: 1 (1978); Prog. Theor. Phys. Suppl.

66: 1 (1979); Eur. Phys. J. C 10: 91 (1999); Phys. Rev. D 87, 085039 (2013)¤§��8cǱ�E,"�ú@�nØy²"
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8.6. âf[x9ÙÄ�5Æ 413'uÚB4�LÆ§8c�ïÄ@Ǳ§�±��*ÿþéA� Schwinger ¼ê÷v���½5ún§÷v���½5ún���7�^�´ Schwinger ¼ê´�½�£Phys. Rev. D 70: 014014 (2004); Prog. Part. Nucl. Phys. 77: 1 (2014);�¤§Ïd Schwinger ¼ê�)Û5�±LÆÚB4£Int. J. Mod. Phys. A 7:

5607 (1992); Prog. Part. Nucl. Phys. 61: 50 (2008); ��¤"Schwinger ¼êÏ~d§��DÂf½Ì�Ý¼ê½ÂǱ
D±(τ, |~p| = 0) = T

∑

n

e−iωnτS±(iωn + µ, |~p| = 0)

=

∫ +∞

−∞

dω

2π
ρ±(ω, |~p| = 0)

e−(ω+µ)τ

1 + e−(ω+µ)/T
,Ù¥ S± ´ÝK�§�DÂf§Ù�DÂf�'XǱ S = S+L+ + S−L− (L± =

1
2
(1 ± γ4))§ρ± Ǳ�A�Ì�Ý¼ê"w,§(äkìCgd��)ý¢âfäk�½�Ì�Ý¼ê"dþã Schwinger ¼ê�Ì�Ý¼ê�'X�§Schwinger ¼ê��½5�Ì�Ý¼ê��½5Ø�½����§ÏǱ��½�Ì�Ý¼ê²È©��U���½� Schwinger ¼ê"QCD � DS �§�{eO����

Schwinger ¼ê9Ù�
óê��ê3"zÆ³!�p�k�zÆ³Ú�
§Ýe�1ǱXã 8.28 ¤«" dã 8.28 �±²wwÑ§ÃØ´"zÆ³�´k�zÆ³�¹§p§Ýe� Schwinger ¼êÑäk�½5§Ù��!o�!8��êǱk�½5§�ö��§`²§�´ØB4�¶¿�$§e� Schwinger ¼êǱäk�½5§�Ùo�½8��ê%Ø�½¶·���§$§e§�´B43rf¥�"ùL²§Schwinger ¼ê�óê��ê��½5�±�Ì�Ý¼ê��½5��§l�±�O(/LÆB4�ØB4�m�=C (�C)"ÚB4´Ä�ÃÆé¡5�ÄåÆ»"���)ÿØ�Ù§lnØ�¡w§ÚB4�nØØäk�/é¡5§ÏdÚB4¬���þIÝ��)§lÚB4� DCSB �'"l���	¯¢�ÆÝw§§���´;�'é�§¿®kéõ'uÚB4�ÃÆé¡5ÄåÆ»"���)�¤¢¢y£~XµPhys.

Rev. Lett. 45: 100 (1980); Phys. Rev. Lett. 50: 393 (1983); Phys. Rept. 353:

281 (2001)¶Phys. Rev. C 85: 065202 (2012); Phys. Rev. D 93: 094019 (2016); ��©z¤",§E,�3é��Æ§~X Nucl. Phys. A 796: 83 (2007) �©z@Ǳ�3ÃÆé¡5¡E�E,?uÚB4�G�£ù«G�¡Ǳ quarkyonic
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Figure 8.28: O���� Schwinger ¼ê D (� ) 9Ù��!o��ê D2(� )!D4(� ) 3"zÆ³!§Ý©OǱ 0: 8 T�c !1: 1 T�c £Ù¥ T �c ǱÃÆé¡5¡E��.§Ý¤ü«�¹e�1Ǳ£�>Ü©¤Ú D 2(� )!D4(� )!D6(� ) 3§�zÆ³Ǳ 110 MeV!§Ý©OǱ 140 MeV!80 MeV ü«�¹e�1Ǳ£m�Ü©¤"�¤§lÑyB4�ÃÆé¡5ÄåÆ»"�UØ���)�*:"�´§¯¢þ§�Ärf��§���m=�£�C¤�ü�Ô��mkk��©.¡£kk��Ç�»¤§T©.¡¦�ùa�C�÷*Ô��C��äkLe!L9y�£Physical Review D 89: 074041 (2014); Physical Review D 94: 094030

(2016); Physical Review D 97: 056011 (2018)¤§quarkyonic �K´L9�ã�Ô�£Physical Review D 97: 056011 (2018)¤§Ïd§quarkyonic ���3�U�´ÚB4�ÃÆé¡5ÄåÆ»"���)�Ly"
8.6.4 ÄÄÄ������ppp���^̂̂���555���ééé¡¡¡555c®ã9§3�9�fØ!rf±9�f�y�ÚL§¥§k>^�^!r�^Úf�^"dN¹n'u²;>^|�?Ø�§>^�^L§äk5�ØC5§
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8.7. y�ØÔn��Nµe 415½=5�é¡5"äN©Û�§ù«d>^| (þfz��=1f) D4��p�^�é¡5Ǳ U(1) é¡5§éA�ÅðÖ (þ) Ǳ>Ö"�\�ïÄL²§d�ôÚ��fD4�r�p�^ ({ü5ù§=¦§�åP¤Ǳrf��^) äk
SU(3) é¡5§dW± Ú Z ÀÚfD4�f�p�^äk SU(2) é¡5"¿�§Ú�£ã>^�^�f�^�>f�^äk SU(2)⊗ U(1) é¡5§Ú�£ã>^�^!f�^Úr�^� (�) Ú��^äk SU(3)⊗ SU(2)⊗ U(1) é¡5"ù
nØ®²��ã�?ÐÚ¤õ§�E�3�
¯K§~X§r�p�^�þfÚÄåÆ£QCD¤�5�^�äkõ)!lÑy Gribov ���¯K§lÄ�nØ�¡þ5ù§ÚB4�Å�¯K!'u�fÆ·�nØO�(J�¢���ü�êþ?£¢�ÿ� τp ≈ 1032c§� SU(5) �Ú��.�Ñ� 1030c�(J¤¯K!��"8c§<�E3�å)ûù
¯K£���U)ûcã¯K¿��Uýó#Ôn�nØ´�é¡£Supersymmetry¤nØ¤§�åuÚ�o«Ä��p�^���Ú�nØ�ïÄǱé¹�"duù
SN�9�Ông�ÚêÆ�{Ñ'��c!;�§ùpØ�äN0�§k,��Öö�ë��#�5�|nØ9âfÔn�;Í"
8.7 yyy���ØØØÔÔÔnnn������NNNµµµeee
8.7.1 ���NNNµµµeeeVVVããã£�c¡A!?Ø�KǱ�fØ�5�Ú(��Ï�·���§§�Ì�k�fØ�|©§�)Ù�¹��fê!¥fêÚ�fê§cÙ´¥fê��fê�m���§±9�fØ�/C"¥fê��fê�m����±dÓ ^LÆ§�fê�±dÛÉêLÆ¶/C�8N$Ä�ª�'§���/§d�fØ�ÆÄþû½¶Ïd§y�ØÔn��Nµe�)Ó ^�'�ØÔn!ÆÄþ£½/C¤�'�ØÔn!ÛÉê�'�ØÔn",��¡§·���§�Uþ÷vâf�±Uþ�þ'XLã�3�^��=kâf�)§ǱÒ´`O�Uþ¬�)âf"2ö§O�Uþ¬KǱXÚ�§Ý�0�Ï�§l�fØ�G�Ú5�¬UC§$�¦�fØl)¤ǱØÔ�§�k$Úå|¤�fØ�rf��¤Ǳ§��fÔ�"ù
y�L²§Uþ´�Ué�fØ�)4Ù´L�Ôn�A�Ï�§Ïdy�ØÔn���4Ù¹��©|=´Uþ�'�ØÔn"
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416 CHAPTER 8. æ�fÔnÐÚ
8.7.2 ÓÓÓ   ^̂̂���'''���ØØØÔÔÔnnn�Ó ^£¥fê��fê��¤�'�ØÔn�9�Ì�¯KXã 8.10 ¤�"Ù¥þ>Ü©¤�´Ì���fê£Oõ¤�'��¯K§e>Ü©¤�´Ì��¥fê£Oõ¤�'��¯K§dÉÚIP�«�¢S´���I�&¢�«�"¯¢þ§��fêOõ�'§Ǳk�£skin¤Ú'£halo¤�¯K§Ǳk8N$Ä�ª9Ù�C£Modes of CM & PT¤�¯K§Ǳk���½ö`�Lz9/¤#��(��¯K"��f¥fÑ�'�ØÜ¤¯KØ
¯�¥fÐ¼L§£r process¤Ú¯��fÐ¼L§£rp process¤	§�k β–ò´�¥fÐ¼L§�"ù
¯KØ=�g,.¥����)k'§����UNÔn9�»Ô�üz��'"�,§X1oÙÚ�Ù1n!¤ã§'u�����äN �Ú>.!¢�¿¥éu����Ü¤!����5�Ú(���ïÄǱ´ØÔn+��¹��c÷+�"
8.7.3 ÆÆÆÄÄÄþþþ���'''���ØØØÔÔÔnnnÌ��ÆÄþ£/C¤�'�ØÔn�9�y�Ú�¯KXã 8.29 ¤�"

Figure 8.29: Ì��ÆÄþ£½ö` /C¤�'�ØÔn�9��¯K�A"
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8.7. y�ØÔn��Nµe 417ù
y�Ú¯K¥AO��5¿�´�/G�CÚ�ª�£band termina-

tion¤Ñ�'��ª��8N$Ä¡E£½ö`2y¤�¯K"dc®²?ØL§�fØ�8N$Ä´dØSØf��£õ4¤é'éÚå�§�XÆÄþO�§l%åOr§õ4é'é¬Åì~f§±�uÑyé§lØ2äk8N$Ä§=Ñy8N�ª�"gþV 90 c�� 2006 c§¢�þuy
éõ8N�ª��¢~"� 2007 c Physical Review Letters uL���©Ù£98: 012501

(2007)¤��
uy 158Er �fØ38N�ª���qÑy8N$Ä��uy§Ù�qéÙ§�fØuy
A�~aq�y�"ù�y�w,´éyk�Ø(�nØJÑî]Ô�¯K§ÏǱUìyk�Ñy8N$Ä�Å�§y8N$Ä�`²é'é�±¡E§3äké�l%å�¹eé'é¡E�Å��,´éÔnÆÄ��nJÑî]Ô�����¯K¶XJØæ^yk�8N$Ä�Å�§�fØ�8N$Ä�åÏ�,Ǳ´�I�&?��¯K"
8.7.4 UUUþþþ���'''���ØØØÔÔÔnnnXc¤ã§�fØ�|©(�¯Kd�U'Xû½�âf�)^�!>ÖÅð!β ²ï�^�û½§@o§��Ø�'�¯K§½ö`ÛÉ5ØÔn¢S´Ó ^�Uþ��m�����"Q,âf�)�^�´±�U'XLã�3�^�§@o��rfÔnÑáud�Æ",��¡§d·�Ù��÷*Ô�d©f|¤!©fd�f|¤!�fd�fØÚ>f|¤!�fØdrf|¤!±9rfd§�Ú�f|¤�Ô�(�Æ`�§g,.¥ØÓ�gþ�Ô�9�»üzL§¥ØÓ�ã�Ô��Ä�|©Ñ´§�Ú�f§�â/�´|©�Ó�Øþ!Ô�G�¥§ÔnÚzÆ5��Ó£��±|^åÆÃã©lm¤��þ!Ü©�G�0�½Â�§�»üzL§�ØÓ�ã��»Ô�=?uØÓ��§��fÔ�£r�p�^Ô�¤§@o§�»�üzL§§cÙ´@Ï�»r�p�^Ô��üzL§§�±8(Ǳr�p�^Ô���C§½= QCD �C"a'÷*Ô�����CÚí��C£Ñ´'é�é�f���'é�é�r���m��C¤Ñ�±d§Ý°Ä½d�Ý£½ö`§zÆ³¤°Ä½d§��ö�Ó°Ä�§@Ï�»r�p�^Ô��§��f��rf��m��CǱ�±d§ÝÚ�Ý£zÆ³¤°Ä£�*/§òrfÀǱdåPk§�|Ú�f|���§��k�½�£FØ¤r
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418 CHAPTER 8. æ�fÔnÐÚÝ§�§Ý,p��½§Ý�§�SØrpu���rÝ§l��»�§rfÔ��CǱ§��fÔ�¶,p�Ý�±O�Ørò��@»£äNO�L²§�X§Ý�Ý,p§ù����¬Þ�§�´�p@Ø§±�»�¤§l¢ydrf��§��f���C¤"d'u�fØ� β PC�?Ø�§Ó ^´û½Ô� β ½5��Ï�§l§��Ý���'"y3@£��QCD�C��ã=U�½þ/LãǱã 8.30 ¤«�/ª"

Figure 8.30: QCD�ã«¿ã"c¡`KǱQCDÔ���9�C�Ï�£½=QCDÔ��G�ëþ§½ö`��ëþ¤k§ÝÚØr�0�Ï�"ù
Ï��N��,I�ÏLUþ5¢y"¢�þ�´ÏL4üå±�éØ5�p�Ý$Ä��fØéE£~¡�Ǳ�éØ5lf-E§{PǱ RHIC¤5¦-E/¤�»¥,§O�§±�¢ycã��C§<�~`�3¢�¥�EÑ
�#/��Ô�=�ù�/¤�§��fÔ�§ÏǱg,.¥vk�±��ÿþ��§��fÔ�"ã 8.30 ¥¤��
RHIC Ú LHC ©OǱ3{IBrookhavenI[¢�¿!î³ØfïÄ¥$1�ù��C�§FAIRǱ�3�IïE�ù��C�§NICAǱ�Ûd�Oy3ÚÙBïE�ù��C�§·IǱ®Oy
HIAF§=ò32À¨²ïE"¯¢þ§ù��)�/�#/��Ô�0½ö`/�#�Ô�/�0´·�¤?��»9�»¥
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8.7. y�ØÔn��Nµe 419�r�p�^Ô�3Ùüz�@Ï�ã�/�§Ïd§·�`ØÔn´¢yÔnÆ�«@Ï�»Ô��å!/�9Ùüz5Æ�8I�äN1N"ã 8.30 �Ik Quarkyonic phase!Critical point �«�½G�£:¤, d�`²8cT+�¥<�'5����¯K"'uQuarkyonic��Vg9Ù�35®3þ��!?ØL§éÙïÄ�Æâ¿ÂÚ�5ùpØ2ã"'uCritical

point§§¢S´ Critical Endpoint �{¡£�.ª:§{PǱ CEP¤§Ù¿Â´«©�?�C«ÚëYLÞ«�G�§�é÷*Ô�~`�3ÙéA�§ÝÚ�Ý�þØUÏL�§Ø ¦íN�z�G�"Ù�35ÚäN ��,´�«QCD�C�1ǱÚ5Æ!±9r�p�^�5Æ�Á7�§¢�þ§{IBrookhaven I[¢�¿�3?1� RHIC �,?ó§£¢y$Uþp6r�-E§¿?1Uþ×£ (Beam Energy Scan§{¡BES)¤ÚFAIR!NICA!HIAF��ïE���Ôn8I��Ñ´Ïé�.ª:"éu�.ª:��359 �§8c®k3 QCD � DS �§�{e�ïÄÚýó�(J£~X§Physical

Review Letters 106: 172301 (2011); Physical Review D 90: 076006 (2014); Physical

Review D 94: 076009 (2016);��¤§¢�þÏé�.ª:�(J3u¢�ØU��ÿ½ QCD �C��>.�§=U
ÿþzÆÛÑ£Chemical Freeze Out¤��rf§¤¢�zÆÛÑG�=rf�mØ2u)��5-E��.G�"¦+®kéõ&¢§��>.��zÆÛÑ��m�'X£�å¤E�(½"Ǳí?�'ïÄ�uÐ§Cc5ISþk�c�Ý�;Kï?¬éÙ?1ï?Ú�6?Ð�¹"
8.7.5 ÛÛÛÉÉÉêêê���'''���ØØØÔÔÔnnn999ÆÆÆ���������c®ã9§�ÛÉê�'�ØÔn§½=�ØÔn§¢S´Uþ�'�ØÔn�Ó ^�'�ØÔn����Æ�"ùpØ2[ã§k,��\&?�Öö�ë�w²£�5ÛÉ5ØÔn6�;Í½�á"c¡Ǳ®J�§rfÔn!QCD�C�lf-EÔn��Uþ�'�ØÔn¢S´�fØÔn�pUÔn�m���Æ�"2ö§·�®²Ù�§gd¥f´Ø½âf§ÙÆ·=� 15 ©¨£τ1/2 ≈
10.6©¨¤"��Ù�åP3é���m��S/¤�fØ�§�fØ%�±´½�§ù�y�L²§âf�Æ·�5�Ø�Ó ^�'	§��Ù¤?��
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420 CHAPTER 8. æ�fÔnÐÚ¸���'"Ïdâf9�fØ�5�é§Ý�Ý��¸Ï���61Ǳ´y�ØÔn����¯K"3UNÔn¥§<�Ø'%*ÿEâ9*ÿêâ©Û	§Ǳ'%(N9(SÔ��|©(�9ÙG�§ÏǱ*ÿ��êâ´dÙ|©âf(�9G�û½�§~X!1ÊÙ'u�f1Ì3UNÔnïÄ¥�A^�?ØÒ´��~y"2ö§du\�ìEâÚÓa>Ö�mäkér�¥Õü½�Ä��n��§<�J±��6répUþØép�lfå6§lÃ{3¢�¿¥��ép�Ý�r�p�^Ô�"��UN�,Ǳ·�Jø
U,�¢�¿£~X§y3®*ÿ��»=�13Z�!�þ%3 2 �±þ���þ�óÀ(¶LIGOǱ®ÿþ�V¥f(¿Ü¤"Ïd�fØÔn�UNÔn���g,�)
ØUNÔn",��¡§�fØ��CU�A^9éàCUmu�ïÄ¦��fØÔn¤ǱUEâ+���©|§Äu�fØ5���f��°[(�9Ù1Ì!Ø^���®²¤ǱéÔ�áÆ(�!<aèxG¹!��?1°[ÿþÚUõ���Ãã"�d««§Ø�qÞ§�fØÔn®²äk4Ù2��A^§¿®E4<a"o�§æ�fÔnÆ§½ö`�fØÔnÆ§´��Q�9�Ä�Ôn¯K§q�Ù§Æ�2���§�äk2�A^�Æ�§´��I[I�\�Ý\!<���Ý���Æ�"
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8.7. y�ØÔn��Nµe 421ggg���KKK���SSSKKK
8.1. Áã`²�fØ�¹k�fÚ¥f�Ì�¢�¯¢"
8.2. Áã�3�Ø�*ÿ¯¢"
8.3. Áã π 0fé�fØ�Ä�5�äk¢�5�z�¢�¯¢9nØ�â"
8.4. ÁÏLäN©Û`²§é=
�þ«��fØ<��±|^Ù�CU§é=
�þ«��fØ<��±|^ÙàCU"
8.5. Áã'u�fØ�þ�£8.5¤ª¥���Ôn¿Â9Ù5Å�"
8.6. Á����'u�fØ�þïÄ�©z§`²ÙïÄ(J�°Ý§¿�ã 8.2 ¤«(J?1'�"
8.7. Á©Û£8.10¤ª¤«�'u�fØo4/C� Hill–Wheeler ëêz�Y¥ a±1 = 0 ÔnÅ�"
8.8. Á`²8N$ÄÆÄþ�$�¹e§�fØ�g^£ÆÄþ¤�Ì�59ÙÔnÅ�"
8.9. Á�ÑüdØf�^Ý� Schmidt úª"
8.10. Áã�fØäk>o4Ý�ÔnÅ�9nØþ(½�fØ�>o4Ý��Y"
8.11. Áãò�fØ�8N$Ä�ª£/G¤�üzLãǱ�fØ�8N$Ä�ª£/G¤�C�ÔnÅ�"
8.12. ÁãØå�Ä�AÆÚ5�"
8.13. Ál·>³�Lã/ª§½ö�nØz/ù§l·>|���¼êÑu§`²Øå�)A³=ü π 0f��³"
8.14. Á©ÛØf�g^–;�ÍÜ�^�Lã/ª�>f�g^–;�ÍÜ�^�Lã/ª�m�ÉÓ§9Ù�A�ÉÓ"
8.15. ·���§éìÔ¥ 14C ¹þ�©Û®²¤Ǳ��ó�¥éìÔ?1ä��IOEâ§P 14C ��PÏǱ τ1/2§¢�ÿ��ìÔ¥ 14C � 12C ��þ'Ǳ ρ§y3��í¥� 14C � 12C �¹þ'Ǳ ρ0§Á(½TìÔå8��m"
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422 CHAPTER 8. æ�fÔnÐÚ
8.16. é�Ø�é�U´3�#(�u¥��Ü¤�§§�Ü¤��ÑÙu(S�m¥§,�²á8¤Ǳð(9Ù1(�¤©"b� 235U � 238U3éÈ�c��g�#�u¥�Ü¤��´Ý�Ó§ 235U! 238U ��PÏ©OǱ 7.0 × 108c!4.5 × 109c§yÿ�§�3/¥þ�´Ý©OǱ 0.7%! 99.3%§Á(½Ü¤§��@g�#(�uu)3õ�c�c"
8.17. Áëì'uα PC^��?Ø§�Ñ�fØguu��f�^�§¿ÀJ�
Ø��	Ù´Ä÷vù��^�"
8.18. ÁäN©Û�fØ��Ì���±NB�Øfê§`²�3�ê

2!8!20!28!50!82!126£é¥f¤"
8.19. Áïá��{ü��.§£ã�fØ��{��ÄUÌ"
8.20. Áïá��{ü��C=Ä.þ�.§£ã�fØ��f5=Ä"
8.21. Á��ü�'u�fØ��C=Ä.þ�.�©z§`²ÙLã/ª�ÉÓ9ïÄ(J�°Ý�ÉÓ"
8.22. Áã IBM Ú IBFM �ÔnSN9êÆ(�"
8.23. ÁäN�ÑÀÚfêǱ 4 ��fØ� U(5) é¡�.e�UÌ"
8.24. ÁäN�ÑÀÚfêǱ 4 ��fØ� SU(3) é¡�.e�UÌ"
8.25. ÁäN�ÑÀÚfêǱ 4 ��fØ� O(6) é¡�.e�UÌ"
8.26. ÁäN©Û'� U(5)!SU(3)!O(6) é¡54��.e§�fØ��
$-u�Uþ�'�§~XµE41

/E21
!E61

/E21
!E81

/E21
!E02

/E21
!E61

/E02
!��§`²$-u�Uþ�'��±�ǱLÆ�fØ8N$Ä�ª£/G¤�C�I�þ"

8.27. b��fØ�¤kdpUþ��$Uþ���[Ñ´>o4�[§½ÂÐ�ÆÄþǱ S ����[uÑ�1f�Uþ��AÐ�ÆÄþ�'�ǱREGOS = Eγ(S→S−2)
S

§Á©O�Ñ U(5)!SU(3) Ú O(6) é¡54��.e�REGOS £�éÙUÌ�n�zCq¤�Ǳ S �¼ê�äN/ª§¿xÑ«¿ã§`²Ù�g�ÆÄþ S O�Cz�1Ǳ"¿?`²§ÏL�	¢�*ÿ��U£1¤Ì�REGOS(S) �±©Û?Ø�fØ�8N$Ä�ª£/G¤�ÆÄþO�Cz�1Ǳ§½=REGOS(S)�±�Ǳ��LÆÆÄþ°Ä��fØ/G�C�I�þ"
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8.7. y�ØÔn��Nµe 423

8.28. Á�� Nuclear Data Sheets ½ Atomic Data and Nuclear Data Tables ½
Physical Review C �ÆârÔ§©Û�
�fØ�REGOS(S)�SCz�1Ǳ§é���ÆÄþ°Ä�d�Ä�½¶=Ä�8N$Ä�ª�C�¢~"

8.29. ���þǱmi �âf§±ÄUEk£¢�¿X¥¤\�����þǱMi!?u·�G���fØþ§XJTXÚ��|©Ñ�±���éØCq§Áy²µ£1¤3�%X¥§TXÚ�oÄUǱ EkMi

mi+Mi
¶£2¤éu�A Mi(mi , mf )Mf§P�A9Ǳ Q§KT�A¥�|^�oUþǱ Q +

EkMi

mi+Mi
¶£3¤3¢�¿X¥§XJQ < 0§Kmi �KÄUǱ−QMi+mi

Mi
"

8.30. ÁO��)�A£1¤ 4He → 3He + p§£2¤ 4He → 3He + n§¤I��Uþ"¿��âØå�5�§`²ù
Uþ�m��O"
8.31. XJ 7Be �fØ�O(��þêǱ 7.016929§Áy²T�fØ�±u)>fÐ¼�A§¿��Ñ�A�fØ 7Li�ÄU9º�Ñ�¥�f�Uþ"
8.32. ¢�ÿ��fØ 24MgÚ 23Mg�·�þê�O(�©OǱ 23.98504!22.99412§Á(½1Ø�A 24Mg(γ , n) 23Mg �1fKU"
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NNN¹¹¹���µµµ©©©ÙÙÙ444ÑÑÑ���úúúªªª������ÑÑÑ
1. ¥¥¥ÕÕÕúúúªªªP�þǱ m!\�UþǱEk!�>þǱZ1e�âf��>þǱZ2e ��½qm�¤OålǱ b§éÙÑ�L§§d(½�þ�âf�Úî�§ ~F = md~v

dt
�§

Z1Z2e
2

4πε0r
2
r̂ = m

d~v

dt
= m

d~v

dφ

dφ

dt
.dk%å|$Ä�âf�ÆÄþǱÅðþ�§

L = rmv = rmrω = mr2
dφ

dt
=~þ ,K

d~v =
Z1Z2e

2

4πε0mr
2 d�
dt

dφr̂ =
Z1Z2e

2

4πε0L
dφr̂ .È©K�

∣

∣~vf − ~vi
∣

∣û =
Z1Z2e

2

4πε0L

∫

r̂dφ .Ù¥ û Ǳâf�ÝOþ���ü ¥þ§XãN¹�.1¤«"
ãN¹�.1. üâfÑ���Ý9ÙOþ«¿ãéu�±$Ä§�%åØ�õ§dUþÅð 1

2
m~v 2

f = 1
2
m~v 2

i �§ vf = vi = v .qÏǱ
∫

r̂dφ =
∫ π−θ
0

(̂i cos φ+ ĵ sin φ)dφ = î sin θ + ĵ(cos θ + 1)

= 2 cos
θ

2

(

î sin
θ

2
+ ĵ cos

θ

2

)

,
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î sin

θ

2
+ ĵ cos

θ

2
= û ,@o

v sin
θ

2
=
Z1Z2e

2

4πε0L
cos

θ

2
=

Z1Z2e
2

4πε0mvb
cos

θ

2
,¤±

b =
Z1Z2e

2

4πε0mv
2 sin θ

2

cos
θ

2
=

1

2

Z1Z2e
2

4πε0Ek
ctg

θ

2
.

2. ©©©ÙÙÙ444ÑÑÑ���úúúªªª3�½qCqe§Xã 1.10 ¤«§¤Oål3 b ∼ b + db��S�\�âf (α) �½Ñ��ÆÝ θ ∼ θ + dθ��¡þ§P7Ê£q¤�¡ÈǱS§KÙÑ��¡Ǳ
dσ(θ) = 2πb|db| .ò¥Õúª(½� b �\§K�

dσ(θ) = 2π
Z1Z2e

2

4πε02Ek

cos θ
2

sin θ
2

Z1Z2e
2

4πε02Ek

1

sin2 θ
2

dθ

2

= π
( 1

4πε0

)2(Z1Z2e
2

2Ek

)2 cos θ
2

sin3 θ
2

dθ .�ÄáNÆ dΩ�½Â
dΩ =

2πr sin θ · rdθ
r2

= 2π sin θ dθ = 4π sin
θ

2
cos

θ

2
dθ ,Kk

dσ(θ)

dΩ
=

1

4π sin θ
2
cos θ

2
dθ
π
( Z1Z2e

2

4πε02Ek

)2 cos θ
2

sin3 θ
2

dθ =
( Z1Z2e

2

4πε04Ek

)2 1

sin4 θ
2

.
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NNN¹¹¹���µµµUUU,,,������£££��� Z = 92 ���fff¤¤¤ÚÚÚ���êêêAAA���<<<óóóÜÜÜ¤¤¤������///¤¤¤������fff���>>>fff|||���!!!���fffÄÄÄ���ÚÚÚ>>>lllUUU���AAALLLØ>Öê �� ¥© =©¶¡ Ä�>f|� Ä� >lU
Z ÎÒ ¶¡ (eV)

1 H � hydrogen (1s)1 1 2S1/2 13.599

2 He ± helium (1s)2 1 1S0 24.581

3 Li � lithium [He](2s)1 2 2S1/2 5.390

4 Be � beryllium [He](2s)2 2 1S0 9.320

5 B ' boron [He](2s)2(2p)1 2 2P1/2 8.296

6 C % carbon [He](2s)2(2p)2 2 3P0 11.256

7 N � nitrogen [He](2s)2(2p)3 2 4S3/2 14.545

8 O � oxygen [He](2s)2(2p)4 2 3P2 13.614

9 F Í  uorine [He](2s)2(2p)5 2 2P3/2 17.418

10 Ne C neon [He](2s)2(2p)6 2 1S0 21.559

11 Na B sodium [Ne](3s)1 3 2S1/2 5.138

12 Mg y magnesium [Ne](3s)2 3 1S0 7.644

13 Al ¾ aluminium [Ne](3s)2(3p)1 3 2P1/2 5.984

14 Si 7 silicon [Ne](3s)2(3p)2 3 3P0 8.149

15 P � phosphorus [Ne](3s)2(3p)3 3 4S3/2 10.484

16 S 1 sulphur [Ne](3s)2(3p)4 3 3P2 10.357

17 Cl Å chlorine [Ne](3s)2(3p)5 3 2P3/2 13.010

18 Ar � argon [Ne](3s)2(3p)6 3 1S0 15.755
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N¹�£Y¤Ø>Öê �� ¥© =©¶¡ Ä�>f|� Ä� >lU
Z ÎÒ ¶¡ £eV¤
19 K a potassium [Ar](4s)1 4 2S1/2 4.399

20 Ca W calcium [Ar](4s)2 4 1S0 6.111

21 Sc { scandium [Ar](4s)2(3d)1 4 2D3/2 6.538

22 Ti v titanium [Ar](4s)2(3d)2 4 3F2 6.818

23 V � vanadium [Ar](4s)2(3d)3 4 4F3/2 6.743

24 Cr � chromium [Ar](4s)1(3d)5 4 7S3 6.764

25 Mn � manganese [Ar](4s)2(3d)5 4 6S5/2 7.432

26 Fe c iron [Ar](4s)2(3d)6 4 5D4 7.868

27 Co � cobalt [Ar](4s)2(3d)7 4 4F9/2 7.862

28 Ni q nickel [Ar](4s)2(3d)8 4 3F4 7.633

29 Cu Ô copper [Ar](4s)1(3d)10 4 2S1/2 7.724

30 Zn  zinc [Ar](4s)2(3d)10 4 1S0 9.391

31 Ga ; gallium [Ar](4s)2(3d)10(4p)1 4 2P1/2 6.00

32 Ge ÷ germanium [Ar](4s)2(3d)10(4p)2 4 3P0 7.88

33 As � arsenic [Ar](4s)2(3d)10(4p)3 4 4S3/2 9.81

34 Se Ý selenium [Ar](4s)2(3d)10(4p)4 4 3P2 9.75

35 Br � bromine [Ar](4s)2(3d)10(4p)5 4 2P3/2 11.84

36 Kr � krypton [Ar](4s)2(3d)10(4p)6 4 1S0 13.996
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N¹�£Y¤Ø>Öê �� ¥© =©¶¡ Ä�>f|� Ä� >lU
Z ÎÒ ¶¡ £eV¤
37 Rb � rubidium [Kr](5s)1 5 2S1/2 4.176

38 Sr + strontium [Kr](5s)2 5 1S0 5.692

39 Y k yttrium [Kr](5s)2(4d)1 5 2D3/2 6.377

40 Zr � zirconium [Kr](5s)2(4d)2 5 3F2 6.835

41 Nb Ǳ niobium [Kr](4d)4(5s)1 5 6D1/2 6.881

42 Mo � molybdenum [Kr](4d)5(5s)1 5 7S3 7.10

43 Tc  technetium [Kr](4d)5(5s)2 5 6S5/2 7.228

44 Ru n Ruthenium [Kr](4d)7(5s)1 5 5F5 7.365

45 Rh � rhodium [Kr](4d)8(5s)1 5 4F9/2 7.461

46 Pd ~ palladium [Kr](4d)10 5 1S0 8.334

47 Ag Õ silver [Kr](4d)10(5s)1 5 2S1/2 7.574

48 Cd 6 cadmium [Kr](4d)10(5s)2 5 1S0 8.991

49 In � indium [Kr](5s)2(4d)10(5p)1 5 2P1/2 5.785

50 Sn â tin [Kr](5s)2(4d)10(5p)2 5 3P0 7.342

51 Sb I stibium [Kr](5s)2(4d)10(5p)3 5 4S3/2 8.639

52 Te Á tellurium [Kr](5s)2(4d)10(5p)4 5 3P2 9.01

53 I 9 iodine [Kr](5s)2(4d)10(5p)5 5 2P3/2 10.454

54 Xe � xenon [Kr](5s)2(4d)10(5p)6 5 1S0 12.127
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N¹�£Y¤Ø>Öê �� ¥© =©¶¡ Ä�>f|� Ä� >lU
Z ÎÒ ¶¡ £eV¤
55 Cs � caesium [Xe](6s)1 6 2S1/2 3.893

56 Ba � barium [Xe](6s)2 6 1S0 5.210

57 La J lanthanum [Xe](6s)2(5d)1 6 2D3/2 5.61

58 Ce � cerium [Xe](6s)2(4f)1(5d)1 6 3H4 6.54

59 Pr K praseodymium [Xe](6s)2(4f)3 6 4I9/2 5.48

60 Nd t neodymium [Xe](6s)2(4f)4 6 5I4 5.51

61 Pm � promethium [Xe](6s)2(4f)5 6 6H5/2 5.55

62 Sm q samarium [Xe](6s)2(4f)6 6 7F0 5.63

63 Eu � europium [Xe](6s)2(4f)7 6 8S7/2 5.67

64 Gd j gadolinium [Xe](6s)2(4f)7(5d)1 6 9D2 6.16

65 Tb Æ terbium [Xe](6s)2(4f)9 6 6H15/2 6.74

66 Dy D dysprosium [Xe](6s)2(4f)10 6 5I3 6.82

67 Ho } holmium [Xe](6s)2(4f)11 6 4I15/2 6.02

68 Er � erbium [Xe](6s)2(4f)12 6 3H6 6.10

69 Tm   thulium [Xe](6s)2(4f)13 6 2F7/2 6.18

70 Yb Q ytterbium [Xe](6s)2(4f)14 6 1S0 6.22

71 Lu H lutetium [Xe](6s)2(4f)14(5d)1 6 2D3/2 6.15

72 Hf £ hafnium [Xe](6s)2(4f)14(5d)2 6 3F2 7.0

73 Ta � tantalum [Xe](6s)2(4f)14(5d)3 6 4F3/2 7.88

74 W ¾ wolfram [Xe](6s)2(4f)14(5d)4 6 5D0 7.98

75 Re  rhenium [Xe](6s)2(4f)14(5d)5 6 6S5/2 7.87

76 Os � osmium [Xe](6s)2(4f)14(5d)6 6 5D4 8.7

77 Ir � iridium [Xe](6s)2(4f)14(5d)7 6 4F9/2 9.2

78 Pt É platinum [Xe](4f)14(5d)9(6s)1 6 3D3 8.88
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N¹�£Y¤Ø>Öê �� ¥© =©¶¡ Ä�>f|� Ä� >lU
Z ÎÒ ¶¡ £eV¤
79 Au 7 aurum [Xe, (4f)14(5d)10](6s)1 2S1/2 9.223

80 Hg þ hydrargyrum [Xe, (4f)14(5d)10](6s)2 1S0 10.434

81 Tl � thallium [Xe, (4f)14(5d)10](6s)2(6p)1 2P1/2 6.106

82 Pb Y plumbum [Xe, (4f)14(5d)10](6s)2(6p)2 3P0 7.415

83 Bi � bismuth [Xe, (4f)14(5d)10](6s)2(6p)3 4S3/2 7.287

84 Po l polonium [Xe, (4f)14(5d)10](6s)2(69)4 3P2 8.43

85 At ¨ astatine [Xe, (4f)14(5d)10](6s)2(6p)5 2P3/2 9.5

86 Rn � radon [Xe, (4f)14(5d)10](6s)2(6p)6 1S0 10.745

87 Fr z francium [Rn](7s)1 7 2S1/2 4.0

88 Ra Y radium [Rn](7s)2 7 1S0 5.277

89 Ac � actinium [Rn](7s)2(6d)1 7 2D3/2 6.9

90 Th o thorium [Rn](7s)2(6d)2 7 3F2 6.1

91 Pa G protactinium [Rn](7s)2(5f)2(6d)1 7 4K11/2 5.7

92 U f uranium [Rn](7s)2(5f)3(6d)1 7 5L6 6.08

93 Np 8 neptunium [Rn](7s)2(5f)4(6d)1 7 6L11/2 5.8

94 Pu u plutonium [Rn](7s)2(5f)6 7 7F0 5.8

95 Am 4 americium [Rn](7s)2(5f)7 7 8S7/2 6.05



  L
iu

’s
 L

ec
tu

re
s 

on
 A

P 
at

 P
K

U

   
   

Pl
ea

se
 d

o 
no

t d
is

tri
bu

te
 o

ut
si

de
   

   
   

Fe
br

ua
ry

 1
5,

 2
02

0-
- 2

0:
45

NNN¹¹¹nnnµµµ>>>^̂̂|||���õõõ444ÐÐÐmmm///ªªª{{{ããã���>>>^̂̂���[[[AAAÇÇÇ���LLLããã///ªªª
1. ²²²;;;>>>^̂̂|||555ÆÆÆ���LLLããã999ÙÙÙ555���ØØØCCC555²L8Bo(�þ¢�¯¢§ð�d�ò²;>^|�5ÆLãǱ�|�¹o��§��§|

∇ · ~D = ρ , £(í2�) >|�pd½n¤ (64)

∇ · ~B = 0 , £^|�pd½n¤ (65)

∇× E = −∂
~B

∂t
, £{.1>^aA½Æ¤ (66)

∇×H = ~J +
∂ ~D

∂t
, £(í2�) S��´½n¤ (67)Ù¥ ~E Ǳ>|rÝ§ ~D Ǳ> £¥þ§§�>|rÝÚ>4zrÝ~p �mk'X ~D = ε0 ~E + ~p£Ù¥ ε0 Ǳý��0>~ê¤¶P ~p = χEε0

~E§χE Ǳ0��>4zÇ§εr = 1 + χE§ε = εrε0 Ǳ0��0>~ê§K ~D = ε ~E" ~H Ǳ^|rÝ§ ~B Ǳ^aArÝ§§�^|rÝÚ0��^zrÝ ~M �mk'X
~B = µ0

~H + ~M£Ù¥ µ0 Ǳý��^�Ç¤¶P ~M = χM
~H§χE Ǳ0��^zÇ§µr = 1 + χM§µ = µrµ0 Ǳ0��^�Ç§K ~B = µ ~H" ~J Ǳ>6�Ý"ùL²§>|´¥þ|§^|´^þ|"·�Ù�§>|rÝ ~E �±d>³ ϕ LãǱ

~E = −∇ϕ , (68)½=k ϕ(~r) =
∫∞
~r
~E · ~l£®� ϕ(∞) = 0¤"ò (68) ª�\£í2�¤>|�pd½n§Kk

∇2ϕ = −ρ
ε
,Ù¥ ρ Ǳgd>Ö�Ý"�â¥þ$��5�µ^þ�ÑÝðǱ"§<�Ú\,��¥þ ~A§ò^aArÝ ~B LãǱ

~B = ∇× ~A , (69)¿¡T¥þ ~A Ǳ^¥³§½=k ∫

S
~B · d~S =

H

L
~A · ~l £ÏL?¿¡�^Ïþ�u�A�^¥³÷�¤�>.�£´È©§§w,�¡�äN/GÃ'¤"ò
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(69) ª�\£í2�¤>|�S��´½n§�Äð>6£∂ ~D
∂t

≡ 0¤�)�^|�¹e§Kk
∇2 ~A−∇(∇ · ~A) = −µ ~J ,Ù¥ ρ Ǳgd>6�Ý"XJkN\^� ∇ · ~A = 0§é^¥³ ~A �?¿©þ§Ñk

∇2Ai = −µ~Ji , (i = 1, 2, 3) .w,§T�§�>³ ϕ ÷v��§�/ª�Ó"ò (69) �\{.1>^aA½Æ�L�ª§Kk
∇× E = − ∂

∂t
(∇× ~A) = −∇× ∂ ~A

∂t
,£�K�

∇×
(

E +
∂ ~A

∂t

)

= 0 .ùL²§E + ∂ ~A
∂t
E,´Ã^|§lE�dI³ ϕ £ã§=k E + ∂ ~A

∂t
= −∇ϕ§u´k

E = −∇ϕ− ∂ ~A

∂t
, (70)=µ^¥³£¥þ|¤��m�CzÇé>|rÝk�z"�Äé ¥þ³ ~A ÚIþ³ ϕ ���C�§

~A −→ ~A′ = ~A+∇Θ , ϕ −→ ϕ′ = ϕ− ∂Θ

∂t
, (71)Ù¥ Θ Ǳ?¿�'u���I�¼ê§w,k

∇× ~A′ = ∇× ( ~A+∇Θ) = ∇× ~A+∇×∇Θ = ~B + 0 = ~B ,

−∇ϕ′ − ∂ ~A′

∂t
= −∇

(

ϕ− ∂Θ

∂t

)

− ∂

∂t

(

~A+∇Θ
)

=
(

−∇ϕ− ∂ ~A

∂t

)

+ 0 = ~E .ùL²§éIþ³ ϕ Ú¥þ³ ~A � (71) ¤«�C���§ÃØC�¥�¼ê Θ��o/ª§C����>|rÝÚ^aArÝÑ�C��c��Ó"w,§�½��¼ê Θ§=é (71) ¤«�C��½��^�§Ò(½�|>^³ { ~A, ϕ}"ù��z�|>^³ { ~A, ϕ}§½ö`z��(½>^³�^�§
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¡Ǳ�«5�£Gauge¤§(71) ¤«�C�¡Ǳ5�C�£Gauge Transforma-

tion¤§���*ÿ�>|rÝÚ^aArÝØ�6u¤�5��5�¡Ǳ5�ØC5£Gauge Invariance¤§½5�é¡5£Gauge Symmetry¤"²;>^nØ´1��5�|Ø£Gauge Field Theory¤"2w,§Ǳé¥þ³ ~A ���Iþ³ ϕ /ª�Ó�£���©¤�§¤æ^�9Ï^�
∇ · ~A = 0 ,

(�A/§Ak ∇2Θ = 0) Ǳ�«5�§Ï~¡�Ǳ¥Õ5�"²;>^Æ¥�~^/ªǱ
∇ · ~A+

1

c2
∂ϕ

∂t
= 0 ,

(Ù¥ c2 = 1
ε0µ0

) �5�§¿¡�ǱâÕ[5�"3âÕ[5�e§dð�d��§|��� ~A!ϕ ÷v��§äk��é¡�/ª
∇2 ~A− 1

c2
∂2 ~A

∂t2
= −µ0

~J ,

∇2ϕ− 1

c2
∂2ϕ

∂t2
= − ρ

ε0
.

(72)dd�§5�ØC5´ÔnÆ�Ä�5Æ§?Ûý��±*ÿ�ÔnþÑ�Åù�5Æ¶3nØïÄ¥§5�C�Ú5�^�éuÔnþ�(½�'�§�«�Uý¢�nØ�ï�ý¢�ÔnþÑ7L÷v5�é¡�^�"
2. >>>^̂̂���ppp���^̂̂

2zÝ\Ônz�" éÙïáÚuÐ{¤keã0�µð�d�3¦�Ø©pAOJÑ§ùnØgum�©Iùu1851cuy�'u^¥³�êÆ5�"�´§Té¡5��53@Ï�Lã¥vk�5¿�"�¥#F�ËAb�3�IC�e�^þØC§ddí�ÑOÏd"|�§�§Ǳvk5¿�é¡5��"��§â�ù#	�ÁãÚ�2Â�éØÚ>^Æ§¦ß�\Eichinvarianz" ½ö`ºÝ£\ 5�"¤C�e�\ ØC5"�UǱ´2Â�éØ�ÛÜé¡5"�5uyTß�ò��,
�Ôn�(J"�´3þfåÆuÐ±�§	�!6.Ä��#4�Ú6p]#Ôí¢y
Tg�§��
�
?U£r �Ïf^��Eê�O§¿rºÝCzC¤
� Cz)��U(1) 5�é¡5¤§�|31940cíÄ
TnØ�DÂ"
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·���§²;�¹e§3>|rÝǱ ~E!^aArÝǱ ~B �>^|¥±�Ý ~v $Ä��>þǱ q �âf¤É�åǱ
~F = q( ~E + ~v × ~B) .Pâf�ÄþǱ~p§dÚî1�½Æ�
d~p

dt
= q( ~E + ~v × ~B) .òcã�>^|5��|rLã£>|rÝ ~E Ú ^aArÝ ~B¤�>^³Lã£o�¥þ³ Aµ =

(

ϕ , ~A
)¤�m�'X�\þãÚî�§�L�ª§K�

d~p

dt
= q

[

−∇ϕ− ∂ ~A

∂t
+ ~v × (∇× ~A)

]

.�Ä ~v × (∇× ~A) = ∇(~v · ~A)− (~v · ∇)~A �
d~p

dt
= q

[

−∇ϕ− ∂ ~A

∂t
+∇(~v · ~A)− (~v · ∇)~A

]

= q
[

−∇ϕ+∇
(

~v · ~A
)

− ∂ ~A

∂t

]

.£�§=�
d

dt
(~p+ q ~A) +∇(qϕ− q~v · ~A) = 0 .�.�KF�§

d

dt

∂L

∂ẋi
− ∂L

∂xi
= 0 ,92ÂÄþ�½Â

Pi =
∂L

∂ẋié'§K�2ÂÄþ
~P = ~p+ q ~A .¿�§.¼þ¥�gdÜ©�±LãǱ
Lfree =

~p 2

2m
,.¼þ¥��p�^Ü©�±LãǱ

Lint = −q
(

ϕ− ~v · ~A
)

.
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@o§XÚ�M�îþ�±LãǱ
H =

∑

i

ẋiPi − L = ~P · ~p
m

− L =
(~p+ q ~A) · ~p

m
−
[ ~p2

2m
− q

(

ϕ− ~p

m
· ~A

)]

.½=k
H =

~p2

2m
+ qϕ =

(~P − q ~A)2

2m
+ qϕ .æ^Ï~��Kþfz�Y§o¥þǱAµ = (ϕ, ~A) �>^|¥§�þǱ m!�>þǱ q �âf��KÄþþfzǱ

~̂P = ~̂p+ q ~̂A = −i~∇ ,M�îþǱ
Ĥ =

( ~̂P − q ~A)2

2m
+ qϕ

=
~̂P 2

2m
− q( ~̂P · ~A+ ~A · ~̂P )

2m
+
q2 ~A2

2m
+ qϕ .w,§âf�	>^|�m��p�^�±LãǱ

Ĥint. = −q(
~̂P · ~A+ ~A · ~̂P )

2m
+
q2 ~A2

2m
+ qϕ .éd N �âf/¤�õâfXÚ§Kk

Ĥint. =
N
∑

i=1

[

− qi(
~̂Pi · ~A+ ~A · ~̂Pi)

2mi

+
q2i
~A2

2mi

+ qiϕ
]

.e�©á>Ö!´ëYN§KAòþã¦ÚUǱÈ©"
3. >>>^̂̂|||���)))999ÙÙÙõõõ444ÐÐÐmmm///ªªª¦)cã�'uo¥³Aµ �£��¤�©�§§��Ù÷vîÅ^�£¥Õ5�^�¤�²¡Å)£P>^ÅDÂ��Ǳ ~e3¤Ǳ

~AL =
~e1 − i~e2√

2
Nei

~k·~r−ωt , ~AR = −~e1 − i~e2√
2

Nei
~k·~r−ωt ,Ù¥ k = ω

c
§c = 1√

µε
§L!R ©OL«�^!m^"
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Ù÷vîÅ^�£¥Õ5�^�¤�¥¡Å)£P>^ÅDÂ��Ǳ ~e3¤Ǳ
~A = Ylml

(θ , φ)jl(kr)~e ,Ù¥ Ylm(θ, φ) Ǳ¥�¼ê§jl(kr) Ǳ l �¥�l�¼ê£Ù��l�¼ê�'XǱ jl(kr) =
√

π
2kr
J
l+ 1

2

(kr)¤§~e = {e1 , e2 , e3} £Ù¥ ẽ1 = (1 0 0) ,

ẽ2 = (0 1 0) , ẽ3 = (0 0 1)¤"lk
~A(t) =

∑

λKJM

[

aλKJM ~AKJM(λ)e−iωt + a∗λKJM ~A∗
λKJM(λ)eiωt

]

,Ù¥ λ = E!M ©OéA>�^!^�^§aλKJM!a∗λKJM ©O�Au3þfz�1f��«�Î!�)�Î§
~AKJM(E) =

√

4πK~

R0c
Y JJM(θ, φ)jkrJ ,

~AKJM(M) =

√

4π~

KR0c
∇× Y JJM(θ, φ)jkrJ ,

Y JLM
∑

Mlµ

〈LML 1µ
∣

∣JM〉YLML
ξµ .d=d>^³Lã�>^|�õ4Ðm/ª"

4. >>>^̂̂���[[[AAAÇÇÇòcã>^|�¥þ³�\ Ĥint. =�>^�^�õ4Ðm/ª"O�Ù3Ð"��m�Ý
� 〈ψf
∣

∣Ĥint.

∣

∣ψi〉 =���>^�[��[AÇ"éK4�[§Ù�[AÇ�±LãǱµ
λ(K) =

1

2Ji + 1

∑

MiMfM

λ(KM) =
8π(K + 1)

K((2K + 1)!!)2

(ω

c

)2K+1 1

~
B(λK) ,Ù¥§> K 4�[��z�[Ý
�Ǳ

B(EK) =
1

2Ji + 1

∑

MiMfM

∣

∣

∣

〈

JfMf

∣

∣

∣

∑

α

eαr
K
α Y

∗
K,M

−
∑

α

ie~µα
2mc2

(

~σα × ~rα
)

· ∇rKα Y ∗
K,M

∣

∣

∣
JiMi

〉∣

∣

∣

2

,
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^ K 4�[��z�[Ý
�Ǳ
B(MK) =

1

2Ji + 1

∑

MiMfM

∣

∣

∣

〈

JfMf

∣

∣

∣

∑

α

e~

mc

1

K + 1
~K · ∇rKα Y ∗

K,M

+
∑

α

e~µα
2mc2

~σα · ∇rKα Y ∗
K,M

∣

∣

∣
JiMi

〉∣

∣

∣

2

.

YK,M Ǳ K �¥�¼ê"w,µ4g�$§AÇ��¶¿�§B(EL)�B(M(L− 1))CqÓêþ?¶Ý
�Ǳ 0 `²�A�[�B+"
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NNN¹¹¹oooµµµggg,,,...¥¥¥���333������������ÓÓÓ   ���´́́ÝÝÝÚÚÚ���PPPÏÏÏØ� Z A �f�þ/u ´Ý/% �PÏ Ø� Z A �f�þ/u ´Ý% �PÏ
n 0 1 1.008663 10.6 min 33 32.971459 0.75

H 1 1 1.007825 99.985 34 33.967868 4.21

2 2.014102 0.15 36 35.967079 0.017

3 3.016049 12.3 a Cl 17 35 34.968852 75.77

He 2 3 3.016029 0.00014 37 36.965902 24.23

4 4.002603 99.99986 A 18 36 35.967546 0.337

Li 3 6 6.015125 7.5 38 37.962732 0.063

7 7.016004 92.5 40 39.962383 99.60

Be 4 9 9.012183 100 K 19 39 38.963708 93.26

B 5 10 10.012938 19.8 40 39.963999 1.28 Ga

11 11.009305 80.2 41 40.961825 6.73

12 12.014353 20.4 ms Ca 20 40 39.962590 96.94

C 6 12 12.000000 98.89 42 41.958621 0.647

13 13.003355 1.11 43 42.958771 0.135

14 14.003242 5730 a 44 43.955484 2.09

N 7 14 14.003074 99.63 46 45.953689 0.0035

15 15.000110 0.366 48 47.952532 0.187

O 8 16 15.994915 99.76 Sc 21 45 44.955913 100

17 16.999130 0.038 Ti 22 46 45.952632 8.2

18 17.999159 0.204 47 46.951765 7.4

F 9 19 18.998404 100 48 47.947946 73.7

Ne 10 20 19.992439 90.51 49 48.947870 5.4

21 20.993845 0.27 50 49.944785 5.2

22 21.991384 9.22 V 23 50 49.947161 0.250

Na 11 23 22.989769 100 51 50.943962 99.750

Mg 12 24 23.985044 78.99 Cr 24 50 49.946046 4.35

25 24.985839 10.00 52 51.940510 83.79

26 25.982596 11.01 53 52.940650 9.50

Al 13 27 26.981541 100 54 53.938882 2.36

Si 14 28 27.976928 92.23 Mn 25 55 54.938046 100

29 28.976496 4.67 Fe 26 54 53.939612 5.8

30 29.973771 3.10 56 55.934939 91.8

P 15 31 30.973763 100 57 56.935395 2.15

S 16 32 31.972072 95.02 58 57.933277 0.19
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Ø� Z A �f�þ/u ´Ý/% �PÏ Ø� Z A �f�þ/u ´Ý% �PÏ
Co 27 59 58.933198 100 Se 38 84 83.913428 0.56

Ni 28 58 57.935347 68.3 86 85.909273 9.8

60 59.930789 26.1 87 86.908889 7.0

61 60.931058 1.13 88 87.905624 82.6

62 61.928346 3.59 Y 39 89 88.905856 100

64 63.927967 0.91 Zr 40 90 89.904707 51.5

Cu 29 63 62.929598 69.2 91 90.905643 11.2

65 64.927791 30.8 92 91.905039 17.1

Zn 30 64 63.929145 48.6 94 93.906318 17.4

66 65.926035 27.9 96 95.908271 2.80

67 66.927128 4.10 Nb 41 93 92.906377 100

68 67.924845 18.8 Mo 42 92 91.906809 14.8

70 69.925324 0.62 94 93.905086 9.3

Ga 31 69 68.925580 60.1 95 94.905837 15.9

71 70.924699 39.9 96 95.904675 16.7

Ge 32 70 69.924250 20.5 97 96.906017 9.6

72 71.922079 27.4 98 97.905405 24.1

73 72.923463 7.8 100 99.907472 9.6

74 73.921178 36.5 Tc 43 97 96.906361 2.6 Ma

76 75.921402 7.8 Ru 44 96 95.907595 5.5

As 33 75 74.921595 100 98 94.905286 1.86

Se 34 74 73.922476 0.87 99 98.905936 12.7

76 75.919206 9.0 100 99.904216 12.6

77 76.919907 7.6 101 100.905580 17.0

78 77.917303 23.5 102 101.904346 31.6

80 79.916520 49.8 104 103.905422 18.7

82 81.916708 9.2 Rh 45 103 102.905502 100

Br 35 79 78.918336 50.69 Pd 46 102 101.905609 1.0

81 80.916289 49.31 104 103.904025 11.0

Kr 36 78 77.920397 0.356 105 104.905075 22.2

80 79.916374 2.27 106 105.903474 27.3

82 81.913482 11.6 108 107.903893 26.7

83 82.914133 11.5 110 109.905169 11.8

84 83.911506 57.0 Ag 47 107 106.905094 51.83

86 85.910614 17.3 109 108.904753 48.17

Rb 37 85 84.911799 72.17 Cd 48 106 105.906461 1.25

87 86.909182 27.83 108 107.904185 0.89
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Ø� Z A �f�þ/u ´Ý/% �PÏ Ø� Z A �f�þ/u ´Ý% �PÏ
110 109.903006 12.5 Ba 56 130 129.906276 0.106

111 110.904182 12.8 134 133.904596 2.42

112 111.902761 24.1 137 136.905815 11.2

113 112.904401 12.2 138 137.905235 71.7

114 113.903360 28.7 La 57 138 137.907113 0.089

116 115.904757 7.5 139 138.906354 99.911

In 49 113 112.904055 4.3 Ce 58 136 135.907138 0.190

115 114.903874 95.7 138 137.905995 0.254

Sn 50 112 111.904822 1.01 140 139.905441 88.5

114 113.902780 0.67 142 141.909248 11.1

115 114.903343 0.38 Pr 59 141 140.907656 100

116 115.901743 14.6 Nd 60 142 141.907730 27.2

117 116.902953 7.75 143 142.909822 12.2

118 117.901605 24.3 144 143.910095 23.8

119 118.903309 8.6 145 144.912581 8.3

120 119.902198 32.4 146 145.913086 17.22

122 121.903439 4.56 148 147.916900 5.7

124 123.905270 5.64 150 149.920899 5.6

Sb 51 121 120.903823 57.3 Pm 61 145 144.912753 17.7 a

123 122.904221 42.7 Sm 62 144 143.912008 3.1

Te 52 120 119.904021 0.091 147 146.914906 15.1

122 121.903055 2.5 148 147.914830 11.3

123 122.904276 0.89 149 148.917192 13.9

124 123.902825 4.6 150 149.917285 7.4

125 124.904434 7.0 152 151.919741 26.6

126 125.903310 18.7 154 152.922217 22.6

128 127.904463 31.7 Eu 63 151 150.919860 47.9

130 129.906228 34.5 153 152.921242 52.1

I 53 127 126.904176 100 Gd 64 154 153.920876 2.1

Xe 54 124 123.906119 0.096 155 154.922629 14.8

126 125.904281 0.090 156 155.922129 20.6

128 127.903530 1.92 157 156.923966 15.7

129 128.904779 26.4 158 157.924110 24.8

130 129.903509 4.1 160 159.927060 21.8

132 131.904148 26.9 Tb 65 159 158.925350 100

134 133.905394 10.4 Dy 66 156 155.924286 0.057

136 135.907219 8.9 158 157.924412 0.100

Cs 55 133 132.905433 100 160 159.925742 2.3
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Ø� Z A �f�þ/u ´Ý/% �PÏ Ø� Z A �f�þ/u ´Ý% �PÏ
161 160.926939 19.90 187 186.955761 1.6

162 161.926805 25.5 188 187.955851 13.3

163 162.928736 24.9 189 188.958155 16.1

164 163.929182 28.1 190 189.958455 26.4

Ho 67 165 164.930331 100 192 191.961487 41.0

Er 68 162 161.928786 0.14 Ir 77 191 190.960603 37.3

164 163.929211 1.56 193 192.962942 62.7

166 165.930304 33.4 Pt 78 190 189.959937 0.013

167 166.932060 22.9 192 191.961049 0.78

168 167.932383 27.1 194 193.962678 32.9

170 169.935476 14.9 195 194.964786 33.8

Tm 69 169 168.934225 100 196 193.969466 25.3

Yb 70 168 167.933907 0.135 198 197.967878 7.2

170 169.934773 3.1 Au 79 197 196.966559 100

171 170.936337 14.4 Hg 80 196 195.965182 0.15

172 171.936393 21.9 198 197.966759 10.0

173 172.938222 16.2 199 198.968269 16.8

174 173.938872 31.6 200 199.968315 23.1

176 175.942576 12.6 201 200.970293 13.2

Lu 71 175 174.940784 97.39 202 201.970632 29.8

176 175.942693 2.61 204 203.973480 6.9

Hf 72 174 173.940075 0.16 Tl 81 203 202.972336 29.5

176 175.941420 5.2 205 204.970116 70.5

177 176.943232 18.6 Pb 82 204 203.973036 1.42

178 177.943710 27.1 206 205.974455 24.1

179 178.945827 13.7 207 206.975885 22.1

180 179.946560 35.2 208 207.976641 52.3

Ta 73 180 179.947489 0.0123 Bi 83 209 208.980389 100

181 180.948014 99.9877 Po 84 209 208.982423 102 a

W 74 180 179.946726 0.13 210 209.982863 138.4 d

182 181.948225 26.3 At 85 210 209.987143 8.3 h

183 182.950245 14.3 211 210.987490 7.21 h

184 183.950953 30.7 Rn 86 222 221.982426 3.82 d

186 185.954377 28.6 Fr 87 223 222.980266 21.8 min

Re 75 185 186.952977 37.40 Ra 88 226 225.974594 1602 a

187 187.955765 62.60 Ac 89 227 226.972249 21.77 a

Os 76 184 183.952514 0.018 Th 90 232 231.961946 100 14.1 Ga

186 185.953252 1.6 Pa 91 231 230.964119 32.8 ka
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Ø� Z A �f�þ/u ´Ý/% �PÏ Ø� Z A �f�þ/u ´Ý% �PÏ
U 92 233 233.095905 0.1592 Ma Bk 97 247 247.0703 1.4 ka

235 234.956075 0.720 0.7038 Ga Cf 98 249 249.0749 351 a

238 237.949214 99.275 4.468 Ga 251 250.920421 898 a

Np 93 236 235.953380 0.11 Ma 252 252.0816 2.64 a

237 236.951831 2.14 Ma Es 99 253 253.0848 20.47 d

Pu 94 238 237.950444 87.74 a Fm 100 255 25255.0900 20.1 h

239 238.947842 24.1 ka Md 101 255 255.0911 27 min

240 239.946191 6.570 ka No 102 257 257.0969 26 s

241 240.943153 14.4 a Lr 103 260 260.10528 180 s

242 241.941261 0.376 Ma Rf 104 261 261.10852 65 s

Am 95 241 240.943175 433 a Db 105 262 262.11369 34 s

243 242.938625 7.370 ka Sg 106 263 263.11811 0.8 s

Cm 96 245 245.0655 8.5 ka Bh 107 262 262.12300 102 ms

246 245.932779 4.700 ka Hs 108 265 265.12990 1.8 ms

247 246.929651 16 Ma Mt 109 266 266.13770 3.4 ms

248 247.927655 0.34 Ma


