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Chapter 2

2.1 2.2

2.3 2.4

2.5 2.6

2.7

2.1

2.1.1

1923 Louis-Victor de Broglie

E p

ν λ

ν =
E

h
, λ =

h

p
. (2.1)

45
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46 CHAPTER 2.

1.

1927 C. J.

Davisson L. H. Germer

Davisson–Germer 2.1

Figure 2.1:

2.1 θ

d

∆L = 2d sin θ .

λ

k

d sin θ = k
λ

2
.

1927 Divission Germer

2.1
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2.1. 47

1927 G. P. Thomson

2.2

Figure 2.2:

de Broglie 1929 Nobel

Davisson Thomson

1937 Nobel

2.

20 20 – 30

20 60 – 70

2.3

2.3

c n12

2.3 n1 n2

2.3 b n12 = n1 + n2

2.3 c
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48 CHAPTER 2.

Figure 2.3:

a b

c

2.3 a
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2.1. 49

Merli Tonomura 1976 1989

Am. J. Phys. 44, 306 (1976); Am. J. Phys.

57, 117 (1989)

Tonomura 150 km

10 100 3000 20000 70000

2.4 (a) (b) (c) (d) (e) Am. J. Phys. 57,

117 (1989)

Figure 2.4: (a) (e)

10 100 3000 20000 70000

0.01

2.4(a)

70

2.4(e)
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50 CHAPTER 2.

3.

20 30

1947 N. H. Zinn Ek ≈ kBT ≈ 0.0259 eV λ = h
p = h√

2mnE
≈

0.178 nm 1948 E.O.

Wollan C.G. Shull

4.

1993 M.F. Grommie STM

Cu Fe

r = 7.13 nm 2.5 Science 262, 218 (1993)

Fe Fe

(1)

(2)
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2.1. 51

Figure 2.5: Cu Fe

2.5

2.6

Figure 2.6:

r n λ

2πr = nλ , (n = 1, 2, 3, · · · ) ,

λ =
2π

n
r , (n = 1, 2, 3, · · · )

L = rp =
nλ

2π
·
h

λ
=

nh

2π
= n! .
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52 CHAPTER 2.

“ “

“ “

2.1.2 —

Ψ(%r, t) =

Ψ0e
i(!k · !r−ωt)

Ψ(%r, t) = Ψ0e
i(!p · !r−Et)/! . (2.2)

2.1.3

I ∝ | %E|2

Ψ

|Ψ|2 = Ψ∗Ψ
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2.1. 53

· (Max Born) 1927 (Nature 119: 354 (1927))

|Ψ(%r, t)|2∆x∆y∆z

t %r ∆(3)%r = ∆x∆y∆z

|Ψ(%r, t )|2 t

2.1.4

1.

|Ψ(%r )|2 %r

%r %r

|Ψ(%r )|2 Ψ(%r )

r

|Ψ(%r )|2r3

lim
r→0

|Ψ(%r )|2 r3

Ψ ∼ 1
rs |Ψ|2 ∼ r−2s lim

r→0
|Ψ(%r )|2 r3 lim

r→0
r3−2s

3− 2s → 0+ s < 3
2

%r ∈ (−∞, ∞) 1
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54 CHAPTER 2.

1

∫

|Ψ(%r )|2d3%r = 1 , (2.3)

Ψ(%r )
∫

|Ψ(%r )|2d3%r = C ,

1√
C

ΨS(%r) = C ei!p · !r/! C

|ΨS(%r)|2 = |C|2
∫ ∞

−∞
|ΨS(%r)|2d3%r =

∫ ∞

−∞
|C|2d3%r = |C|2

∫ ∞

−∞
1d3%r = ∞ ,

C

fd(%r) fd(%r)ΨS(%r)

δ-

2.

|Ψ(%r, t)|2 t Ψ(%r, t)

t Ψ(%r, t) t %r

(1)

Ψ(%r) CΨ(%r) %r1 %r2

|CΨ(%r1)|2

|CΨ(%r2)|2
=

|Ψ(%r1)|2

|Ψ(%r2)|2
,

CΨ(%r) Ψ(%r) CΨ(%r) Ψ(%r)

(2)

α

|eiαΨ(%r)|2 = e−iαΨ∗(%r)eiαΨ(%r) = Ψ∗(%r)Ψ(%r) = |Ψ(%r)|2 ,
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2.1. 55

eiαΨ(%r) Ψ(%r) eiαΨ(%r) Ψ(%r)

–

Aharonov-Bohm AB Berry Phase

1. Ψ(%r, t) ∇Ψ(%r, t)

1926 E. Schroedinger U(%r)

ı!
∂

∂t
Ψ(%r, t) =

[

−
!2

2m
∇2 + U(%r )

]

Ψ(%r, t) ,

− !2

2m∇2 + U(%r ) Hamiltonian Ĥ

U(%r)
∂Ψ(!r,t)
∂t ∇2Ψ(%r, t)

U(%r ) %r

Ψ(%r, t) ∇Ψ(%r, t)

2.

0
∣

∣Ψ(%r )
∣

∣

r→∞
2
= 0

Ψ(%r )|r→∞ = 0
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56 CHAPTER 2.

1: Ψ(x) = Ax(a − x) [0, a]

(1) A (2)

(1) Ψ(x) = Ax(a − x) [0, a]

A

∫ a

0

|Ψ(x)|2dx =
∫ a

0 A2x2(a− x)2dx

= A2
[

a2
x3

3
− 2a

x4

4
+

x5

5

]∣

∣

∣

a

0
= A2 a

5

30
.

∫ a

0

|Ψ(x)|2dx = A2 a
5

30
= 1 .

A =
√

30/a5 .

A =
√

30/a5

(2)

x

∣

∣Ψ(x)
∣

∣

2
= A2x2(a− x)2 =

30

a5
x2(a− x)2 .

x

d

dx
|Ψ(x)|2 = 30

a5

[

2x(a− x)2 − 2x2(a− x)
]

=
60

a5
x(a− x)(a− 2x) = 0

|Ψ(x)|2 x = 0, a2 , a
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2.2. 57

0

d2

dx2
|Ψ(x)|2|x=0 =

60

a3
> 0 ,

d2

dx2
|Ψ(x)|2|x=a/2 = −

30

a3
< 0 ,

d2

dx2
|Ψ(x)|2|x=a =

60

a3
> 0 .

d2

dx2 |Ψ(x)|2|x=a/2 < 0 x = a
2

2.2

2.2.1

1.

%r %p

Figure 2.7:

2.7

λ d sin θ = kλ sin θ = k λd k

d k = 1
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58 CHAPTER 2.

∆x ∆px

2.

p p = h
λ λ

τ ν

τν = 1 ∆t ≥ 1
∆ν ∆t∆ν ≥ 1

v ∆x = v∆t

∆x

v
= ∆t ≥

1

∆ν
.

ν = v
λ ∆ν = −v∆λ

λ2

∆x∆λ ≤ λ2 .

λ =
h

p
, ∆λ = −

h

p2x
∆px ,

∆x∆λ = −∆x∆px
h

p2x
≤ λ2 .

∆x∆px ≥
(λpx)

h
.

λpx = h ,
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2.2. 59

∆x∆px ≥ h .

E = hν

∆E∆t ≥ h .

px

Ψ(x) = Ψ0e
ipxx/! Ψ0 x

|Ψ(x)|2 = |Ψ0|2 = x px

∆px = 0

∆x → ∞

1.

Heisenberg

h ! = h
2π

(1) x px

∆x ·∆px ≥
!

2
. (2.4)

∆x ·∆px ≈ ! ∆x ·∆px ≈ h .

(2) t E

∆E ·∆t ≥
!

2
. (2.5)

(3) A B

∆A ·∆B ≥
1

2
|[Â, B̂]| =

1

2
|ÂB̂ − B̂Â| . (2.6)

[Â, B̂] = ÂB̂ − B̂Â A B

[Â, B̂] += 0 A B

2.
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60 CHAPTER 2.

θ

sin θ =
λ

d
.

2.7 px += 0 px ∈ [p sin θ, p] ∆px ≥ p sin θ = pλd .

p = h
λ pλ = h ∆px ≥ h

d .

∆x = d

∆x ·∆px ≥ d · h
d = h

3.

(1)

r ∆x ∼ r

∆x∆px ≥ !

2 ∼ !

∆px ≥ !

2∆x
∼= !

2r . p ∼= 2∆p ∼= !

r .

E =
p2

2m
−

e2

4πε0r
∼=

!2

2m

1

r2
−

e2

4πε0

1

r
.

1836

dE

dr
∼= −

!2

m

1

r3
+

e2

4πε0

1

r2
=

1

r2

[ e2

4πε0
−

!2

m

1

r

]

= 0 .

rext. =
4πε0!

2

me2
.

r = rext. r d2E
dr2

∣

∣

r=rext.
> 0

r = rext. E
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2.2. 61

Emin =
!2

2m

1
(

4πε0!2

me2

)2 −
e2

4πε0

1
4πε0!2

me2

=
me4

2 · (4πε0!)2
−

me4

(4πε0!)2
= −

me4

2 · (4πε0!)2
.

aB = 4πε0!
2

me2

Emin = −
e2

8πε0aB
< 0 .

aB = 0.0529 nm Emin = −13.6 eV

(2)

β

pmin

Emin ∆x ∼ r

∆p ∼ p

∆x ·∆p ≥ !

2 r∆p ≈ h
2

pmin
∼= ∆p ∼=

h

2r
.

10−14

A r = r0A
1/3 r0 ≈ (1.05 ∼ 1.25) fm h

pmin =
6.63× 10−34

2× 10−14
= 3.32× 10−20 Js/m = 0.207 eVs/m .

pmin Emin

E0
(

Emin + E0

)2
=

(

pminc
)2

+ E2
0 .
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62 CHAPTER 2.

Emin =
√

(pminc)
2 + E2

0 − E0
∼= pminc ∼= 62 MeV .

β

1 MeV 8.3

β

n → p + e− + ν̄e ν̄e

(3)

∆E ∆t

∆E ·∆t ≥ !

2

∆t ≥
!

2∆E
.

∆E +→ 0 ∆t +→ ∞
∆E += 0

∆E += 0 ∆t ∈
[

!

2∆E , ∞
)

∆E = 0

2012

2.2.2

Ψ(%r)

|Ψ(%r )|2 %r
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2.2. 63

Q

Q = 〈Q〉 =
∫ ∞

−∞

∣

∣Ψ(%r )
∣

∣

2
Qd%r .

(1) x U(x)

x = 〈x〉 =
∫ ∞

−∞
|Ψ(x)|2xdx =

∫ ∞

−∞
Ψ∗(x)Ψ(x)xdx

=

∫ ∞

−∞
Ψ∗(x)xΨ(x)dx ,

U(x) = 〈U(x)〉 =
∫ ∞

−∞
|Ψ(x)|2U(x)dx

=

∫ ∞

−∞
Ψ∗(x)U(x)Ψ(x)dx .

x

U(x) (Ψ(x) , U(x)Ψ(x))

Ψ(x) U(x)Ψ(x)

Ψ(x)

U(x)

U(x) =
(

Ψ(x) , U(x)Ψ(x)
)

.

U(x) = 〈Ψ(x)
∣

∣U(x)
∣

∣Ψ(x)〉 .

(2)

p =
〈

p(x)
〉

=

∫ ∞

−∞

∣

∣Ψ(x)
∣

∣

2
pdx .
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64 CHAPTER 2.

x p

p =
〈

p(x)
〉

+=
∫ ∞

−∞
|Ψ(x)|2pdx .

p x

p x

p

x

p =

∫ ∞

−∞
|Φ(p)|2pdp =

∫ ∞

−∞
Φ∗(p)pΦ(p)dp .

Fourier Ψ(x)

Φ(p) =
1

(2π!)1/2

∫ ∞

−∞
Ψ(x)e−ipx/!dx .

Φ∗(p)

p =

∫ ∞

−∞

[ 1

(2π!)1/2

∫ ∞

−∞
Ψ(x)e−ipx/!dx

]∗
pΦ(p)dp

=

∫ ∞

−∞

∫ ∞

−∞

1

(2π!)1/2
Ψ∗(x)eipx/!pΦ(p)dpdx .

∂

∂x
eipx/! = eipx/!

ip

!
,

eipx/!p = −i!
∂

∂x
eipx/! ,
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2.2. 65

=

∫ ∞

−∞

∫ ∞

−∞

1

(2π!)1/2
Ψ∗(x)

(

− i!
∂

∂x
eipx/!

)

Φ(p)dpdx

=

∫ ∞

−∞
Ψ∗(x)

(

− i!
∂

∂x

)[

∫ ∞

−∞

1

(2π!)1/2
eipx/!Φ(p)dp

]

dx

=

∫ ∞

−∞
Ψ∗(x)

(

− i!
∂

∂x

)

Ψ(x)dx ,

px =
(

Ψ,−i!
∂

∂x
Ψ
)

.

%p =
(

Ψ,−i!∇Ψ
)

.

p = h
λ

%̂p = −i!∇ ,

%p =
〈

%p
〉

=
(

Ψ, %̂pΨ
)

.

%p =
〈

%p
〉

= 〈Ψ
∣

∣ %̂p
∣

∣Ψ〉 .

U(x) =
〈

U(x)
〉

=
〈

Û(x)
〉

=
(

Ψ, ÛΨ
)

= 〈ψ|Û |ψ〉
%̂pΨ = −i!∇Ψ Û(%r)Ψ Ψ(%r)

Q

Q̂ Q Ψ

Q = 〈Ψ
∣

∣Q̂
∣

∣Ψ〉 =
(

Ψ, Q̂Ψ
)

=

∫

V

Ψ∗(%q)Q̂(%q)Ψ(%q)d%q , (2.7)

%q V
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66 CHAPTER 2.

2.2.3

1.

%̂p %̂p = −i!∇
Ψ(%r)

2.

Q %r

%p Q = Q(%r, %p ) V (%r) m

E = Ek + Ep =
1

2
m%v 2 + V (%r) =

%p 2

2m
+ V (%r) .

Q Q̂

Q̂ = Q(%̂r, %̂p ) . (2.8)

%r %̂r = %r

%p %̂p = −i!∇

%v %̂v = !p
m = −i !

m∇

U(%r ) Û(%r ) = U(%r )

T = !p 2

2m

T̂ =
%̂p 2

2m
= −

!2

2m
∇2 = −

!2

2m

( ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

,
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2.2. 67

%L = %r × %p


























L̂x = ŷp̂z − ẑp̂y = i!
(

sinϕ
∂

∂θ
− ctgθ cosϕ

∂

∂ϕ

)

,

L̂y = ẑp̂x − x̂p̂z = −i!
(

cosϕ
∂

∂θ
− ctgθ sinϕ

∂

∂ϕ

)

,

L̂z = x̂p̂y − ŷp̂x = −i!
∂

∂ϕ
;

x = r sin θ cosϕ , y = r sin θ sinϕ , z = r cos θ .

Er =
!L2

2I I

Êr = Ĥr =
%̂L 2

2Î
=
%̂L · %̂L
2I

=
1

2I

(

L̂2
x + L̂2

y + L̂2
z

)

= −
!2

2I

[ 1

sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

sin2 θ

∂2

∂ϕ2

]

.

/

P̂ P̂Ψ(%r ) = Ψ(−%r )
P̂ij P̂ijΨ(%ri, %rj) = Ψ(%rj , %ri)

1

Q Q̂ Ψn n

Q̂Ψn = QnΨn , (2.9)

Q̂ Qn Q̂
Ψn Q̂
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68 CHAPTER 2.

Qn Q

2

Q̂ Ψn (2.9)

Qn Q Qn Ψn

Q̂Ψnα = QnΨnα , (α = 1, 2, . . . , dn) , (2.10)

Qn dn dn Qn

{Ψnα (α = 1, 2, . . . , dn)}

3

(1) z

z L̂z = −i! ∂
∂ϕ

Ψ(ϕ)

−i!
∂

∂ϕ
Ψ(ϕ) = lzΨ(ϕ) ,

lz Ψ(ϕ)

ϕ

Ψ(ϕ) = Cei
lz
!
ϕ .

lz C

z

2π

Cei
lz
!
(ϕ+2π) = Cei

lz
!
ϕ .

ei
lz
!
2π = 1 .
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2.2. 69

lz = m! ,

m = 0,±1,±2, · · · lz z

Ψ(ϕ) = Ceimϕ

∫ 2π

0

∣

∣Cei
lz
!
ϕ
∣

∣

2
dϕ = |C|2

∫ 2π

0

dϕ = 1

C =
1√
2π

.

z lz = m! m = 0,±1,±2, · · ·
Ψm(ϕ) =

1√
2π
eimϕ

(2) x

x p̂x = −i! ∂
∂x Ψ(x)

px

−i!
∂

∂x
Ψ(x) = pxΨ(x) .

Ψpx(x) = Cei
px
!
x .

px = p0x
∣

∣Ψp0x(x)
∣

∣

2
=

∣

∣C
∣

∣

2

∫ ∞

−∞

(

Cei
px
!
x
)∗(

Cei
p0x
!
x
)

dx =
∣

∣C
∣

∣

2
∫ ∞

−∞
ei

p0x−px
!

xdx = |C|22π!δ(px − p0x)

C =
1√
2π!

eiα ,

α α = 0 x

Ψpx = 1√
2π!

ei
px
!
x
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70 CHAPTER 2.

2.2.4

1.

Ψ1 Ψ2 c1 c2

Ψ = c1Ψ1 + c2Ψ2

Ψ1 Ψ2

Ô

Ô
(

c1Ψ1 + c2Ψ2

)

= c1ÔΨ1 + c2ÔΨ2 ,

Ô
2.

ψ1 ψ2

{τ}
∫

ψ∗
1ψ2dτ

(

ψ1 , ψ2) 〈ψ1|ψ2〉
ψ1 ψ2

(

ψ1 , ψ2

)

= 〈ψ1|ψ2〉 =
∫

ψ∗
1ψ2 dτ , (2.11)

dτ

(1) (ψ,ψ) ≥ 0 ;

(2) (ψ,ϕ)∗ = (ϕ,ψ) ;

(3) (ψ, c1ϕ1 + c2ϕ2) = c1(ψ,ϕ1) + c2(ψ,ϕ2) ;
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2.2. 71

(4) (c1ψ1 + c2ψ2,ϕ) = c∗1(ψ1,ϕ) + c∗2(ψ2,ϕ)

c1 c2

3.

(1) complex conjugate operator

Ô Ô
Ô∗

%̂p = −i!∇ %̂p ∗ = (−i!∇)∗ = i!∇ = − %̂p
(2) transposed operator

˜̂O
∫

ψ∗ ˜̂Oϕ dτ =

∫

ϕÔψ∗ dτ =

∫

(Ô∗ψ)∗ϕ dτ ,

τ

(

ψ , ˜̂Oϕ
)

=
(

ϕ∗ , Ôψ∗) =
(

Ô∗ψ , ϕ
)

,

˜̂O Ô

(3) Hermitian conjugate operator)

ψ ϕ Ô†

∫

ψ∗Ô†ϕ dτ =

∫

(Ôψ)∗ϕ dτ ,

(

ψ , Ô†ϕ
)

=
(

Ôψ , ϕ
)

,

Ô† Ô Ô adjoint opera-

tor

(

ψ , Ô†ϕ
)

=
(

Ôψ , ϕ
)

=
(

ϕ , Ôψ
)∗

=
(

ϕ∗ , Ô∗ψ∗) =
(

ψ , ˜̂O∗ϕ
)

,
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72 CHAPTER 2.

(4) Hermitian operator

ψ ϕ Ô†

∫

ψ∗Ôϕ dτ =

∫

(Ôψ)∗ϕ dτ ,

(

ψ , Ôϕ
)

=
(

Ôψ , ϕ
)

,

Ô

(

ψ , Ôϕ
)

=
(

Ôψ , ϕ
)

=
(

ψ , Ô†ϕ
)

,

Ô† = Ô .

self-adjoint operator

∂̃
∂x = − ∂

∂x

(

∂
∂x

)†
= − ∂

∂x

ψ ϕ

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx =

∫ ∞

−∞
ϕ
∂

∂x
ψ∗ dx = ϕψ∗∣

∣

∞
−∞ −

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx .

ϕψ∗|∞−∞ = 0

∫ ∞

−∞
ψ∗ ∂̃

∂x
ϕ dx = −

∫ ∞

−∞
ψ∗ ∂

∂x
ϕ dx .

ψ ϕ ∂̃
∂x = − ∂

∂x

( ∂

∂x

)†
=

( ∂̃

∂x

)∗
=

(

−
∂

∂x

)∗
= −

∂

∂x
,

(

∂
∂x

)†
= − ∂

∂x
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2.2. 73

1. 1.

Ψ

O =
(Ψ, ÔΨ)

(Ψ,Ψ)
. (2.12)

Q Q̂ Ψ

(Ψ, Ψ) = 1

Q =
(

Ψ, Q̂Ψ
)

=
(

Q̂Ψ, Ψ
)

=
(

Ψ, Q̂Ψ)∗ = (Q)∗ .

2. 2

Ψn Q̂
Q Qn

Q = (Ψn, Q̂Ψn) = (Ψ, QnΨ) = Qn(Ψn, Ψn) = Qn .

1 Q Qn

3.
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74 CHAPTER 2.

Ψ1 Ψ2

0
(

Ψ1 , Ψ2

)

=

∫

Ψ∗
1Ψ2dτ = 0 ,

Ψ1 Ψ2

Ô On Om Ψn Ψm

ÔΨn = OnΨn , ÔΨm = OmΨm ,

2

(ÔΨm, Ψn) = (OmΨm, Ψn) = O∗
m(Ψm, Ψn) = Om(Ψm, Ψn) ,

Ô = Ô†

(ÔΨm, Ψn) = (Ψm, Ô†Ψn) = (Ψm, ÔΨn) = On(Ψm, Ψn) .

(Om −On)(Ψm, Ψn) = 0 .

Om += On (Ψm, Ψn) = 0

(

Ψm, Ψn

)

=

∫

Ψ∗
mΨn dτ = δmn .
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2.2. 75

1.

(1)

Ô1 Ô2 Ψ

(

Ô1 + Ô2

)

Ψ = Ô1Ψ+ Ô2Ψ ,

Ô1 + Ô2 Ô1 Ô2

〈1〉
〈2〉

〈1〉 Ô1 + Ô2 = Ô2 + Ô1 ;

〈2〉 Ô1 +
(

Ô2 + Ô3

)

=
(

Ô1 + Ô2

)

+ Ô3 .

(2)

Ô1 Ô2 Ψ

(

Ô1Ô2

)

Ψ = Ô1

(

Ô2Ψ
)

,

Ô1Ô2 Ô1 Ô2

Ô1Ô2 += Ô2Ô1 ,

2.8

z x̂ 90◦ ŷ 90◦

−ŷ ŷ 90◦ x̂ 90◦

x̂

2.
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76 CHAPTER 2.

Figure 2.8: z

(1) commutator

Ô1 Ô2

[

Ô1 , Ô2

]

= Ô1Ô2 − Ô2Ô1 . (2.13)

(2)

[Ô1 , Ô2] = 0 Ô1Ô2 = Ô2Ô1 Ô1 Ô2

[Ô1 , Ô2] += 0 Ô1 Ô2

[Ô1 , Ô2] += 0 Ô1Ô2 = −Ô2Ô1 {Ô1 , Ô2} = Ô1Ô2 + Ô2Ô1 = 0

Ô1 Ô2

(3)

〈i〉
[

Ô1 , Ô2 ± Ô3

]

=
[

Ô1 , Ô2

]

±
[

Ô1 , Ô3

]

.

〈ii〉
[

Ô1 , Ô2Ô3

]

= Ô2

[

Ô1 , Ô3

]

+
[

Ô1 , Ô2

]

Ô3 .

〈iii〉
[

Ô1Ô2 , Ô3

]

= Ô1

[

Ô2 , Ô3

]

+
[

Ô1 , Ô3

]

Ô2 .

3. inverse operator

Ô Ô−1

ÔÔ−1 = Ô−1Ô = Î ,

Î Ô−1 Ô
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2.2. 77

Ô Ô−1 Ôψ = ϕ ψ = Ô−1ϕ

Ô1 Ô2 Ô−1
1 Ô−1

2

(

Ô1Ô2

)−1
= Ô−1

2 Ô−1
1 .

1.

[

x̂α , p̂β
]

= i!δαβ , (2.14)

α β

ψ

(

Ô1Ô2

)

ψ = Ô1

(

Ô2ψ
)

,

xp̂xψ = x
(

− i!
∂

∂x
ψ
)

= −i!x
∂

∂x
ψ ,

p̂xxψ = −i!
∂

∂x

(

xψ
)

= −i!x
∂

∂x
ψ − i!ψ ,

(

xp̂x − p̂xx
)

ψ =
[

x̂ , p̂x
]

ψ = i!ψ .

ψ
[

x̂ , p̂x
]

= i!
[

ŷ , p̂y
]

=
[

ẑ , p̂z
]

= i!

[x̂ , p̂y] = [x̂ , p̂z] = [ŷ , p̂x] = [ŷ , p̂z] = [ẑ , p̂x] = [ẑ , p̂y] = 0 .
[

x̂α , p̂β
]

= i!δαβ .

2.

(1)

[L̂x, L̂y]

L̂x = ŷp̂z − ẑp̂y L̂y = ẑp̂x − x̂p̂z L̂z = x̂p̂y − ŷp̂x
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78 CHAPTER 2.

[L̂x , L̂y] = [ŷp̂z − ẑp̂y , ẑp̂x − x̂p̂z] = [ŷp̂z , ẑp̂x − x̂p̂z]− [ẑp̂y , ẑp̂x − x̂p̂z]

= [ŷp̂z , ẑp̂x]− [ŷp̂z , x̂p̂z]− [ẑp̂y , ẑp̂x] + [ẑp̂y , x̂p̂z]

= ŷ[p̂z , ẑp̂x] + [ŷ , ẑp̂x]p̂z − ŷ[p̂z , x̂p̂z]− [ŷ , x̂p̂z]p̂z

−ẑ[p̂y , ẑp̂x]− [ẑ , ẑp̂x]p̂y + ẑ[p̂y , x̂p̂z] + [ẑ , x̂p̂z]p̂y

= ŷẑ[p̂z , p̂x] + ŷ[p̂z , ẑ]p̂x + ẑ[ŷ , p̂x]p̂z + [ŷ , ẑ]p̂xp̂z

−ŷx̂[p̂z , p̂z]− ŷ[p̂z , x̂]p̂z − x̂[ŷ , p̂z]p̂z − [ŷ , x̂]p̂zp̂z

−ẑẑ[p̂y , p̂x]− ẑ[p̂y , ẑ]p̂x − ẑ[ẑ , p̂x]p̂y − [ẑ , ẑ]p̂xp̂y

+ẑx̂[p̂y , p̂z] + ẑ[p̂y , x̂]p̂z + x̂[ẑ , p̂z]p̂y + [ẑ , x̂]p̂zp̂y

= ŷẑ · 0 + ŷ
(

− i!
)

p̂x + ẑ · 0 · p̂z + 0 · p̂xp̂z − ŷx̂ · 0− ŷ · 0 · p̂z
−x̂ · 0 · p̂z − 0 · p̂zp̂z − ẑẑ · 0− ẑ · 0 · p̂x − ẑ · 0 · p̂y − 0 · p̂xp̂y
+ẑx̂ · 0 + ẑ · 0 · p̂z + x̂

(

i!
)

p̂y + 0 · p̂zp̂y
= −i!ŷp̂x + i!x̂p̂y = i!L̂z ,

[L̂x, L̂x] = 0 , [L̂x, L̂z] = −i!L̂y ,

[L̂y, L̂x] = −i!L̂z , [L̂y, L̂y] = 0 , [L̂y, L̂z] = i!L̂x ,

[L̂z, L̂x] = i!L̂y , [L̂z , L̂y] = −i!L̂x , [L̂z, L̂z] = 0 ,

[L̂α, L̂β] = εαβγi!L̂γ , (2.15)

εαβγ Levi-Civita {1, 2, 3} =

{α , β , γ},

εαβγ = εβγα = εγαβ = 1 , εβαγ = εαγβ = εγβα = −εαβγ = −1 .

%̂L× %̂L = i!%̂L .

(2)
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2.3. 79

[L̂α, x̂β] = εαβγi!x̂γ , (2.16)

[L̂α, p̂β] = εαβγi!p̂γ . (2.17)

(3) z

L̂+ = L̂x + iL̂y L̂− = L̂x − iL̂y

[L̂+ , L̂−] = 2!L̂z , (2.18)

[L̂z , L̂±] = ±!L̂± . (2.19)

(4)

[L̂2 , L̂α] = 0 . (2.20)

so(3)

SO(3) Lz L±

L2 Casimir

2.3

2.3.1

1.

2.1. Ψ(q) Ψ(q)

2.

Ψ(%r )

Ψ(%p )
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80 CHAPTER 2.

2.3.2

Ψ1 Ψ2 Ψ = C1Ψ1 + C2Ψ2

∣

∣Ψ
∣

∣

2
=

(

C∗
1Ψ

∗
1 + C∗

2Ψ
∗
2

)(

C1Ψ1 + C2Ψ2

)

=
∣

∣C1Ψ1

∣

∣

2
+
∣

∣C2Ψ2

∣

∣

2
+
(

C∗
1C2Ψ

∗
1Ψ2 + C1C

∗
2Ψ1Ψ

∗
2

)

.

Ψ1 Ψ2 Ψ = C1Ψ1+C2Ψ2

0

Ψ1 Ψ2 · · · Ψn · · ·

Ψ =
∑

i

CiΨi = C1Ψ1 + C2Ψ2 + · · ·+ CnΨn + · · ·

C1 C2 · · ·

1. Ψ1 Ψ2 · · · Ψn · · · Ψ , |Ψ1|2 |Ψ2|2

· · · |Ψn|2 · · · Ψ1 Ψ2 · · · Ψn · · ·

2.
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2.3. 81

3.

Q̂Ψ1 = Q1Ψ1 Q̂Ψ2 = Q2Ψ2 Q Q̂
Ψ1 Ψ2

Ψ = C1Ψ1 + C2Ψ2 ,

Q̂Ψ = C1Q1Ψ1 + C2Q2Ψ2 .

Q Q1

Q2 Q1 Q2

∣

∣Ψ1

∣

∣

2 ∣

∣Ψ2

∣

∣

2

1
3

2
3 E1 E2 (E2 += E1)

Ψ1 Ψ2

√

1
3Ψ1 +

√

2
3ψ2

E1 Ψ1 1/3
√

1
3e

iα1Ψ1

2/3
√

2
3e

iα2Ψ2

Ψ =

√

1

3
eiα1Ψ1 +

√

2

3
eiα2Ψ2 .

, α1−α2 += 2nπ (n ), Ψ
√

1
3Ψ1 +

√

2
3Ψ2

√

1
3Ψ1 +

√

2
3Ψ2
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82 CHAPTER 2.

20

N {n1, n2, · · · , ni, · · · , nN}

N

N

Ψ1 = n1 , Ψ2 = n2 , · · · ,ΨN = nN ,

Ψ =
1√
N !

[

eiα1n1 + eiα2n2 + · · ·+ eiαNnN

]

.

Ô

ÔΨ =
1√
N !

[

eiα
′
1O1n1 + eiα

′
2O2n2 + · · ·+ eiα

′
NONnN

]

.

Ψ N

ÔΨ

Ψi = ni (i = 1, 2, · · · , N)

π
4

√
N Phys. Rev. Lett.

79, 325 (1997); Phys. Rev. Lett. 80, 3408 (1998); Science 280, 228 (1998);

Quantum mechanics helps in searching a

needle in a haystack

2.9
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2.4. 83

Figure 2.9:

2.4

2.4.1

Q Q̂ ψ Q̂ψ = Φ

Q Q̂ Q̂ψn = Qnψn

Q Qn

2.2.

∆x∆px ≥ !

2 ∆t∆E ≥ !

2

1.

ψ Q

(∆Q)2 = (Q̂−Q)2 =

∫

ψ∗(Q̂−Q)2ψdτ ,
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84 CHAPTER 2.

∆Q =
√

(∆Q)2 . (2.21)

2.

Q1 Q2 ψ Q̂1ψ Q̂2ψ

ξQ̂1ψ + iQ̂2ψ

ξ

I(ξ) =

∫

|ξQ̂1ψ + iQ̂2ψ|2dτ ≥ 0 .

I(ξ)

I(ξ) =
(

ξQ̂1ψ + iQ̂2ψ , ξQ̂1ψ + iQ̂2ψ
)

=
(

ξQ̂1ψ , ξQ̂1ψ
)

− iξ
(

Q̂2ψ , Q̂1ψ
)

+ iξ
(

Q̂1ψ , Q̂2ψ
)

− i2
(

Q̂2ψ , Q̂2ψ
)

.

= ξ2
(

ψ , Q̂2
1ψ

)

− iξ
(

ψ , Q̂2Q̂1ψ
)

+ iξ
(

ψ , Q̂1Q̂2ψ
)

+
(

ψ , Q̂2
2ψ

)

= ξ2
(

ψ , Q̂2
1ψ

)

+ ξ
(

ψ , i[Q̂1 , Q̂2]ψ
)

+
(

ψ , Q̂2
2ψ

)

= ξ2Q̂2
1 + iξ[Q̂1 , Q̂2] + Q̂2

2

≥ 0

.

ξ

(

i[Q̂1 , Q̂2]
)2 − 4 Q̂2

1 Q̂2
2 ≤ 0 ,

4 Q̂2
1 Q̂2

2 −
(

i[Q̂1 , Q̂2]
)2 ≥ 0 .

√

Q̂2
1 · Q̂2

2 ≥
1

2

√

(

i
[

Q̂1 , Q̂2

])2
=

1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣ .
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2.4. 85

, Q1 Q2 , ∆Q̂1 = Q̂1 − Q1 , ∆Q̂2 =

Q̂2 −Q2

√

(∆Q̂1)
2 · (∆Q̂2)

2 ≥
1

2

∣

∣

∣

[

∆Q̂1 , ∆Q̂2

]

∣

∣

∣
.

[

∆Q̂1 , ∆Q̂2

]

=
[

Q̂1 −Q1 , Q̂2 −Q2

]

=
[

Q̂1 , Q̂2

]

+
[

Q̂1 , −Q2

]

+
[

−Q1 , Q̂2

]

+
[

−Q1 , −Q2

]

=
[

Q̂1 , Q̂2

]

,

√

(

∆Q̂1

)2 ·
(

∆Q̂2

)2
=

√

(

∆Q̂1

)2 ·
√

(

∆Q̂2

)2
= ∆Q1 ·∆Q2 ,

∆Q1 ·∆Q2 ≥
1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣
.

Q1 Q2

∆Q1 ∆Q2

∆Q1 ·∆Q2 ≥
1

2

∣

∣

∣

[

Q̂1 , Q̂2

]

∣

∣

∣
. (2.22)

[

Q̂1 , Q̂2

]

= 0 ∆Q1∆Q2 = 0 Q1 Q2
[

Q̂1 , Q̂2

]

+= 0 ∆Q1∆Q2 += 0 ∆Q1 ∆Q2 0

Q1 Q2

2.4.2

Q1 Q2

Q̂1ψ = Q1ψ , Q̂2ψ = Q2ψ ,

∆Q1 = ∆Q2 = 0 Q̂1 Q̂2 ψ
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86 CHAPTER 2.

[

Q̂1 , Q̂2

]

= 0 ∆Q1 = ∆Q2 = 0

Q̂1 Q̂2

[

Q̂1 , Q̂2

]

= 0 ,

Q̂1 Q̂2

2.4.3

%̂p p̂x p̂y p̂z

[

p̂x , p̂y
]

=
[

p̂y , p̂z
]

=
[

p̂z , p̂x
]

= · · · = 0 ,

ψ!p(%r ) = ψpx(x)ψpy(y)ψpz(z) =
1

(2π!)3/2
ei(pxx+pyy+pzz)/! =

1

(2π!)3/2
ei!p·!r/! .

{L̂2, L̂z}
1.

[

L̂2 , L̂z

]

= 0 2.2. L̂2 L̂z

2. L̂z

2.2. Lz L̂zφml
(ϕ) = Lzφml

(ϕ)

φml
(ϕ) = 1√

2π
eimlϕ Lz = ml!



  L
iu

’s 
Le

ctu
re

s o
n 

AP
 at

 P
KU

   
   

Pl
ea

se
 d

o 
no

t d
ist

rib
ut

e o
ut

sid
e  

   
   

 F
eb

ru
ar

y 
15

, 2
02

0-
- 2

0:
45

2.4. 87

3. {L̂2, L̂z}
{L̂2, L̂z} Y (θ,ϕ) L̂2

L̂2Y (θ,ϕ) = λ!2Y (θ,ϕ) ,

L̂z L̂zφml
(ϕ) = ml!φml

(ϕ) θ Y (θ,ϕ)

Y (θ,ϕ) = Θ(θ)φml
(ϕ) .

L̂2 = −
!2

sin θ

d

dθ

(

sin θ
d

dθ

)

+
L̂2
z

sin2 θ
,

[

−
!2

sin θ

d

dθ

(

sin θ
d

dθ

)

+
L̂2
z

sin2 θ

]

Θ(θ)φml
(ϕ) = λ!2Θ(θ)φml

(ϕ) .

1

sin θ

d

dθ

(

sin θ
d

dθ

)

Θ(θ) +
(

λ−
m2

l

sin2 θ

)

Θ(θ) = 0 .

associated Legendre Eq.)

λ = l(l + 1) , ( l = 0, 1, 2, . . . ) ,

associated Legendre function

Θ(θ) = P
|ml|
l (cos θ) , ( |ml| ≤ l ) .

Y (θ,ϕ) = Ylml
(θ,ϕ) = (−1)ml

√

(2l + 1)(l − |ml|)!
4π(l + |ml|)!

P
|ml|
l (cos θ)eimlϕ .

Ylml
(θ,ϕ)

{L̂2, L̂z} Ylml
(θ,ϕ) ,

L̂2Ylml
(θ,ϕ) = l(l + 1)!2Ylml

(θ,ϕ) , (2.23)

L̂zYlml
(θ,ϕ) = ml!Ylml

(θ,ϕ) , (2.24)



  L
iu

’s 
Le

ctu
re

s o
n 

AP
 at

 P
KU

   
   

Pl
ea

se
 d

o 
no

t d
ist

rib
ut

e o
ut

sid
e  

   
   

 F
eb

ru
ar

y 
15

, 2
02

0-
- 2

0:
45

88 CHAPTER 2.

∫ 2π

0

dϕ

∫ π

0

Y ∗
lml

(θ,ϕ)Yl′m′
l
(θ,ϕ) sin θdθ = δll′δmm′

l
, (2.25)

l = 0, 1, 2, . . . , ml = 0,±1,±2, · · · ,±l l z

Figure 2.10: z !̂l 2

%̂L2 l ml

l (2l + 1) ml ml = 0,±1,±2, · · · ,±l

2.10 %̂L2 l(l+ 1)!2 (2l+ 1)

Ylml
(θ,ϕ) dl = (2l + 1)

2.4.4

{Q̂1, Q̂2, · · · }
ψQ α

{Q̂1, Q̂2, · · · }
a complete set of dynamical variables
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2.4. 89

1

Ĥ

Ĥ L̂2 z L̂z

2 (θ,ϕ)

{L̂2 , L̂z}

α α′

(

ψα , ψα′

)

= δαα′ .

{Q̂1, Q̂2, · · · } {ψα}
{ψα}

Ψ =
∑

α

cαψα . (2.26)

{ψα}

(ψα,Ψ) =
(

ψα,
∑

α′

cα′ψα′

)

=
∑

α′

cα′

(

ψα,ψα′

)

=
∑

α′

cα′δαα′ = cα ,

cα =
(

ψα , Ψ
)

=

∫

ψ∗
αΨdτ ,

dτ

Ψ
∑

α
|cα|2 = 1
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90 CHAPTER 2.

∣

∣cα
∣

∣

2
Ψ Q

Qα

Ψ

Q = (Ψ , Q̂Ψ)
(Ψ,Ψ) Qn

Pn =
∣

∣(ψn,Ψ)
∣

∣

2

2.5

2.5.1

Ψ(%r )

Ψ(%r, t)

Ψ(%r, t)

Schrödinger

i!
∂

∂t
Ψ(%r, t) = ĤΨ(%r, t) . (2.27)

Schrödinger

Ψ(%r, t) ∼ ei(
!k·!r−ωt) ,

%k = !p
!
, ω = E

!
Ψ(%r, t) ∼ ei(!p·!r−Et)/! .

∂
∂tΨ = −iE

!
Ψ ,

i!
∂

∂t
Ψ(%r, t) = ÊΨ(%r, t) .

∇Ψ = i !p
!
Ψ ∇2Ψ = − !p 2

!2
Ψ

!
2∇2Ψ = −%p 2Ψ .
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2.5. 91

[

i!
∂

∂t
+

!2

2m
∇2

]

Ψ =
(

E −
%p 2

2m

)

Ψ .

E = Ek =
!p2

2m

[

i!
∂

∂t
+

!2

2m
∇2

]

Ψ = 0 .

i!
∂

∂t
Ψ = −

!2

2m
∇2Ψ .

%̂p = −i!∇

i!
∂

∂t
Ψ(%r, t) =

%p 2

2m
Ψ(%r, t) .

U(%r)

E = Ek + Ep =
%p 2

2m
+ U(%r ) ,

E −
%p 2

2m
= U(%r ) .

[

i!
∂

∂t
+

!2

2m
∇2

]

Ψ(%r, t) = U(%r )Ψ(%r, t) ,

i!
∂

∂t
Ψ(%r, t) =

[

−
!2

2m
∇2 + U(%r )

]

Ψ(%r, t) .

− !2

2m∇2 + U(%r )

Ĥ = −
!2

2m
∇2 + U(%r ) =

%p 2

2m
+ U(%r ) .

Schrödinger

i!
∂

∂t
Ψ(%r, t) = ĤΨ(%r, t) .



  L
iu

’s 
Le

ctu
re

s o
n 

AP
 at

 P
KU

   
   

Pl
ea

se
 d

o 
no

t d
ist

rib
ut

e o
ut

sid
e  

   
   

 F
eb

ru
ar

y 
15

, 2
02

0-
- 2

0:
45

92 CHAPTER 2.

ψ1(%r, t) ψ2(%r, t)

i!
∂

∂t
ψ1(%r, t) = Ĥψ1(%r, t) , i!

∂

∂t
ψ2(%r, t) = Ĥψ2(%r, t) .

c1 c2

i!
∂

∂t
c1ψ1(%r, t) = Ĥc1ψ1(%r, t) , i!

∂

∂t
c2ψ2(%r, t) = Ĥc2ψ2(%r, t) .

i!
∂

∂t
[c1ψ1(%r, t) + c2ψ2(%r, t)] = Ĥ [c1ψ1(%r, t) + c2ψ2(%r, t)] .

Ψ(%r, t) = c1Ψ1(%r, t) + c2Ψ2(%r, t)

2.5.2 Schrödinger

Schrödinger

U(%r ) ψ(%r, t)

ψ(%r, t) = ψ(%r )f(t) ,

ψ(%r )
[

i!
∂

∂t
f(t)

]

= f(t)
[

−
!2

2m
∇2 + U(%r )

]

ψ(%r ) .

ψ(%r, t) = ψ(%r )f(t)

i!

f(t)

∂

∂t
f(t) =

1

ψ(%r )

[

−
!2

2m
∇2 + U(%r )

]

ψ(%r ) .

t %r

t %r

− !2

2m∇2 + U(%r) Ĥ

E

i!
∂

∂t
f(t) = Ef(t) ,
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2.5. 93

f(t) ∼ e−iEt/! .

[

−
!2

2m
∇2 + U(%r )

]

ψ(%r ) = Eψ(%r) , (2.28)

E energy eigenvalue ψE(%r )

1

ψE(%r ) (t = 0)

ψ(%r, 0) = ψE(%r ) ,

ϕ(%p ) =
1

(2π!)3/2

∫

ψE(%r )e
i!p·!r/!d%r ,

ψ(%r, t) =
1

(2π!)3/2

∫

ϕ(p)ei(!p·!r−Et)/!d%p

=
1

(2π!)3

∫

ψE(%r
′)ei(!p·(!r−!r

′)−Et)/!d%pd%r ′

=

∫

ψE(%r
′ )e−iEt/!δ(%r − %r ′)d%r ′

= ψE(%r )e
−iEt/!

ψ(%r, t) = ψE(%r )e
−iEt/! (2.29)

1Annalen der Physik 384, 361 (1926);
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94 CHAPTER 2.

t E

O = 〈Ô〉 =
∫

ψ∗Ôψd%r =
∫

ψ∗
E(%r )e

iEt/!ÔψE(%r )e
−iEt/!d%r ,

t O

O =

∫

ψ∗
E(%r )ÔψE(%r )d%r ,

ρ(%r, t) = |ψ(%r, t)|2 = |ψE(%r )|2

ψ(%r, t) = ψE(%r )e
−iEt/! E

ψE(%r ) ψ(%r, 0) =
∑

E

cEψE(%r ) ,

ψ(%r, t) =
∑

E

cEψE(%r )e
−iEt/! .

E

2.5.3

%j(%r, t) = −
i!

2m
[ψ∗∇ψ − ψ∇ψ∗] =

1

2m
[ψ∗ %̂pψ − ψ%̂pψ∗] .

ρ(%r, t) = |ψ(%r, t)|2

∂

∂t
ρ(%r, t) +∇ ·%j(%r, t) = 0 .
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2.5. 95

%j(%r, t) = −
i!

2m
[ψ∗(%r, t)∇ψ(%r, t)− ψ(%r, t)∇ψ∗(%r, t)]

= −
i!

2m
[ψ∗

E(%r )∇ψE(%r )− ψE(%r )∇ψ∗
E(%r )]

V
∫

V

∂

∂t
ρ(%r, t)dV +

∫

V

[∇ ·%j(%r, t)]dV = 0 .

∫

V

[∇ ·%j ]dV =

∮

%j · d%S ,

∂

∂t

∫

V

ρdV = −
∮

S

%j · d%S .

%j|!r→∞ ⇒ 0 ,

∫

total

ρ(%r, t)dV = .

2.5.4

ψ(%r, t) Q

Q =

∫

ψ∗(%r, t)Q̂ψ(%r, t)dt ,

dQ

dt
=

∫

ψ∗Q̂
(∂ψ

∂t

)

dt+

∫

ψ∗(∂Q̂
∂t

)

ψdt+

∫

(∂ψ∗

∂t

)

Q̂ψdt .
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96 CHAPTER 2.

∂ψ

∂t
=

1

i!
Ĥψ ,

∂ψ∗

∂t
=

1

−i!
(Ĥψ)∗ ,

dQ

dt
=

∫

ψ∗(∂Q̂
∂t

)

ψdt+
1

i!

∫

ψ∗Q̂Ĥψdt−
1

i!

∫

(Ĥψ)∗Q̂ψdt .

Ĥ
∫

(Ĥψ)∗Q̂ψdt =
∫

ψ∗ ˜̂H∗Q̂ψdt =
∫

ψ∗Ĥ+Q̂ψdt =
∫

ψ∗ĤQ̂ψdt ,

dQ

dt
=

∫

ψ∗(∂Q̂
∂t

)

ψdt+
1

i!

∫

ψ∗(Q̂Ĥ − ĤQ̂)ψdt ,

dQ

dt
=
∂Q̂
∂t

+
1

i!
[Q̂ , Ĥ ] .

Q

dQ

dt
=
∂Q̂
∂t

+
1

i!
[Q̂ , Ĥ ] . (2.30)

Q Q̂
t , Ĥ ,

∂Q̂
∂t

= 0 ,
[

Q̂ , Ĥ
]

= 0 ,

dQ

dt
=
∂Q̂
∂t

+
1

i!

[

Q̂ , Ĥ
]

= 0 + 0 = 0 .

: ,

Ĥ
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2.5. 97

(1) t ,

(2)

(3)

Nöther

Emmy Nöther 1918

P̂ V (%r) ψ(%r)

P̂V (%r) = V (P̂%r) = V (−%r) = V (%r)
∣

∣P̂ψ(%r)
∣

∣

2
=

∣

∣ψ(−%r)
∣

∣

2
=

∣

∣ψ(%r)
∣

∣

2

P̂ψ(%r) ψ(%r) P̂ψ(%r) = Pψ(%r)

P̂ 2ψ(%r) = P̂ (Pψ(%r)) = P (P̂ψ(%r)) = P 2ψ(%r) = ψ(%r) ,
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98 CHAPTER 2.

P 2 = 1 P = ±1

P = 1 P = −1

P = 1 P = −1

P̂ V (%r) = V (−%r) = V (%r) ψ(%r) ψ(−%r)
P

2.5.5

( )

picture

2.6

2.6.1

U(x) =











0 , (0 < x < a) ,

∞ , (x ≤ 0, x ≥ a) .

(2.31) Figure 2.11:

1. (x ≤ 0, x ≥ a)
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2.6. 99

U(x) = ∞ ,

x ≤ 0 x ≥ a

ψ(x) = 0 .

2. (0 < x < a)

[

−
!2

2m
∇2 + U(%r )

]

ψ(%r ) = Eψ(%r ) ,

U(x) = 0

−
!2

2m

∂2

∂x2
ψ(x) = Eψ(x) ,

∂2ψ

∂x2
+

2mE

!2
ψ = 0 .

2mE
!2

= k2 d2ψ

dx2
+ k2ψ = 0 .

ψ(x) = A sin(kx+ δ) ,

A δ

ψ(x = 0) = 0 A sin δ = 0 .

δ = nπ (n = 1,±1, . . .) n = 0 δ = 0

ψ(x = a) = 0 A sin ka = 0

ka = nπ (n = 0,±1, . . .) k = nπ
a

n = 0 ψ(x) = A sin 0 ≡ 0 n = 0

ψ(x)|0<x<a = A sin
nπx

a
(n = ±1,±2, . . .) .

∫ ∞

−∞

∣

∣ψ(x)
∣

∣

2
dx = A2

∫ a

0

∣

∣

∣
sin

nπx

a

∣

∣

∣

2
dx = 1 ,
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100 CHAPTER 2.

A =

√

2

a
.

A δ k

k n n = 1, 2, 3, · · ·

ψ(x)|0<x<a =

√

2

a
sin

nπx

a
.

k =
√

2mE
!2

k = nπ
a

E =
n2π2!2

2ma2
.

n 1, 2, 3, . . .

En =
n2π2!2

2ma2
. (2.32)

E1 = Emin , ψ1 ψn (n = 2, 3, . . .)

(1)

(2) m

a2 n n2

(3) E1 =
π2!2

2ma2

(4) %jn(x) =
1
2m(ψ∗ %̂pψ−ψ%̂pψ∗) = 0 λ = h

p = h
k! =

2π
k = 2a

n k k

. [0, a] ψ(x) =
4√
a sin

πx
a cos2 πx

a

[0, a] En

n En = π2!2

2ma2n
2 ( n = 1, 2, 3, · · · )

ψn(x) =
√

2
a sin

nπx
a
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2.6. 101

1

ψ =
∑

n
cnψn

cn =
∫ a
0 ψ

∗
n(x)ψ(x)dx =

∫ a
0

4
√
2

a sin nπx
a sin πx

a cos2 πx
a dx

=
∫ a
0

2
√
2

a sin nπx
a sin πx

a

(

1 + cos 2πx
a

)

dx

=
∫ a
0

2
√
2

a sin nπx
a sin πx

a dx+
∫ a
0

2
√
2

a sin nπx
a sin πx

a cos 2πx
a dx

=
√
2δn1 +

√
2
a

∫ a
0 sin nπx

a sin 3πx
a dx−

√
2
a

∫ a
0 sin nπx

a sin πx
a dx

=
√
2δn1 +

1√
2
δn3 − 1√

2
δn1

=
√
2
2 δn1 +

√
2
2 δn3 ,

ψ(x) =
√
2
2 ψ1(x) +

√
2
2 ψ3(x).

E = E1 =
π2!2

2ma2
, E = E3 =

9π2!2

2ma2
.

1
2

2 ψ(x)

ψ(x) = 4√
a sin

πx
a cos2 πx

a = 4√
a sin

πx
a

1
2

(

1 + cos 2πx
a

)

= 2√
a

(

sin πx
a + sin πx

a cos 2πx
a

)

= 2√
a

[

sin πx
a + 1

2

(

sin 3πx
a − sin πx

a

)]

= 1√
a sin

πx
a + 1√

a sin
3πx
a

= 1√
2
ψ1(x) +

1√
2
ψ3(x) .

π2!2

2ma2
9π2!2

2ma2 1/2

2.6.2



  L
iu

’s 
Le

ctu
re

s o
n 

AP
 at

 P
KU

   
   

Pl
ea

se
 d

o 
no

t d
ist

rib
ut

e o
ut

sid
e  

   
   

 F
eb

ru
ar

y 
15

, 2
02

0-
- 2

0:
45

102 CHAPTER 2.

U(x) =
1

2
kx2 =

1

2
mω2x2 ,

(2.33)

m ω =
√

k
m

Figure 2.12:

1.

U(x) = 1
2mω

2x2

[

−
!2

2m

d2

dx2
+

1

2
mω2x2

]

ψ(x) = Eψ(x) ,

[ d2

dx2
−

m2ω2

!2
x2 +

2mE

!2

]

ψ(x) = 0 .

α =
√

mω
!

ξ = αx λ = 2mE
!2α2 = 2E

!ω

d2

dξ2
ψ(ξ) + (λ− ξ2)ψ(ξ) = 0 .

2.

λ = 2E
!ω E λ ξ = ±∞ ξ λ

d2

dξ2
ψ − ξ2ψ = 0 ,

ψ ∼ e±
ξ2

2 .

ξ → ∞ x → ∞ U → ∞ ψ(ξ →
∞) → 0 ψ ∼ e

ξ2

2

ξ = ±∞ ψ(ξ → ±∞) ∼ e−
ξ2

2 .

3.
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2.6. 103

ψ(ξ → ±∞) ∼ e−ξ
2/2 ,

ψ = e−ξ
2/2u(ξ) .

d2

dξ2
u− 2ξ

d

dξ
u+ (λ− 1)u = 0 .

Hermite equation

u(ξ → ±∞) ∼ e ξ
2

ψ(ξ → ±∞) = e−ξ
2/2u(ξ) ∼ eξ

2/2 ,

ψ(ξ → ±∞) ∼ e−ξ2/2

λ − 1 = 2n (n = 0, 1, 2 . . .) λ =

(Hermite Polynomial)

u(ξ) = Hn(ξ) = (−1)neξ
2 dn

dξn
e−ξ

2
.

H0(ξ) = 1 , H1(ξ) = 2ξ ,

H2(ξ) = 4ξ2 − 2 , H3(ξ) = 8ξ2 − 12ξ ,

· · · · · ·

λ = 2n+ 1 . λ

E = λ
2!ω

En =
(

n +
1

2

)

!ω . (2.34)

4.

(1) 4He 3He
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104 CHAPTER 2.

En =
(

n + 1
2

)

!ω

(a) En+1 − En = !ω =

(b) E0 =
1
2!ω Figure 2.13:

(2)

〈1〉

ψn(x) = Ane
−α2x2/2Hn(αx) ,

An =
√

α
2nn!

√
π α =

√

mω
!

2.14

〈i〉 n = P

n = P

〈ii〉 n

n n Figure 2.14:

2

2

Sturm

n n

Phys. Rev. Lett.
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2.6. 105

〈2〉
x = 0 ẋ

ẋ = 0

x = 0 n P (x = 0, n =

0) = Pmax P (x = 0, n = ) += Pmin) n

2.14 2.15

Figure 2.15: n = 11

1.

Ĥ = p̂2

2m + 1
2kx

2 = 1
2m

(

p̂2 +m2ω2x2
)

Ĥ =
1

2m

[

(p̂+ imωx̂)(p̂− imωx̂)− imω(x̂p̂− p̂x̂)
]

,

[x̂ , p̂] = x̂p̂− p̂x̂ = i!

Ĥ =
1

2m

(

p̂+ imωx̂
)(

p̂− imωx̂
)

+
1

2
!ω .

82: 61 (1999) Phys. Rev. C 67: 055207 (2003)

2006
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106 CHAPTER 2.

â† = i

√

1

2m!ω

(

p̂+ imωx̂
)

, â = −i

√

1

2m!ω

(

p̂− imωx̂ ,
)

,

[

â , â†
]

=
1

2m!ω

[

p̂− imωx̂ , p̂+ imωx̂
]

= −
i

!

[

x̂ , p̂
]

= 1 .

Ĥ =
(

ââ† +
1

2

)

!ω =
(

n̂+
1

2

)

!ω ,

n̂ = â†â

ψ = |n〉
n̂

n̂
∣

∣n
〉

= n
∣

∣n
〉

.

En =
(

n+
1

2

)

!ω .

E0 =
1
2!ω > 0

2.

â â† ψ0(x) = |0〉 a†

ψ1(x) ∝ â†|0〉 ψ2(x) ∝ (â†)2|0〉
ψ0(x) <x|0〉

<x
∣

∣p̂
∣

∣0〉 = −i!
d

dx
<x

∣

∣0〉 = −i!
dψ0(x)

dx
.

â|0〉 = 0 <x|(p̂− imωx̂)|0〉 = 0 .
( d

dx
+

mω

!
x
)

ψ0(x) = 0 .

ψ0(x) = Ce−mωx2/(2!) .
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2.6. 107

C =

√

mω

π!
.

ψ0(x) =

√

mω

π!
e−mωx2/(2!) .

(â†)n ψ0(x) ψn(x)

ψ1(x) = â†
∣

∣0〉 = i

√

1

2m!ω
(p̂+ imωx̂)|0〉 =

√

!

2mω

( d

dx
−

mω

!
x
)

ψ0(x) .

â†|n〉 =
√
n + 1|n+ 1〉 .

2.6.3

E 2.16

U(x) =











U0 , (0 ≤ x ≤ a) ,

0 , (x < 0, x > a) .

Figure 2.16:

U0 > 0 U0 < 0

δ –
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108 CHAPTER 2.

x < 0 x > a U(x) = 0

d2

dx2
ψ +

2mE

!2
ψ = 0 .

√

2mE
!2

= k

ψ1 ∼ eikx , ψ2 ∼ e−ikx .

, x < 0 ∼ eikx , ∼ e−ikx

x > 0 ∼ eikx

ψ(x) =







eikx +Re−ikx , (x < 0) ,

T eikx , (x > a) .

jin = −
i!

2m

(

e−ikx d

dx
eikx − c.c.

)

=
!k

m
= v ,

jref = |R|2v ,

jtrans = |T |2v .

v = !k
m = p

m

Cref =
jref
jin

= |R|2

Ctrans =
jtrans
jin

= |T |2 .
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2.6. 109

0 ≤ x ≤ a U(x) = U0

d2

dx2
ψ −

2m

!2
(U0 −E)ψ = 0 .

√

2m(U0−E)
!2

= k′ ,

d2

dx2
ψ − k′2ψ = 0 .

ψ(x) = Aek
′x +Be−k′x .

,

ψ(x) = eikx +Re−ikx , (x < 0) ,

ψ(x) = Aek
′x +B e−k′x , (0 ≤ x ≤ a) ,

ψ(x) = T eikx , (x > a) .

x = 0 ψ(x) ψ′(x)

1 +R = A+B ,
ik

k′ (1− R) = A− B .

x = a ψ(x) ψ′(x)

Aek
′a +Be−k′a = Teika , Aek

′a −Be−k′a =
ik

k′ Te
ika .

R T A B

Cref = |R|2 =
(k2 + k′2)2sh2k′a

(k2 + k′2)2sh2k′a+ 4k2k′2
,

Ctrans = |T |2 =
4k2k′2

(k2 + k′2)2sh2k′a+ 4k2k′2
.
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110 CHAPTER 2.

Cr + Ct = |R|2 + |T |2 = 1 .

E U0

1. U0 > 0 E > U0

k′ =
√

2m(U0−E)
!2

k′ = ik′′ 0 ≤ x ≤ a

ψ(x) = Aeik
′′x +Be−ik′′x ,

Cref = |R|2 =
(k2 − k′′2)2 sin2 k′′a

(k2 − k′′2)2 sin2 k′′a+ 4k2k′′2
,

Ctrans = |T |2 =
4k2k′′2

(k2 − k′′2)2 sin2 k′′a+ 4k2k′′2
.

|T |2 = Ctrans < 1

sin k′′a = 0 |T |2 = 1

2. U0 > 0 E < U0

k′ =
√

2m(U0−E)
!2

U0 > 0 E < U0 k′ > 0 0 ≤
x ≤ a

ψ(x) = Aek
′x +Be−k′x ,

Aek
′x ∝ e−k′(a−x) , Be−k′x ∝ ek

′(a−x) .

Cref = |R|2 =
(

k2 + k′2
)2
sh2k′a

(

k2 + k′2
)2
sh2k′a+ 4k2k′2

,

Ctrans = |T |2 =
4k2k′2

(

k2 + k′2
)2
sh2k′a + 4k2k′2

.
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2.7. 111

|T |2 > 0

ESTM

PSTM AFM MFM

SNOM

3. U0 < 0 E > 0

k′ =
√

2m(U0−E)
!2

k′ = ik′′

Cref = |R|2 =
(

k2 − k′′2
)2

sin2 k′′a
(

k2 − k′′2
)2

sin2 k′′a+ 4k2k′′2
,

Ctrans = |T |2 =
4k2k′′2

(k2 − k′′2)2 sin2 k′′a + 4k2k′′2
.

U0 < 0 E > 0

4. U0 < 0 U0 < E < 0

k′ =
√

2m(U0−E)
!2

k′ = ik′′

U0 < 0 E > 0

U0 < 0 E < 0 k =
√

2mE
!2

k′′a = nπ n =

ER =
π2!2

2ma2
n2 + U0, ,

∣

∣U0

∣

∣

2.7

t Ĥψ =

Eψ
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112 CHAPTER 2.

Ĥ = Ĥ0 + Ĥ ′ = Ĥ0 + λŴ ,

Ĥ ′ = λŴ Ĥ0 |λ| 2 1 Ĥ0

Ĥ0

Ĥ0

Ĥ ′ = λŴ

( )

2.7.1

Ĥ0

Ĥ0ψ
(0)
n = E(0)

n ψ(0)
n ,

E(0)
n ψ(0)

n

Ĥ ′

E = E(0) + λE(1) + λ2E(2) + · · · ,

ψ = ψ(0) + λψ(1) + λ2ψ(2) + · · · ,

λ

0 ( λ0) : Ĥ0ψ
(0) = E(0)ψ(0), (2.35)

( λ1) : Ĥ0ψ
(1)+Ŵψ(0)=E(0)ψ(1)+E(1)ψ(0), (2.36)

( λ2) : Ĥ0ψ
(2)+Ŵψ(1)=E(0)ψ(2)+E(1)ψ(1)+E(2)ψ(0), (2.37)

· · · · · · · · · · · ·
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2.7. 113

E(0) ψ(0)

E(1) ψ(1)

E(2) ψ(2)

E(0) = E(0)
k , ψ(0) = ψ(0)

k ,

ψ(1) =
∑

n
a(1)n ψ(0)

n λ

∑

n

a(1)n E(0)
n ψ(0)

n + Ŵψ(0)
k = E(0)

k

∑

n

a(1)n ψ(0)
n + E(1)ψ(0)

k .

ψ(0)
m

∗

a(1)m E(0)
m +Wmk = E(0)

k a(1)m + E(1)δmk ,

Wmk =
〈

ψ(0)
m

∣

∣Ŵ
∣

∣ψ(0)
k

〉

=

∫

ψ(0)
m

∗
Ŵψ(0)

k dτ ,

dτ

Ŵ

ψ0
k ψ0

m

m = k E(1) = Wkk a(1)k = 0 m += k a(1)m =
Wmk

E(0)
k −E(0)

m

E(1)
k = E(0)

k + λWkk = E(0)
k +H ′

kk ,

ψ(1)
k = ψ(0)

k +
∑

n (=k

H ′
nk

E(0)
k −E(0)

n

ψ(0)
n .

I %p %ε

x 2.17
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114 CHAPTER 2.

Figure 2.17: x !p

z I

Ĥ0 =
L̂ 2
z

2I
= −

!2

2I

d2

dϕ2
.

−
!2

2I

d2ψ

dϕ2
= Eψ ,

ψ(0)
m (ϕ) =

1√
2π

eimϕ , (m = 1,±1,±2, . . .) ,

E(0)
m =

m2!2

2I
.

Ĥ ′ = − %̂p · %ε = −P ε cosϕ .

H ′
m′m = −

P ε

2π

∫ 2π

0

e−im′ϕ cosϕeimϕdϕ

= −
P ε

4π

∫ 2π

0

[

ei(m−m′+1)ϕ + ei(m−m′−1)ϕ
]

dϕ

= −
P ε

2

(

δm′,m+1 + δm′,m−1

)

∆E(1) = H ′
mm = 0 ,
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2.7. 115

∆E(2) =
∑

m′ (=m

|H ′
m′m|2

E(0)
m − E(0)

m′

=
P 2ε2I

!2

1

4m2 − 1
.

ψm = ψ(0)
m +

∑

m′ (=m

H ′
m′m

E(0)
m −E(0)

m′

ψ(0)
m′ =

eimϕ√
2π

[

1 +
P εI

!2

( eiϕ

2m+ 1
−

e−iϕ

2m− 1

)]

.

∣

∣ψm(ϕ)
∣

∣

2
=

1

2π

∣

∣

∣
1 +

P εI

!2

4mi sinϕ− 2 cosϕ

4m2 − 1

∣

∣

∣

2
.

∣

∣ψ0(ϕ)
∣

∣

2
=

1

2π

[

1 +
P εI

!2
2 cosϕ

]2
,

∣

∣ψ1(ϕ)
∣

∣

2
=

1

2π

∣

∣

∣
1 +

P εI

!2

4i sinϕ− 2 cosϕ

3

∣

∣

∣

2
.

2.7.2

Ĥ0 E(0)
n k φ(0)

i (i = 1, 2, . . . , k)

ψ(0)
n =

k
∑

i=1

c(0)i φ(0)
i ,

λ

(

Ĥ0 −E(0)
n

)

ψ(1)
n = E(1)

n

k
∑

i=1

c(0)i φ(0)
i −

k
∑

i=1

c(0)i Ŵφ(0)
i .

φ(0)
j

∗
Ĥ0

[LHS] =

∫

φ(0)
j

∗(
Ĥ0 −E(0)

n

)

ψ(1)
n dτ =

∫

[(

Ĥ0 −E(0)
n

)

φ(0)
j

]∗
ψ(1)
n dτ ≡ 0 .
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116 CHAPTER 2.

[RHS] =
k

∑

i=1

(

E(1)
n δji −Wji

)

c(0)i .

k
∑

i=1

[

Hji − λE(1)
n δji

]

c(0)i = 0 ,

Hji =
∫

φ(0)
j

∗
Ĥ ′φ(0)

i dτ λE(1)
n c(0)i

c(0)i

0

det
∣

∣Hji − λE(1)
n δji

∣

∣ = 0 .

λE(1)
n c(0)i

c(0)i

c(0)i

2.7.3

i!
∂

∂t
ψ(%r, t) = Ĥψ(%r, t) ,

∂Ĥ
∂t = 0

ψ(%r, t) = Û(t)ψ(%r, 0) = e−iĤt/!ψ(%r, 0) ,

ψ(%r, 0) Ĥ

ψ(%r, 0) =
∑

n

anψn(%r ) ,

ψn Ĥψn = Enψn , an an =
(

ψn , ψ(%r, 0)) .

ψ(%r, 0) = ψk

ψ(%r, t) = e−iEkt/!ψk(%r ) ,
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2.7. 117

ψk(%r )

“ ”

ψ(%r, t) = Û(t)ψ(%r, 0) ,

Û(t) = T̂ e−
i
!

∫ t
0 Ĥdt ,

T̂

Ĥ = Ĥ0 + Ĥ ′(t) ,

Ĥ0

Ĥ0ψn = Enψn .

Ĥ0 ψ(t = 0) = ψk .

Ĥ ′ Ĥ ′

Ĥ ′ Ĥ0

(Ek′ − Ek)/!
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118 CHAPTER 2.

t

ψ(t) =
∑

n

Cnk(t)e
−iEn

!
tψn .

Cnk(t)

t ψ(t)

i!
∂

∂t
ψ(t) =

(

Ĥ0 + Ĥ ′)ψ(t) ,

Ĥ0

i!
∑

n

dCnk(t)

d t
e−iEn

!
tψn =

∑

n

Cnk(t)e
−iEn

!
tĤ ′ψn .

ψ∗
k′

i!
dCnk(t)

d t
=

∑

n

eiωk′nt
(

ψ∗
k′ , Ĥ

′ψn

)

Cnk(t) ,

ωk′n =
E

k′
−En

!

Cnk(0) = δnk

t n

Pnk(t) = |Cnk(t)|2 .

ψk ψn (n += k) 0

k n

ζnk =
d

dt
Pnk(t) =

d

dt

∣

∣Cnk(t)
∣

∣

2
.

Ĥ ′ Ĥ ′ 2 Ĥ0 , n += k
∣

∣Cnk(t)
∣

∣

2 2 1 .

ψ(t = 0) = ψk

dCk′k

d t
= 0 , Ck′k(t) = δk′k .
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2.7. 119

Cnk(t) = C(0)
nk (0) = δnk ,

Ck′k

i!
dCk′k(t)

d t
= eiωk′k

tH ′
k′k ,

H ′
k′k =

(

ψk′ , Ĥ
′ψk

)

.

C(1)
k′k(t) =

1

i!

∫ t

0

eiωk′k
tH ′

k′kdt .

Ck′k(t) = C(0)
k′k + C(1)

k′k(t) = δk′k +
1

i!

∫ t

0

eiωk′k
tH ′

k′kdt .

k′ += k

Ck′k(t) =
1

i!

∫ t

0

eiωk′k
tH ′

k′kdt ,

Pk′k(t) =
1

!2

∣

∣

∣

∫ t

0

eiωk′k
tH ′

k′kdt
∣

∣

∣

2
,

ζnk =
d
dtPnk(t)

Ĥ ′ Ĥ0
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120 CHAPTER 2.

2.1. 1 eV 100 eV 1 keV 1MeV 12GeV

0.215 nm

30◦

2.2. 0.4 nm

2.3.

2.4. 0.16 nm

2 eV 10 eV

2.5. 30◦

0.18 nm

2.6. 10

100

2.7. v
√

(

c
v

)2 − 1 c E E0
√

(

E
E0

)2 − 1

2.8.

λ = 1.226√
Vr

Vr = V
(

1 + 0.978× 10−6
)

V λ

2.9. 1/10

10 fm

2.10. x 10−7m/s

x y

2.11. 0.01 nm

1 keV 5 fm

2MeV
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2.7. 121

2.12. 600 nm
∆λ
λ = 10−7

2.13. α

m Z1e Z2e

v

2.14.

2.15. 33 keV

2.16. 1 kg

2.17. CEBAF

0.8 fm

2.18.

m

T n
3
2kBT 3kBT kB

2.19.

C 11Li

9Li

11Li 9Li

2.19
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122 CHAPTER 2.

2.20. ψ(x) = Ae−ax2/2eip0x/! A

2.21. ψ(x) = 1
(πa)1/4

e−ax2/2eip0x/! x

2.22. ψ(x) = 1
(πa)1/4

e−ax2/2eip0x/!

x
√

x2

√

(p̂− p0)
2

2.23. ψ(r, θ,φ) = 1√
πa3B

e−r/aB aB

U(r) = − 1
4πε0

e2

r ε0 e

2.24. %p %r = x̂i + yĵ + zk̂ î ĵ k̂

x y z %̂r = i!∇p

∇p = î ∂
∂px

+ ĵ ∂
∂py

+ k̂ ∂
∂pz

2.25.

2.26.

〈i〉
[

Ô1 , Ô2 ± Ô3

]

=
[

Ô1 , Ô2

]

±
[

Ô1 , Ô3

]

.

〈ii〉
[

Ô1 , Ô2Ô3

]

= Ô2

[

Ô1 , Ô3

]

+
[

Ô1 , Ô2

]

Ô3 .

〈iii〉
[

Ô1Ô2 , Ô3

]

= Ô1

[

Ô2 , Ô3

]

+
[

Ô1 , Ô3

]

Ô2 .

2.27. Ô1 Ô2 Ô−1
1 Ô−1

2

(

Ô1Ô2

)−1
= Ô−1

2 Ô−1
1 .

2.28. %r F (%r) %̂p = −i!∇

[

%̂p , F (%r)
]

= −i!∇F (%r) .

2.29. %p F (%p) %̂r = i!∇!p

[

%̂r , F (%p)
]

= i!∇!pF (%p) .

[

%̂r , %̂p2
]
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2.7. 123

2.30.

p̂r =
1

2

(

%̂p ·
%r

r
+
%r

r
%̂p
)

,

p̂r
[

p̂r , r̂
]

= −i!

2.31. %̂r %̂p l̂ = %̂r × %̂p

(1)
[

%̂l , 1
!̂r

]

= 0 ,
[

%̂l , %̂p 2
]

= 0 ;

(2) %̂r · %̂l = %̂l · %̂r = 0 , %̂p · %̂l = %̂l · %̂p = 0 ;

(3) %̂p× %̂l + %̂l × %̂p = 2i! %̂p .

2.32. ∂
∂tρ(%r, t) +∇ ·%j(%r, t) = 0

2.33. ψ(x) dψ(x)
dx

lnψ(x)
dx

2.34. V (%r) m

ψ(%r)

W =
!2

2m
∇ψ∗ ·∇ψ + ψ∗V ψ ,

%̂S = −
!2

2m

(∂ψ∗

∂t
∇ψ +

∂ψ

∂t
∇ψ∗

)

,

E =

∫

Wd3%r
∂W

∂t
+∇ · %S

2.35. V (%r) m

König Virial

2T̂ = %r ·∇V .

2.36. V (%r) m

Ehrenfest

m
d2

dt2
%̂r = −∇V (%r) =

ˆ%F (%r).

2.37.
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124 CHAPTER 2.

2.38.

2.39. −a
2

a
2

2.40. −a
2

a
2 V0

2.41. m

V (x) =



















∞ , x < 0,

0 , 0 ≥ x ≤ a,

V0 , x > a ,

E < V0

V0 a

V0a
2 ≥ h2

32m

2.42. δ-

2.43.

2.44. x

T̂ = d
dx x

d

T̂ (d) = ei
"p·"d
! ψ0(x)

d ψ0(x) =⇒ ψ0(x− d) = e−i pd
! ψ0(x)

∣

∣α
〉

= e−α
∗α

∞
∑

0

αn

√
n!

(

â†
)n∣
∣0
〉

,

â†
∣

∣0
〉

â α
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2.7. 125

2.45.

x
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126 CHAPTER 2.


